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1 BAI TAP CHUGNG 1

m 1 1
(¢ Caul. ChoA=|1 1 m |. A2AT khong kha ddo khi va chi khi ndo ?
1 m 1

Loi giai.
Kién thic can luu y
@ Ma tran A dugc goi 1a kha nghich (khong suy bién, kha d&o) khi det(A) # 0
& det (A) = det (A7)
™ det (AB) = det (A) det (B) —> det(A™) = det(A)"

Do A%AT khong khéa déo nén det(A?AT) = 0 ma ta c6
det(A2AT) = det(A?)det(AT) = det(A?) = det(A)?,

nén det(A) = 0. Ma ta dé tinh dugc det(A) = 3m —m?® — 2, suy ra —m> + 3m — 2 =0 hay m = —2
hoac m = 1.

©))
1 17
a 10
3 1
2 4

(¢ Cau 2. Tim hang clia ma tran

DO o~
[JURNNQEEIT

Loi giai.
Kién thiic can luu y
Cac phép bién ddi so cap theo dong (theo cot) thi hang clia ma tran khong ddi
@ Dai chd hai dong (hai cot) cho nhau
& Nhan mot dong véi s6 k # 0

& Thay dong i béi dong ti + kj véit #0,k € R vai # j

7 1 17 3 7 3 17 1 1 4 1 3

dg+—da 2 2 3 Co4<—Cyq 2 3 4 2 dz<—dy 2 3 4 2

1 3 1 4 14 1 3 7 3 17 1

4 a 10 1 4 1 10 a 4 1 10 a

1 4 1 3 1 4 1 3

di—4di—ds, dy—2di-dy [ 0 5 =2 4 di—% 05 =2 4

d3—7d1—dg "L 0o 25 =10 20 dsﬂ%j 05 =2 4@

0 15 -6 12—a 0 5 =2 4—§
1 4 1 3 1 4 1 3
ds—>dg—dso O 5 _2 4 dy—sds O 5 —2 4@
d;;—)dg—dg O O O OCL O O O —§
00 0 -3 00 0

Vay a = 0 thi Rank = 2, a # 0 thi Rank = 3.
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(@))
11 —1 —1
S ~ 2 4 -3 - . _ ) _ 4
(¢ Cau 3. Cho ma tran A = . Bién luan han cta ma tran A theo tham sb
35 m+1 —6
1 3 -2 m
thuec m
Loi giai.
1 1 —1 —1 11 —1 —1
ds—sdy—d1, ds—sds—3d; 02 -1 -3 das—rds—ds 02 -1 -3
do—>dy—2d; 0 2 m+4 -3 ds«—rds—ds 0 0 m+5>5 0
02 -1 m+1 00 0 m+4

Vay m = —5 hodc m = —4 thi Rank = 3 (Néu m = —5 ddi dong 3 va dong 4 cho nhau). Va
néu m # —4, —5 thi Rank = 4.

@
1 1 2 2 11
(@ Caud. ChoA=(01 1), B=(-10 2
1 0 2 1 1 3
(1) Tim ma tran nghich dao cia A.

(2) Tim ma tran X,Y sao cho AX =B, YA”T = B.
Kién thiic can luu y

@ Ma tran nghich ddo c6 hai cach tim:

1 Cn 012 . an
det(A) : ‘ :

e Tim bing cong thitc: A~! =

v6i Oij = (—1>i+j det (M’LJ)
e Tim bang phép bién doi so cap theo dong (A[I) — (I|A71)
& Cac cong thitc gidi phuong trinh ma tran
e AX=B=—X=A"'B
e YAT=B=Y=B(A")" =B
e Ngodira XA=B=—=X=BA!, AXB=C=— X=A'CB!

Loi giai.
(1) Tim bang céng thiic
Ta c6: Det(A)=1.1240.02+1.1.1-101-012-112=1.
Ta tinh nhitng thanh phan con lai

Chy = (—1)H! (1) ; — 9 (= (—1)2 (1) ;‘ — 1, Chy= (=)' 2 (1)‘ _ 1
1 2 1 2 1 1
_(_ 2+1 _ _(_ 242 _ o 243 _
021_( 1) O 2 - 27 022_( 1) 1 2‘ _07 C’23_( 1) 1 O‘ _1
1 2 1 2 1 1
Ca= (=11 J|=-1 Ca=(-1)"" 1‘ = -1, Cp=(-1)*? 1‘ =1
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/ L2 1 r 2 —2 -1
Ap dung cong thicta c6: At ==| -2 0 1 =11 0 -1
L\ 21 111
Tim bing bién d6i so cap
10 —-1]-1 10 10 —-1]-1 10
hodemdy g1 10 10 BB 9 1 10 10
1 0 20 01 0 0 1 |-111
1 0 0]-2 21 100 2 -1
% 0 -1 0|-101 2= o710 1 0 -1
s 0 0 1/-1 11/ 27" \ oo 1]-1 1 1
2 —2 —1
VayA7l= 1 0 -1
1 1 1
(2) Ta co:
2 -2 —1 2 1 1
AX=B—X=A'B=[1 0 -1 -1 0 2
1 1 1 1 13
5 1 -5
—[ 1 0 -2
2 0 4
Ta cling c6

(@)
(€ Cau 5. Cho A la ma tran vuong cap 4 c6 det(A) = —2. Goi A* 1a ma tran phu hgp cia ma tran
A. Tinh det (2A%).

Loi giai.
Kién thic can luu y

™ Cong thiic co ban: det(kA) = k"det(A)

1
@ Al = A*, trong d6 A* la ma tran phu hgp cia ma tran A
det(A)
1
@ Cong thiic lien he: AL A~ =T — det(A).det(A™') = det(I) =1 — det(A) = del(AT)

@ Ma tran vuong A cap n thi ma tran phu hop A* cling 14 ma tran vuong cap n

Ta c6: A* = A~ det(A) = —2A~". Do d6

1 1
=25 — =27
det(A) —2

det(24%) = det (—4A7") = (—4)*det(A™Y) = (—4)*
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(©))
S ~a £ 1
(€ Cau 6. Cho A la ma tran vuong cap 3 c6 det(A) =3, A1 = MB. Tinh det(B?)
Loi giai.
Kién thic can luu y
@ Cong thic co ban: det(B") = det(B)" do det(AB) = det(A)det(B)
@ Ma tran vuong A cap n thi ma tran phu hop A* cling 14 ma tran vuong cap n
Ta c6: B = A'det(A) = 347! (luu y B 1a ma tran phu hop ctia A). Do d6
2 1? 1\?
2 2 ~1y2 3 -1 3 3 4
det(B?) = det(B)* = det(3A™")? = (3%det(A™")" = (3 detA) = (3 §> =3
| (@)
(¢ Cau 7. Cho A, B la mot tran vuong cip 4 c6 det(A) = 3,det(B) = 2 va (AB)™' = ma
e
Khi d6 det(C) 1
Loi giai.

Kién thiic can luu y

& Ma tran vuong A, B cap n va ¢c6 C = AB thi C ciing 1a ma tran vuong cap n, do
AanBnXp - mep

@ Ma tran vuong A cap n thi ma tran phu hop A* cling 14 ma tran vuong cap n

Nhan xzét trude khi lam: C la ma tran phu hop cia ma tran AB va ma tran AB la ma
tran vuong cap 4.

Ta c6: C' = (AB) 'det(AB) = (AB) det(A)det(B) = 6(AB)~'. Do d6

4et(C) = det (6 (AB)™)) = 6det ((AB) ™)) = 6" ({4 5= A)ldet = 0= 21

Ta chon dap an C.
(@)

(¢' Cau 8. Cho A, B la cac ma tran vuong cap n biét A.B = 31,,. Khi d6 ménh dé nao dudi day 1a
ding

@ B '=34A

@ (A7)" =3B"

@) (A— B)* = A2 —2AB + B?
(@) Cac cau tréen la sai

Lai gidi.
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Kién thic can luu y
© Cho k 1a s6 thuc bat ky khi d6 kAB = (kA)B = A(kB)
& Cho ma tran A la ma tran vuong cap n khi d6 A,,.I, = A,

@ Cong thitc co ban: (A — B)> = A2 — AB— BA+ B*suy ra (A— B)? = A> — 2AB + B?
khi va chi khi AB = BA

@ Néu A va B la hai ma tran nghich ddo thi AB = BA =1,
™ Néu AB = kI, véi A, B 1a ma tran vuong cap n thi AB = BA

@ AB=3I, — ABB' =3B! — A=3B"! — B! = ? (Sai)
2 AB =3I, — B=3A""— BT = (341" = 3(4 ™17 (Sai)

(3) Ta chiing minh kién thiic lvu y dong 3, ta chon ma tran vuong C' = kB khi d6 AC =1, = CA
hay A(kB) = (kB)A <= AB = BA (Dung)

@
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2 BAI TAP CHUGNG 2

(¢ Cau 1. Cho hé phuong trinh

x+ 2y + 3z =1
20+ (m+3)y+ 7z =2
r+m+y+(m+1)z =m-—2

Tim m dé hé c6 vo s6 nghiem va tim nghiém téng quat trong trusng hop do.
Loi giai.
Kién thiic can luu y
& He phuong trinh c6 vo s6 nghiem khi Rank(A) = Rank (A) =k <n

@ Néu he c6 vo s6 nghiem khi d6: s = n — Rank(A), véi s 1a s6 nghiém ctia hé nghiem
co ban

Ma tran he s6 mé rong la

1 2 3 1
A= 2 m+3 7 2
1 m+1 m+1|m-—2

Ta ¢6 cac phép bién doi nhu sau

12 3 1
A G 0 m—1 1 0
=2\ g 1 m =2 m =3
1 2 3 1
Loh B 0 o m—1 1 0

0 0 m-—3|m-—3
Vay dé phuong trinh c6 vo s6 nghiém thi
Rank(A) = Rank (A) =2 m—3=0
hay m = 3. Khi nay ta c6 hé phuong trinh tuong duong

r+2y+3z =1
2y +z =0

Chon y lam an tu do, ta giadi dugc

r =1+4y
2 =2y
x 144y
Vay nghiém téng quatla X =y | = y
z —2y
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Lai giai khac:
Kién thic can luu y
& Phuong trinh c6 nghiém duy nhat khi D # 0

& Khi D = 0 thi ta bién luan phuong trinh vo6 nghiém hodc vo s6 nghiém

Ta co
1 2 3

A=12 m+3 7
1 m+1 m+1

Ta c¢6 cac phép bién doi nhu sau:

1 2 3
7 AN ) R S B
do—do—2dq
0 m—1 m-—2
1 2 3
N U B

0 0 m—3

Do d6 D = (m — 1)(m — 3), dé hé c6 vo s6 nghiém thi D = 0 hay m = 1 hosic m = 3. Khi m = 1 ta
¢6 hé phuong trinh nhu sau

r+2y+3z =1

20 +4y+72z =2

r+2y+2z =-1
Lay phuong trinh 1 - phuong trinh 3 ta duge z = 2. Lay phuong trinh 1 nhan 2 - phuong trinh 2 ta
duge z = 0 hay mau thuan. Do dé phuong trinh vo6 nghiém. Khi m = 3 ta ¢6 hé phuong trinh nhu

sau
r+2y+3z2 =1

2v4+6y+7z =2
r+4y+42 =1

Lay phuong trinh 2 - phuong trinh 3 khi nay ta c6 hé tuong duong

r+2y+3z =1
20+ 6y + 72z =2

Lay phuong trinh 2 - phuong trinh 1 nhan 2 khi nay ta c6 hé tuong duong

2y + 2 =0
20 +6y+72 =1

Chon y lam an tu do, ta giai dugc

{x =1+ 4y
x 1+ 4y
Vay nghiém téng quat la X = | y
z —2y
(@)
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(¢' Cau 2. Cho hé phuong trinh tuyén tinh

r+y+2z =0
ar+y—+2z =1
r+y+az =2

Khi do6 hé trén la hé Cramer khi va chi khi ?
Loi giai.
Kién thic can luu y
™ He dugc goi 1a he Cramer khi D = det(A) # 0
Ta thyc hién phép tinh

11
det(A) =la 1
11

QNN

=3a—a*—2

= —a’*+2a+a—2
=—ala—2)+ (a —2)
=(l—a)(a—2)

Vay dé det(A) #0 < (1—a)(a—2) #0hay a # 1 va a # 2.
(¢' Cau 3. Cho hé phuong trinh tuyén tinh

2z + 3y =95
T+ 2y =3
a’r +3ay =4

Khi d6 hé trén la hé c6 ding mot nghiém khi va chi khi ?
Loi giai.

Kién thic can luu y

™ He c¢6 diung mot nghiem khi va chi khi Rank(A) = Rank (Z) =n

Ma tran hé s6 mé rong la

a 315
A= 1 213
a’ 3a |4
Ta c6 cac phép bién déi nhu sau
1 213
AL (9 35
a’? 3a |4
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1 2 3
d3—>d3—a2d1 0 1 1
a2 0 3a—2a*|4-—3ada®
d3—>d3—(3a—2a2)d2 1 2 3
01 1
0 0[4—3a—a®

Vay dé phuong trinh ¢6 diing mot nghiém thi
Rank(A) = Rank (A) =2 4-3a—a’>=04 (44+a)(l —a) =0

hay a = —4 hoac a = 1.

Lai giai khac: tit phuong trinh 1,2 giai ra duge x = 1,y = 1. Do hé ¢6 ding mdt nghiém nén thay
cap nghiém nay vao phuong trinh 3 thi théa man hay ta c6 a? +3a =4 <= a = —4 hoica = 1

(¢' Cau 4. Cho hé phuong trinh tuyén tinh

T+ 2y +mz =34+m
20 +my — 3z =m-—1
20 —my +2mz = =2

Cho biét (z,y,2) = (1,1,1) 1a nghiem. Chon ménh dé dung:
(@) m = —4 va heé c6 vo s6 nghiem.
(2) m = —4 va hé c6 nghiem duy nhat.
@ m = —2 va hé c¢6 vo s6 nghiem.
(4) m = —4 va hé c6 nghiém duy nhat.
Lai giai.
Kién thitc can luu y

He phuong trinh ¢6 vo s6 nghiém khi Rank(A) = Rank (A) =k <n

Heé c¢6 nghiem (x,y,z) = (1,1,1) nén 2 +m = —2 < m = —4. Ma tran hé s6 md rong 1a
1 2 m | 3+m
A= 2 m -3|m-1
2 —m 2m —2

Ta c6 phép bién ddi nhu sau

1 2 m 3+m
A Gsds 2, 0 m—4 -3-2m| —-m-—7T
L N | Ry 0 —2(4 +m)

do m = —4 nén Rank(A) = Rank (A) = 2 < 3 hay h¢ ¢6 v0 s6 nghiém.
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(¢' Cau 5. Trong mo hinh Input - Output Mé Leontinef, biét ma tran dau vao nhu sau

1
.3
2

Y

I Y

0
0,
0

Y

9

o O O
o O O
W = N
N = W

?

(1) Néi y nghia kinh té ctia hé s6 as; = 0, 3.

(2) Biét san luogng ciia nganh 2 1a 100, tinh gia tri clia lugng nguyén licu ma cac nganh cung cap
cho no.

(3) Tim ma tran nghich dao ctia I3 — A.

(4) Tim mtc san lugng clia ba nganh, néu nganh mé yéu cau ba nganh trén phai cung cap cho no6
nhitng lugng san pham tri gia tuong tng (39,46, 16).

(5) Néu yeu cau xuat khau dy trit thay ddi déi véi cdc nganh lan lugt 1a AD = (3, —2,0), hay tinh
mitc thay doi san lugng clia cac nganh.

Loi giai.
Kién thic can luu y
WA X=Y (I,-A)-X=D trong d6

o X = (71,75, 73) 12 tong san lugng dau ra ctia ba nganh
o Y = (y1,%,¥3) la tong nguyen ligu dau vao ctia ba nganh

o D = (dy,ds,d3) 1a gia tri san lugng cung cap cho nhu cau nganh md

@ Néu nhu cau nganh md ting mot lugng AD = (...) thi mic tdng san lugng tuong ting
clia cac nganh duge xac dinh béi AX = (I — A)~' - AD

(@ Dé c6 1 don vi sén pham (sdn lugng) dau ra ciia nganh 1 can 0,3 don vi nguyén ligu dau vao
cua nganh 2

(2) Ta thyc hién phép tinh

0,2 20
100-{ 0,1 ) =10
0,3 30

Vay gia tri lugng nguyeén liéu ciia ctia nganh 1, 2,3 cung cap cho nganh 2 lan luot 1a 20, 10, 30
(3) Ta c6 phép bién doi sau
0,9 -0,2 -0,3 9 -2 -3

L—A=|-03 09 —01)=-{-3 9 -1
~0,2 -0,3 0,8 —2 -3 8
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9 -2 -3
Ta tinh nghich dédo ctia ma tran B = | —3 9 —1 |. Dé dang tinh Det(B) = 488, ta tinh
-2 -3 8
cac thanh phan con lai
9 -1 -3 -1 -3 9
Cu= (=" T |=69,Ca= (-1 o /=26Cu=(-1)"") o “)=27
-2 =3 9 -3 9 -2
Cor = (-1 |75 | =250 = (12| 0, | =66, = (-1 T, T =31
-2 =3 , 9 -3 9 -2
Cai = (D)™ 7 [|=29.Co=(=1)**| "o 7| =18,Cy = (1" "o 7 =75
69 25 29 10 (69 25 29
Do d6 B™! = 15 26 66 18 |,vay (Is—A)"'=10B7!' = 15 26 66 18
27 31 75 27 31 75
(@) Ta co
10 (69 25 29 39 10 [ 4305
X=(,-A)"'D= T 26 66 18 46 | = T 4338
27 31 75 16 3679

(5) Khi nay ta co
10 (69 25 29 3

(Is; — A)AX = AD = AX = (I3 — A)'AD = s 26 66 18 -2
27 31 75 0

Ta bién doi tiép nhu sau

69 25 29 3

AX = % 26 66 18 —2
27 31 75 0
1 [69:3+25.(=2) +29.0
= 155 | 26:3+66.(=2)+18.0
27.3+31.(=2) + 75.0
157
10
“ms |
19
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(¢' Cau 6. Xét mo hinh Input - Output Md Leontinef gom ba nganh véi ma tran hé s6 dau vao 1a

0,3 0,1 0,2
0,2 m 0,1
0,3 0,2 0,3

(1) Giai thich y nghia kinh té ctia ags. Tit d6 tinh s6 tién ma nganh 2 phai dong gép cho nganh 3
khi gia tri dau ra ctia nganh 1a 200 (don vi tién).

(2) Giai thich y nghia kinh té ctia hé s6 ags. Tt d6 suy ra nganh mé phai déng gép bao nhiéu cho
nganh 3 khi gia tri san lugng ctia nganh 3 1a 1000 (don vi tién).

(3) Hay tim gia tri ctia m, biét ring nganh md phai déng gép 150 (don vi tién) cho nganh 2 khi
gid tri sn lugng ctia nganh 2 13 500 (don vi tién).

(@) Véi m = 0,4 hay tim gia tri san lugng ctia ba nganh néu biét yéu cau ciia nganh mé déi véi ba
nganh lan luct 1a 66, 124, 100.

Lai gidi.

(@) Dé c6 1 don vi san pham (san lugng) dau ra ctia nganh 3 can 0,1 nguyén lieu dau vao clia
nganh 2. S6 tién ma nganh 2 phai déng gop cho nganh 3 1a

200-0,1 =20 (don vi tién)

(2 Tacé: ags =1 — (a3 + ags +asz) =1 —(0,2+0,1+0,3) = 0,4, nghia 13 nganh md déng gop
0,4 (don vi tién) cho nganh 3 dé nganh 3 sdn xuat mot lugng hang tri gia 1 (don vi tién).
Nganh mé phai dong gép cho nganh 3 1a

0,4 - 1000 = 400(don vi tién)
(3 Tacé: age=1— (arz +ag +as)=1—(0,1+m+0,2) =0,7—m, vay ta c6
500(0,7 — m) = 150 <= 200 = 500m <= m = 0,4

@ Tacé: (I —A)X =D = X = (I — A)~'D, ta thuc hién phép tinh

0,7 -0,1 -0,2 1 7 -1 =2
I-A=1-0,2 0,6 -0,1 =10 -2 6 -1
-0,3 —-0,2 0,7 -3 =2 7
Hay ta co
40 11 13
(I— A" 17 43 11
22 17 40
Vay
10 40 11 5304
X:f 17 43 124 —21 7554
O\ 22 17 100 9\ 7560
Loi giai khac: Tinh bang dinh thic
0,7 —-0,1 —-0,2 66
—-0,2 0,6 —0 1 = 124
—-0,3 —0,2 100
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Ta co:
0,7 —-0,1 —-0,2
9 9 Y 1326
D=1-0,2 0,6 —0,1)=0.219# 0, Dy, = =, Do,
0,3 —0,2 0,7
Do dé D 1326 17680
=% " .0.219= ——
17D 25 73
D,, 3777 25180
2= s 9=
D,, 378 25200
— = 219 = ——
XT3 D 07 73

378

3777
=50 s

50

€3 Lt V6 Hoang Phiic


https://www.facebook.com/phuc.lu.08092006/

= Lsi gidi

3 BAI TAP CHUGNG 3
A Dé bai
1 Tric nghiém

(¢ Cau 1. Khéang dinh nao sau day diang ?

@ Néu f lien tuc tai zo thi f c6 dao ham tai z.

f lién tuc tren [a, b] néu f kha tich tréen [a, b].

@ f kha vi tai z¢ thi f xac dinh tai x,.

@ f dat cuc tri tai zo thi f'(zg) = 0.
(¢ Céu 2. Ham f(z) = x|z — 1|

(A) Lien tuc tai zo = 1. C6 dao ham zy = 1.

@ Kha vi tai o = 1. @ Ca a,b, c déu sai.
(¢ Cau 3. Tim céc gi6i han:

1 _
[ — lim n(a+zx)—Ina
x—0 €x

@1:2 B) =1 ©r1=2 (D) C4 a,b, ¢ déu sai.

(¢ Céu 4. Tinh

(a>0)

@[:e. I: . @I:2. @Céa,b,cdéusai.

(€ Cau 5. Néu f(x) la ham s6 lien tuc trén (a,b) thi
@ f(z) c6 dao ham trén (a,b). f(z) dat GTLN va GTNN trén (a,b).
@ f(z) bi chan trén (a,b). @ C& 3 cau tren déu sai.

(¢ Cau 6. Cho ham sb:

sin x
khi 0
fa)={ @1 Mir#
0 khiz =0
@ Lién tuc tai zg = 0. C6 dao ham tai g = 0.
(C) Kha tich trén [a, b]. @ C4 3 cau tren déu sai.
(¢ Cau 7. Khang dinh sau day la ding ?
@ f ¢6 gi6i han tai xg néu f co f' (zg), f' (zq)-
f lien tuc tai 2o = 0 thi f ¢6 dao ham tai 2 = 0.
@ f ¢6 dao ham tai xo néu f c6 f' (z§), f' (27).
@ Ca 3 cau trén déu sai.
(¢ Cau 8. Cho ham so:

Tim m dé f lién tuc tai zo = 0.

@mzl. m:2. @m:3. @Céa,b,cdéusai.
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(¢ Cau 9. Cho f(x)=x—2vaxy=2

@ |f(x)| gian doan tai z. |f(x)] khong xac dinh duge tai zg.
@ |f(x)| kha vi tai x. @ |f(x)| lién tuc tai .
(¢ Cau 10. Cho ham sb: .
6 —
khi
fz) = . ix#0
m khi z =0

Tim m dé f kb vi tai 2o = 0, tinh f/(0)

@mzl,f’(O)zO. mzl,f’(O)zl. @mzl,f’(O):%. @Céa,b,cdéusai.
(¢ Cau 11. Dat i

b= fipenr K= (145)

A L=0K=ye BL=1,K=ye (CL=2K=0. D) L = +00, K = \/e.
(¢ Cau 12. Cho f(z) = a(z)|z — 1] v6i a(x) x4c dinh trong lan can cta 1. Khi d6

@ f(x) c6 dao ham trai va dao ham phéi tai 1 néu a(z) ¢6 gidi han khi z — 1.

f(z) c6 dao ham tai 1 néu a(z) 1a vo cung bé khi z — 1.

@ f(x) lien tuc tai 1 néu a(z) bi chan trong lan can tai 1.

@ C4 ba cau trén déu ding.
(¢ Cau 13. Cho ham sb6

V2z +1—cosx

y = flz) = ; néu x#0
1 ntu =0
@ f khong lien tuc tai = = 0. f'(0) = 0.
@ f khong kha vi tai zo = 0. @ Ca a, b, c déu sai.
3¢

(¢ Cau 14. Cho ham tdng chi phi : ¢ = + 3000 véi ¢ 1a san lugng. Chi phi bién khi ¢ = 10

V& +5
la
(A) 5,12. 3,07. (©) 4,32. D) 5,75.

(¢ Cau 15. Cho ham toéng chi phi : Q, = P2+ P —200 v6i P 1 gia ban san pham d6. He s6 co gian
ctiia ham cung theo gia (Fy) tai gia P = 20.

500 50 50 41

2 Tu Luan

(¢ Céu 1. Tinh dao ham ctia ham : f(z) = x|z — 2|
(¢' Cau 2. Cho ham y(z) thda : e¥® + x . y(r) = e. Tinh dao ham clia y tai z =0

T+ 2
(¢ Cau 3. Ch =
au ©Y 22 — 31+ 2
. A B
@TimA,Bdéy:—+
r—1 x-—2

(2) Tinh y
(€ Cau 4. Cho y = z?%e*, tinh d*°y(0)
(¢ Cau 5. Tinh gan dung arctg(1,02)
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B Ldi giai
1 Trac nghiém

(¢ Cau 1. Khang dinh nao sau day ding ?

@ Néu f lien tuc tai zo thi f c6 dao ham tai z.

f lién tuc tren [a, b] néu f kha tich tren [a, b].

(C) f kha vi tai xo thi f xac dinh tai xo.

@ f dat cuc tri tai zo thi f'(zg) = 0.
Lo gii.
Xét cau a), xét ham s6 f(x) = |z| ta c6 f lien tuc tai o = 0 nhung khong c6 dao ham tai xo = 0.
Xét cau ¢), f kha vi tai zo thi f lién tuc tai 2o hay f xac dinh tai z.
Xét cau d), Ta xét ham s6

y = lz|
khi d6 f c6 cuc tiéu tai o = 0 nhung khong kha vi tai 2o = 0 hay f(zo) # 0.
Xét cau b), xét ham s6
0, <0

fo=1{%" 734

Ta co
lim f(z)=0, lim f(z)=1

z—0— z—0t

hay f gidn doan tai xy = 0. Mat khac ham f bi chdn trén doan [—1,1] vi
0< f(z) <1

Ly thuyét

Cac ham lien tuc trén doan [a,b]; cAc ham bi chin, c6 mot s6 hitu han diém gian doan trén
doan [a, b] va cac ham don diéu bi chin trén doan [a,b] déu kha tich trén doan do.

Vay ro6 rang f kha tich trén doan [—1, 1] nhung f lai gian doan tai z¢ = 0.
Chting minh

Let f be a bounded function from a bounded closed interval [a, b] to R. If the set of disconti-
nuities of f is finite, then f is integrable on [a, b].

Proof. Let D be the set of discontinuities of f. By our assumption, D is finite. So the set DU{a, b}
can be expressed as {dy,dy,...,dy} with a = dy < dy < --- < dy = b. Let M := sup{|f(z)] :
xr € [a,b]}. For an arbitrary positive number &, we choose n > 0 such that n < ¢/(8M N) and
n<(dj—dj_q)/3foralj=1,...,N.Forj=0,1,...,N, let z; := d; —n and y; := d; + 7. Then
we have

&:d0<y0<l'1<d1<y1<"'<l’N<dN:b.

Let E be the union of the intervals [dy, yo| , [x1, d1], [d1, 1], - - -, [TNn—1,dN-1], [dv—1, yn_1], and [z N, dN].
There are 2N intervals in total. For j =1,..., N, let F}; := [y;_1, x;]. Further, let F' := U;VZIFJ». The
function f is continuous on F', which is a finite union of bounded closed intervals. Hence f is uni-
formly continuous on F'. There exists some § > 0 such that |f(z) — f(y)| < £/(2(b — a)) whenever
x,y € F satisfying vt —y| < d. For each j € {1,..., N}, let P; be a partition of F; such that || P;| < 4.
Let

P:={a, b} UDU (UL, F)).
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The set P can be arranged as {to,t1,...,t,} with a =ty <t; <--- <t, =b. Consider

n

U(f,P)—L(f,P) :Z(Mi_mi)(ti_ti—l)a

i=1
where M; := sup{f(z) : t;_1 < x < t;} and m; := inf {f(x) : t; 1 < x < t;}. Each interval | ¢;_1, ;]
is either contained in E or in F, but not in both. Hence

n

Z (Mz — mz) (tz — ti—l) = Z (M mz) ( i z 1 Z M TI’Lz tz — ti—l) .
]S

=1 [ti—1,t:]CE

There are 2N intervals [t;_1,t;] contained in E. Each interval has length n < /(8 M N). Noting that
M; — m; < 2M, we obtain

[ti—1,t:]CE
If [t;_1,t;] C F, then t; — t;_1 < 0; hence M; — m; < e/(2(b — a)). Therefore,
£ £

Z (Mz — mz) (tz — tz‘_1> < c Z (tz — ti—l) < 2(b — a) (b — a) = _

[ti—1,t:|CF 2(b—a) [ti—1,t]CF

From the above estimates we conclude that U(f, P) — L(f, P) < . By Theorem 1.1, the function f
is integrable on [a, b].

(@)
(¢ Cau 2. Ham f(z) = z|z — 1]
@ Lién tuc tai xg = 1. Co6 dao ham xy = 1.
@ Kha vi tai 2o = 1. @ Ca a, b, c déu sai.
Loi giai.

Ta c6 ham sb
r(z—1) , x>1

f(x):{x(l—x) , <l

Ham la ham so cap nén lién tuc trén tap xac dinh R. Ta c6

_ _ 2
lim f) = f(1) =1l fl) = f(1) = lim x T lim z =1
z— 1+ r—1 z—1t rx—1 z—1+ x—1 z—1+
_ _ 2
lim f) — f(1) = lim fw) = (1) = lim T lim —z=-1
z—1- z—1 z—1— z—1 z—1- T — 1 z—1—
Do d6 khong ton tai giéi han hitu han vi
o T@ =S Fa) = 1)
r—1t r—1 z—1— rx—1
hay f khong kha vi tai o =1
(@)
(¢ Cau 3. Tim cac gidi han:
| —1
[ g R0FD) Zlna

x—0 x

@I:é Izl. @I:Z @Céa,b,cdéusai.
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Loi giai.
Ta co: | |
[ g Rlet ) mlna
z—0 x
In (1 + E)
1 a
T,
a
T
(@)
@ Céau 4. Tinh )
. " —e
[ = lim
e=1 rlnw
@I:e. 1:1. @I:2. @Céa,b,cdéusai.
Loi gii.
Ta co: .
I = lim ———
z—1 zlnx
— L' hospi
lim o (L'hospital)
=e
(@)
(¢ Cau 5. Néu f(x) la ham s6 lien tuc trén (a,b) thi
@ f(z) c6 dao ham trén (a,b). f(z) dat GTLN va GTNN trén (a,b).
@ f(z) bi chan trén (a,b). @ Ca 3 cau trén déu sai.

Loi giai.
Xét cau a) lien tuc chua chic dao ham vi du f(z) = |z|
Xét cau b) dat GTLN va GTNN chi trén [a, b]
Xét cau ¢) f lién tuc trén (a,b) chua chic bi chan (a,b). Néu xét ham s6 f(z) =
Tr—a

(a,b) thi khi  — a thi f(z) — oo nén f khong bi chan. D
(¢ Céu 6. Cho ham sob:

trén khoan

sin x .
fa) =1 @1 khi 2 # 0
0 khiz =0

(A) Lien tuc tai zo = 0. C6 dao ham tai zy = 0.

(C) Kha tich tren [a, b]. @ C& 3 cau tren déu sai.
Lai giai.
Ta co ) (sinz) -2 )

SN xr SINT) - 2T
Ph0 2 — 1 pa0 (e2*—1)-2x 2 7
vay f khong lien tuc tai zo = 0, do d6 f khong ¢6 dao ham tai zo = 0. Biéu dién ham s6 f(z) = —— xl
e xr __

thi f bi chan hay f kha tich trén [a;b] néu doan chita 0. Néu [a; b] khong chita 0 do f lién tuc nén f
kha tich. Vay dap an c) ding
(@)
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(¢ Cau 7. Khéng dinh sau day la ding ?
@ f ¢6 gidi han tai 2y néu f c6 f’ (:EBL) ! (xg).
f lién tuc tai g = 0 thi f ¢6 dao ham tai x¢ = 0.
@ f ¢6 dao ham tai x¢ néu f co6 f’ (xar) ! (xg).
@ C4 3 cau tren deéu sai.
Loi gii.
X¢ét cau ¢), néu f' (zf) # f' (zg) thi f khong c6 dao ham tai .
Xét cau b), xét ham f(z) = |z| suy ra mau thuan.
Xét cau a), néu f'(zg) = f'(zy) thi f kha vi tai zp hay f lién tuc tai zo tiic tai o thi f c6 giéi han.
Néu f'(xf) # f'(xy) thi lap luan tuong tu suy ra f gian doan tai .

(@)
(¢ Cau 8. Cho ham so: -
"t — cosw
——— khiz#0
fa) = ” 7
m? khi z =0
@ m = 1. @ m = 2.
@sz. @Cé a,b, c déeu sai.
Loi giai.
. e —cosx
I =lim
x—0 xX
= lim m( ) + lim cos Y
z—0 mx z—0 T
1 —cosx
=m + lim
x—0 x
Mat khac
. 1—cosz ) 1 —cos’z . sinx . sin x
lim — =lim ——— = lim Slim —— =
z—0 T z=>0x(l+cosx) >0 x 2—01+4cosx
Cach khac .
. €™ —cosx
I =lim
z—0 €T
= hH(l] (me™ +sinx)  (L'hospital)
T—
=m
vay I = m, dé ham s6 lien tuc tai zo = 0 thi m? = m hay m = 0 hodc m = 1. (@))
(€ Cau 9. Cho f(z) =2 —2vaxy =2
@ |f(x)| gian doan tai z. |f(x)] khong xac dinh duge tai zg.
(©) |f(x)| kha vi tai . (D) [F(x)] lién tuc tai xq.
Loi giai.
Ta c¢6 ham |z — a| khong kha vi tai 2o = @ va lién tuc trén R. Vay dap an D dung.
(@)

(¢ Cau 10. Cho ham sé:

et —1
khi
fz) = . iz #£0
m khixz =0

Tim m dé f kha vi tai zo = 0, tinh f/(0)
1 N
(A) m =1, f(0) =0. m=170)=1(C) m=1,f(0) = 3 (D) C4 a,b, ¢ déu sai.
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Loi giai.
f kha vi tai zo = 0 thi f phai lién tuc tai g =0
T _1
I =1lim ¢
x—0 x
=1

vay dé f lien tuc tai o = 0 thi m = 1. Gia s ton tai f(0) tai m = 1, khi d6

. J(x) = f(0)
, —_
110) = glclgtl) x—0
T _1
S|
= lim —Z
x—0 x
e —=1—-x
= lim
x—0 ;CQ
et , .
= glclgr(l) - (L'hospital)
1
-2
1
vay f'(0) = 3
(@))
(¢ Cau 11. Dat
1 x
L= lim (22)*, K= lim (1~|— —)
z—0t T—+00 2

A L=0K=yee BL=1K=ye (CL=2K=0. (D) L = +o0, K = \/e.
L&i giai.
Ta c6 (27)* = e*2%) suy ra z — 0F thi

In(2
lim n(2z)
z—0t 1 1
lim zIn(2z) - lim — lim —x
hm er ln(Qx) — em—)0+ =e i — el‘%[ﬁ'_ — 6$*>0+ — 60 — 1
z—07F —
22
Ta cling c6
2x 1
. 1\ 1\3 3
K= lm (1+—) = lim (14— =e2 = /e
T—+00 2x z—+00 2x

(€ Céu 12. Cho f(x) = a(z)|r — 1] v6i a(x) xac dinh trong lan can ciia 1. Khi d6
@ f(z) c6 dao ham trai va dao ham phai tai 1 néu a(z) c6 gidi han khi z — 1.
f(z) c6 dao ham tai 1 néu a(z) la vo cing bé khi z — 1.

@ f(z) lien tuc tai 1 néu a(z) bi chan trong lan can tai 1.
@ Ca ba cau trén deu dung.

Lo gii.

Ta co

neu zx>1

ntu <1
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Ta tinh dao ham trai

_ flx) — f(1)
f/(x()) - xlir?* rx—1
e -a)
r—1- r—1
= i oty
=—L
Twong tu, ta tinh dao ham phai
flz) — (1)

= lim

z—1+ r—1
T

o)
=L

vay cau a), dung. Ta xét cau b), do a(z) la vo cung bé khi x — 1 nén

lim a(x) =0
r—1

két hop véi cau a) ta co
fl(ag) = f(zg) =0

nén f c¢6 dao ham tai 1. Xét cau c), néu a(z) bi chan trong 1an can tai 1 thi
la(z)| < M| = —M|x — 1| < alz)|r — 1| < M|z — 1|

khi z — 1 thi
lim (=M (z —1)) =lim (M(x—1)) =0

rz—1 r—1

nén theo dinh 1y kep thi
lim f(z) =0 = f(1)

rz—1

suy ra f lién tuc tai 1. Vay d) la dap an dung.

(¢ Cau 13. Cho ham sb

Y= flz) = néu 1z #0

1 neu =

@ f khong lien tuc tai 2_0. f'(0) = 0.
(C) f khong kha vi tai z, = 0. (D) Cé a,b, ¢ déu sai.
L3i giai.

Ta co

V2r +1—cosx

lim = lim

1
z—0 T $—>0<\/2x—|—1

—|—sinx> =1
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hay f lién tuc tai zo = 0.

Vay f'(0) =0

Gia st f kha vi tai 2o = 0 khi do

£1(0) — tiy 12 =10

r—0 xX
V2r+1—cosx

= lim L
z—0 x

. V2xr+1—cosz —x
= lim

z—0 :p2

-1

= lim
z—0 xQ

V2 1—(1
= lim T ( +:v)+

1
z—0 72 2
1
2

1

(V2r+1+z+1)
1

= lim
x—0
2 2

V2xr+1—(x+1) . 1—cosx
+ lim ————

@

> n N 2 . - 3 s N 2 . - .o a .
(¢ Cau 14. Cho ham tong chi phi: ¢ = s + 3000 véi q la san lugng. Chi phi bién khi ¢ = 10

1a
(A) 5,12.

L&i giai.

V@& +5
3,07. (C) 4,32.

vir @ A

2
—+3000]Ix={":

d|_3x
dx {22 +5

3.067114515

@)

(& Cau 15. Cho ham tong chi phi : Q, = P2+ P —200 v6i P la gia ban san pham d6. He s co gian
cia ham cung theo gia (F) tai gia P = 20.

(A) E, = %O.
Loi giai.
Ta co
Ey=qQ,-
2 Ty luan

Es:%.

20
@ Es:i

g:diP(PQJrP—%O) P

(¢ Céu 1. Tinh dao ham ctia ham: f(z) = z|x — 2|

Loi giai.
Ta cb

S Toan Cao Chp

néu z>2
nfu =<2

41
@ES:H

P:20.P2+P—200p:20_ﬁ
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Suy ra
20— 2 néu x> 2
f'(z) = { khong xac dinh néu z =2
—2x + 2 néu <2

Hoac tinh nhu sau tai > 0 thi ta c6

f(x+ Ax) — f(z)

, .
fla) = limg Av
— hm (x + Ax)(z + Az —2) — x(z — 2)
Az—0 Ax
~ lim 2eAx + Ax? — 2Ax
Az—0 Az

= lim 22z — 2+ Az
Axz—0
=2x—2

Tuong ty véi x < 0.
Hoac cach khac, ap dung cong thitc dao ham ta co

-2

f@)= o =2l 4o (e -2l = -2+ 222

|z — 2]
(¢ Cau 2. Cho ham y(x) thda : €@ + z - y(x) = e. Tinh dao ham ctia y tai x =0
Lo gii.
Dao ham y(z) theo x ta ¢6

y'(@) - " +y(z) +a-y(z) =0

Thay x =0 ta ¢6

/ o —y(O)
Yy (O> - ey(o)
N -1
Ma tit dé& bai thay # = 0 ta c6 e¥®) = e tuong duong y(0) = 1. Vay ¢/(0) = —.
e
r+2
(¢ Cau3d. Choy= ———
au 3. Choy R y——
. A B
@ Tim A, Bdéy= —— ¢
r—1 x-2
(2) Tinh y»
Loi giai.

@) Ta co

Alx—-2)+ Bz —1)=2+4+2<= (A+B)x —2A—-—B =2

dong nhat heé s6 ta c6
{ A+B =1
—2A—-B =2

vay A= -3, B=4.
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(2) Ta co
w3 4 \® 3 \® 4™
Y —<x—1+x—2) —<x—1> +(x—2)
1 \™ 1
Ma ta c6 <ax n b) =(=1)"-nl-a"- @ o ap dung thi ta co

y™ = (—1)" . n! ( 3 + ! )

(x — 1)t (x —2)ntl

(@)
(€ Cau 4. Cho y = z?%e*, tinh d*°y(0)
Lo giai.
Ta co
50 4 .
(.TQ . ea:p)(50) _ Z Céo (.TQ)(Z) (eaz>(50—z)
Ma (22)® =2 = (22)™ =0, n > 3 thay vio ta ¢6
(5132 . eax)(50) _ Cé() (.T2)(1) (eam)(49) + CE?(] (ZEQ)@) (eam)(48)
=50-27-a e +C2)-2-a" e
thay = = 0 ta c6 d’y(0) = CZ, -2 - a™®
(@)
(¢ Céu 5. Tinh gan dung arctg(1,02)
Loi giai.
Ta co: I
FL+0,02) &~ f(1) + f/(1)-0,02 = % + 50,02 =0,9754
N 1
( cong thitc day du 1a f(xg + Ax) = f(xg) + f'(xo) - Ax va (arctg(z)) = m) ©))
T
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4 BAI TAP CHUGNG 4

(¢ Cau 1. Tim cuyc tri clia cac ham sau day

@ f(z,y) =2 +2y° — 3wy — 4o+ 2y +5

@ f(x,y>=x+y+%

© f(a:,y>=x+y+%

50 20
@ f(iCay)ISUer?ﬂL;

® fla,y) =2 +y* + 3y
©® f(o,y)=2+y*+12zy+1
Lo giai.
(1) Ta c6 dao ham cap 1 cla f(z,y) 1a

fo= 3x—-3y+4=0
fy= 4y—3x+2=0

Giai he phuong trinh ta c6 (z,y) = (=10, —8). Vay diém dimg 1a M (—10, —8). Ta tinh cac dao
ham cap hai
Joz =2, fyy=4  foy=-3

Khi nay Dy = fou =2 >0 va

Do Dy < 0 nén f khong dat cuc tri tai M (—10, —8).

(2) Ta c6 dao ham cap 1 cla f(z,y) 1a

8
- 11—
fy :U'yQ
Khi do ta ¢6 hé phuong trinh nhu sau
8
5 =1
x8-y s8=1"y=x-y* e aylr—y) =0
=1
x-y?

Do z,y # 0 nén x = y thay vao phuong trinh thit nhat ta duge r = y = 2. Vay diém dimg 13
M (2,2). Ta tinh cac dao ham cap hai

16 16 8
fmr:—a fyy:— f:vy:

3y x -y
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) 16
Tai diem dung ta ¢c6 D1 = f,, = o1 = 1>0va
1
LS 1
Dy=|; 2/=1-=>0
-1 4
2

Do Dy > 0 va D; > 0 nén f dat cyc tiéu dia phuong tai M(2,2).

(3) Ta c6 dao ham cap 1 cla f(z,y) 1a

81
fx: 1 - B
a1’
- 1-
fy :B~y2
Khi do6 ta ¢6 hé phuong trinh nhu sau
81
> =1
317 e8l=r’y=z-y s aylr—y)=0
=1
x-y?

Do z,y # 0 nén = = y thay vho phuong trinh thit nhét ta duge z = y = v/81. Vay diém dimng
la M (\3/81, \3/81). Ta tinh cidc dao ham cap hai

16 16 8
Jaw = Py foy = PR oy = 2
. aia . . 16 R
Tai diem dung ta ¢c6 D1 = f,, = 7> 0va
Vv81
16 8
3 3
Dy — 81 -8\/81 81 -16\/81 =0

81-+v/81 81-+/81
Do D, > 0 va Dy > 0 nén f dat cuc tiéu dia phuong tai M (\3/81, \3/81>.

(@) Ta c6 dao ham cap 1 clia f(z,y) 1a

50
fx: _ﬁ
20
fo= -
Yy yg

Khi do6 ta ¢6 hé phuong trinh nhu sau

2.y =50 f
{35 J — 235 = 1000
x-y* =20

hay zy = 10 thay vao hé trén ta dugc (z,y) = (5,2). Vay diém dimg la M(5,2). Ta tinh céc

dao ham cap hai
100 40
f:w:_u fyyzﬁa fzyzl

3
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) 100
Tai diem dung ta ¢c6 D1 = f,, = w5 > 0 va
1
Dy = =4—-1=3>0
40
1 =
93

Do D, > 0 nén f dat cyc tiéu dia phuong tai M(5,2).

(5) Ta c6 dao ham cap 1 cla f(z,y) 1a

Jo = 3$2+3y
fu= 3y*+3x
Khi d6 ta ¢6 hé phuong trinh nhu sau
3224+ 3y =0
S3r—-—y)(zr+y—1)=0
{3y2+3x20 (z—y)z+y—1)

v6i y = 1 —x thay vao ta ¢6 hé vo nghiém, v6i x = y ta c6 nghiém la (z,y) = (0,0),
Vay c6 hai diém dimg 1a M;(0,0), Ms(—1,—1). Ta tinh cac dao ham cap hai

Joz =62, fyy =0y, foy =3

Khi nay ta c6
6z 3

D2 =14 6y

':3690y—9

O Tai M; tac6 D; =0 va Dy = —9 < 0 nén f khong dat cuec tri tai M(0,0).

(—1,-1).

O Tai My(—1,—1) tacé Dy = —6 < 0 va Dy =36 —9 =27 > 0 nén f dat cuc dai dai

phuong tai M(—1,—1).
(6 Ta c6 dao ham cap 1 clia f(z,y) 1a

fr= 3%+ 12y
fo= 3y*+12z

Khi do6 ta ¢6 hé phuong trinh nhu sau

322 4 12y = 0
{er Y S3z—yl@aty—4) =0

3y + 120 =0

v6i y = 4 — x thay vao ta ¢6 hé vo nghiém, v6i x = y ta ¢6 nghiém la (z,y) = (0,0),
Vay c6 hai diem dimg 1a M;(0,0), Ms(—4,—4). Ta tinh cac dao ham cap hai

Jow =02, fyy =6y, fo =12

Khi nay ta c6
6x 12

D2 =115 6y

’ = 362y — 144

O Tai M; ta c6 Dy =0 va Dy = —144 < 0 nén f khong dat cuec tri tai M(0,0).

(=4, —4).
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O Tai My(—4,—4) ta c6 D; = —24 < 0 va Dy = 432 > 0 nén f dat cuc dai dai phuong tai
M(—4,—-4).

@

(¢ Cau 2. Tim cuyc tri c6 diéu kién clia cic ham sau day

@ f(z,y) = 2* + y? néu z,y thda mén%—i—%: 1

@ f(z,y) = 2* + y* néu x,y thoa man 22 — 3z + 9> —4y =0

3 f(z,y) = 2° + 122y + y? néu x,y thda man 422 + y* = 25
Li giai.

(1) Ta lap ham Lagrange

_ 2 2 oy
L(z,y,\)=a2"+y +)\(1 ) 3)

Dieu kién can

Ta c6 hé phuong trinh sau

t 36 48 288 36 48
Ta ¢6 nghiém ctia hé phuong trinh 1a (z,y, ) = < )

—,—,—).Haydiém dirngléM(—,— )
257257 25 25725
Ta co

o 0 g1 g

|H = 91 L1 L1

g Loy Lo
Trong do
™ g; 1a ham diéu kien dao ham ( 11a z, 2 1a y)
™ L,; 1a dao ham theo 7, roi dao ham theo j ( dao ham 2 lan)
Dieu kién du. Ta tinh cac dao ham bac hai
—1 —1

g1 1 g2 30 11 ) 22 ) 12
Vay
0 1 1
4 3
m@=( -1 2 o |<o
4
L 0 2
3
36 48 . )
Vay M <%, %> la diem cue tieu toan cuc cua f.

% Toan Cao Chp B Lit V5 Hoang Phiic


https://www.facebook.com/phuc.lu.08092006/

= Lsi gidi

(2) Ta lap ham Lagrange

L(z,y,\) =2"+y" + A (=2 + 3z — y* + 4y)

Dieu kién can

L,=2(1=X)z+ 3\
L,=2(1—-X\)y+4\
Ly=—-2>+3x —y*>+4y

Ta ¢6 hé phuong trinh sau

(3 A

TSN

A

—9. 2

y A— 1
\x2—3x+y2—4y20

Ta c6 nghiém ctia hé phuong trinh 1a (z,y,\) = (3,4,2);(0,0,0). Hay c6 hai diém dimg la
M, (3,4,2) va M, (0,0,0).
Dieu kién du. Ta tinh cac dao ham bac hai

g1:—2$+3, 92:—2y+4, [/11:2(1—)\)7 L22:2<1—)\), L12:0

Vay
0 —2r+3 —2y+4

H| = | —2¢+3 2(1-)) 0
—2y + 4 0 2(1—\)
=2(=22+3°(A—1)+2(=2y +4)° (A1)

O Tai M; do A =2 > 1nén |H| > 0, hay f dat cuc dai dia phuong tai M(3,4).
O Tai My do A =0 < 1nén |H| <0, hay f khong c6 cuc tri.

(3) Ta lap ham Lagrange

L(z,y,\) =2+ 120y + y* + X (25 — 42® — )

Diéu kién can
L,=2(1—-4)N)z+ 12y

L,=2(1-X\y+ 12z
Ly =25— 4z —?

Ta ¢6 hé phuong trinh sau

( 3 A
r=—+ —
2 A—-1
A
—9._ -
YN
\x2—3m+y2—4y:()
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Ta ¢6 nghiém ctia hé phuong trinh 1a (z,y) = ( \/
\ V65 + 65

200
| £ , \/ Hay c6 hai diém dim
( 65 — /65 ) Y s

Diéu kién du. Ta tlnh cac dao ham bac hai

g=-8, g2=-2y, Lu=201-4\), Lp=2(1-)), Lp=12

Vay
0 —8x —2y
|H| = =8z 2(1—4\) 12
—2y 12 2(1—N)

= 1927y + 1927y + 1282 (A — 1) + 8y (4A — 1)

O Tai \/ do A > 1 nén |H| > 0, hay f dat cuc dai dia
\/—+65

phuong.

200
O Tai | £ , do/\<—nen H| <0, ha dat cuc tiéu dia
. ( N ) b we (7] < 0. ay f

phuong.

(@))

(¢ Cau 3. Ham f(z,y) = 2° + y® — 62y c6 hai diém dimg 1a A(0,0) va B(18,6). Chon két luan
ding

@ Ham f khong dat cuc tri dia phuong tai A, dat cyc dai dia phuong tai B.

Ham f dat cuc tiéu dia phuong tai A, dat cuc dai dia phuong tai B.

@ Ham f khong dat cuc tri dia phuong tai A, dat cuc tiéu dia phuong tai B.

@ Ham f dat cuc dai dia phuong tai A, dat cyc tiéu dia phuong tai B.
Loi giai.
Ta tinh dao ham cap hai cia f

fxxzzv fyy:6y7 fxy:_

Khi nay ta c6

= 12y — 36

2 —6

O Tai A(0,0) do |Ds| = —36 < 0 nén f khong dat cuc tri.
O Tai B(18,6) do Dy = for, =2 > 0va |Dy| =12-18 — 36 > 0 nén f dat cyc ticu dia phuong.

@
(¢ Cau 4. Cho ham z(z,y) = xe? + 23 + 2y* — 4y. Chon ménh dé dung trong cdc ménh dé sau
day
@ ham z dat cyc tiéu tai M(0,1).
(B) Ham =z dat cuc dai tai M(0,1).
@ Ham z c6 diém dimg nhung khong c6 cuc tri.
@ Ham z khong c6 diém ding.
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Loi giai.
Ta tinh cac dao ham cap mot
2y =¥ + 322 =0
2y =xe’ +4y —4=0
Do phuong trinh dau luén duong nén hé vo nghiém hay ham z khong c6 diém ding.
@
(¢ Cau 5. Cho ham f(z,y) = —32% + 2¢¥ — 2y + 3. Chon ménh dé dung trong cac ménh dé sau
day
@ ham f dat cuec ticu tai M (0,0).
Ham f dat cuc dai tai M(0,0).
@ Ham 2z c¢6 diém ding nhung khong cé cuec tri.
@ Ham f khong c6 diém ding.
Loi giai.
Ta tinh cac dao ham cap mot

2, = —06x =0
2y=2Y-2=0

Giai hé ta c6 (r,y) = (0,1). Vay diém dimg la M(0,1). Ta tinh cac dao ham cap hai

Zyp = =0,  Zyy =2€Y, 25 =0
Khi nay ta c6
Dy = |70 V1= _q2ev <0
0 2eY

Do |D,| < 0 nén 2z khong c6 cic tri. Hay 2z ¢6 diém ditng nhung khong c6 cuc tri.

@
(& Cau 6. Xét ham f(z,y) = 2y*(1 — 2 — y) va diém M (0, 1). Chon két luan ding
@ Ham f dat cuc tiéu tai M .
Ham f dat cuc dai tai M.
@ M 1a diém dimg nhung khong phai cuc tri ctia ham f.
(D) M khong phéi 1a diém dimg ciia ham .
Lai giai.
Ta tinh cidc dao ham cap hai
fro = =2y",  fyy =20 — 227 =62y, fu =2y —3y* —day
@

Tai M(0,1) thi
fCCQS:_Z) fyy:(), fxy:_l
Khi nay

—2 -1
|D2|:'_1 0‘:—1<0

Vay f khong dat cuc tri tai M

(¢ Cau 7. Vi phan toan phan ctia ham f(z,y) = 2 + 2¥ 13 két qué nao sau day
(A) df = 2zdx. df = 2xdx + 2¢ In 2dy.
(©) df = 2zdx + y2v~'dy. (D) df = 2zdx + y2¥ In 2dy.

% Toan Cao Chp (32 B Lit V5 Hoang Phiic


https://www.facebook.com/phuc.lu.08092006/

= Lsi gidi

Loi giai.
Ta co:
df = dx® + d2¥

= 2xdx + 2Y 1n 2dy

(£ Céau 8. Ham chi phi C (¢) = 3¢*> + 75¢ — 36¢qIn g + 135 v6i ¢ 1a mitc san lugng .
(1) Tinh chi phi bien.

. — C )
(2) Tim ¢ dé chi phi trung binh C (q) = ﬂ dat gia tri nhé nhat.
q

(3 So sanh gia tri ctia chi phi bién va gia tri ctia chi phi trung binh khi C'(¢) dat gia tri nhd nhat.
Lai giai.
(1) Chi phi bien 1a
MC(q) =6q+75—36lng — 36
=6g — 361Inq+ 39

(2) Ta c6 chi phi trung binh I3

_ 1
C(q):3q—|—75—36lnq+%

—= 36 135 — , q =-3
Tinh dao ham ta c6 C (q) =3 — — — —5 cho C (q)" = 0 ta giai dugc 5 Do g >0

nén ¢ = 15 thi chi phi trung binh C (¢) dat gi4 tri nhé nhat.
(3) Tai ¢ = 15 ta c6 gia tri chi phi bién va chi phi trung binh lan lugt 1

MC =129 —-36In15, C=129-36In15

Do d6 MC = C.

(¢ Cau 9. Gia stt ham lgi nhuan ctia mot xi nghiep déi véi san pham la
T=R—C—-T=P Q—(cQ+tQ+f)

trong d6 P = 12 — 3Q la don gia ban, ¢ = 4 1 chi phi trén mot don vi san pham, f = 1 la dinh phi
doc lap véi san luong Q. Hay tim san hugng Q sao cho xi nghiép dat lgi nhuan téi da va dinh miic
thué ¢ tren mot don vi san pham dé thu dudc ciia xi nghiép nhiéu thué nhat
Loi giai.
Ta co

T=(12-3Q) - Q — (4Q +tQ + 1)

=-3Q°+QB8—1t)—1

Ta tinh dao ham cap mot

8—1
M= Q8- t=06Q=

Ta tinh dao ham cap hai
T =—-6<0
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Vay ham 7 1om ngat toan cuc nén dat cuc dai toan cuc khi

88—t
0="5
. ) 8t—t* . o
Khi nay ta c6 T' = 16n nhat khi, ta tinh dao ham cap mot
4 t
T = - — =
3 3
Ta tinh dao ham céap hai
1" _1
T =—<0
3

Vay ham T 16m ngét toan cuc nén cue dai toan cuc khi ¢ = 4. Thay vao ham @ ta duge ) = g Hay
q= ; théa man yéu cau bai toan. @)
(¢ Cau 10. Mot hang c6 ham 1gi nhuan 1

m=P-Q(L)-C(L)

v6i P la don gid ban, Q(L) = 100v/L la ham san xuat va C(L) = 2500L + 1000 1a ham chi phi, va
L 1a lugng lao dong

(@) Khi P = 200, hay tim L dé hang nay c6 1¢i nhuan t6i da
(2 Khi L tang them 1% thi mtc san lugng ctia hang tang ( hay gidm) bao nhiéu phan tram ?
Lo giai.

() Ta c6
7= P-100vL — 2500L — 1000

Khi P = 200, Iic nay phuong trinh trén thanh
™ =—10(25L — 200v'L + 10)
— 10 (5vZ — 20)” + 3900

Vay v6i 5v/L = 20 thi 7 1a t6i da, hay L = 16.

(2) Ta tinh do co din ctia ham san xuat

aQ L

&T:Eé
50 L
~ VL100vVL
1

"2

Vay khi L tang them 1% thi Q(L) tang them 0.5%.

(@)
(¢ Cau 11. Mot cong ty san xuat doc quyeén. Cho biét hé s6 co dan cau theo gia 1a —2 va chi phi
bién clia cong ty 1a 20 ( don vi tién) trén mdi don vi san pham.
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(1) Tim mitc don gia P dé cong ty nay c6 loi nhuan tdi da.
(2) Khi MC tang 10% thi miic don gi4 nay sé ting hay gidm bao nhiéu phan tram ?
(3) Hay tinh chi s6 Lerner clia cong ty nay.

Loi giai.

Q) Ta co:
TR:P(Q)-Q:>MR:TR’:P(Q)+§—Z.Q

d
= £ . % thay vao phuong trinh trén ta dugce

Ma e
MR:P(Q)“F@:P(l"‘é)

Don=TR-—TC = n"= MR- MC vay w/ . khi MR = MC, thay vao phuong trinh trén ta

max

duoc v
20
1+4- 14—
€ —2

(2 Do P va MC ti le thuan nén khi MC tang 10% thi ¢ ciing ting 10%.

(3) Ta c6 cong thiic

Doe= —2nén L =0.5.

(¢ Cau 12. Ham lgi nhuan ctia mot cong ty déi véi mot san pham 1a
T=R—-C=P-Q— (wL+rK)

trong d6 R 1a doanh thu, C 1a chi phi, L 1a lugng lao dong, w = 1 1a tién luong ctia mot lao dong,
K 1a tién von, r = 0.03 1a 1ai suat cla tien von, P = 9 1a don gia ban vd Q 13 ham sin xuat
Cobb — Douglas : Q = L3iKs. Hay tim L, K sao cho cong ty dat lgi nhuan téi da.
Loi giai.
Tu dé bai ta c6 phuong trinh .

T =9L3K3 — (L+ 0.03K)

Ta tinh dao ham cap mot

7, =3K3L% — 1
T = 3K 5 L5 —0.03

Khi nay ta c6 hé phuong trinh
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vay L = 900, K = 30000, hay diém ditng 1a M (900, 30000). Ta tinh dao ham cap hai
WLL:—QK%L%, WKK:—QK%E)L%, WLK:L%K%

Ta c6 ma tran

—2K:L% L3K% o

Dy=| . . | =3LFKF >0

L3 K3 —2K3Ls
va Dy = —2K3L7% < 0. Suy ra m dat cyc dai toan cuc tai M (900, 30000).
(¢ Cau 13. Gia sit ham loi ich dbi véi hai san pham la:

U(z,y) =Inz+1ny

trong dé6 z 1a lugng hang thi nhat, y 14 lugng hang thit hai. Gia stt nguoi tieu ding c6 thu nhap 10
va stt dung hét dé mua hai sdn pham nay, véi P, = 3, P, = 2. Tim x va y dé cuc dai héa U(z, y).
Loi giai.
Khi nay ta c6 ham diéu kien 1a 3z + 2y = 10. Ta lap ham lagrange

L(z,y,\) =lnx +lny + A (10 — 3z — 2y)

Diéu kién can

1

L,=——3\
xr
1
Ly:§—2)\

Ly=10—-3z -2y

Ta ¢6 hé phuong trinh sau

3z =1
2 0y =1
3z + 2y =10

551 . 55
Ta ¢6 nghiém ctia hé phuong trinh 1a (z,y, ) = (5, 2’ g) Hay diem dung la M (5’ 5)
Dieu kién du. Ta tinh cac dao ham bac hai

1 1
G1=-3, g2=-2, Lu=—-——, Lp=—-——, Lip=0
x Y
Vay
0 -3 =2
1
H=| 3 2
1
2 0 -
Yy
9 4
= _ S S .. N
Do d6 |H| > 0,Vz,y > 0. Vay « = g,y b thi U dat cuc dai toan cuc. (@)
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(¢' Cau 14. Gia st ham lgi ich phu thuoc vao s6 tién tiéu dung trong hai thai ky 1 va thoi ky 2 lan
lugt 1& C; va Cy nhu sau:
U(Cy,Cy) = C1Cy

Gia sit 1ai suat sau thoi ky thit nhat 1a r = 4%, tong thu nhap trong thsi ky tht 1 1a 10. Rang

C C .
buoc: C; + 1+2 =10 (1+2 la thoi gid cta Cy & thai ky thd 1). Hay tim C;, Cy dé cyc dai héa
r r
U(Cy, Cy).
Loi giai.

Khi nay ta c6 ham diéu kien 1a 26C, + 25C, = 260. Ta lap ham lagrange
L(C1,Co, ) = C105 4+ A (260 — 26C — 25C%)
Dieu kién can
Lo, = Cy — 26\
Lo, = Cp — 25
|Ly = 260 — 26C,; — 25C,
Ta ¢6 hé phuong trinh sau
CQ == 26)\
C1 = 25\
26C; + 25C5 = 260

Ta ¢6 nghiém ctia hé phuong trinh 1a (2,9, A) = (5,5.2,0.2). Hay diém ding 1a M (5,5.2)
Dieu kién du. Ta tinh cac dao ham bac hai

g1 = —26, g2 = —25, L11 = 0, L22 = 07 L12 =1

Vay
o 0 —26 —25
\H|={-26 0 1
-25 1 0
= 1300

Do d6 |H| > 0. Vay C; = 5,Cy = 5.2 thi U dat cuc dai toan cuc.
(@)

(£ Cau 15. Mot xi nghiép san xuat doc quyen hai loai san pham va tiéu thu trén mot thi trudng.
Biét ham cau ctia hai loai san pham trén thi truong la:

QD1:800—2P1+P2, QD2:960+P1—P2

va ham tong chi phi 1a C(Q1, Q1) = 320Q; + 250Q, + 300 trong d6 P;, Q; (i = 1,2) lan lugt la don
gia va muc san lugng ctia mat hang thi i.

(1) Tim mic san lugng ciia mdi loai san pham dé xi nghiép cé lgi nhuan téi da

@ Tim mtic san lugng ctia mdi loai san pham dé xi nghiép c6 lgi nhuan téi da v6i diéu kien han
ché vé chi phi la C = 166700

Lai gidi.
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(1) Ta c6 hé phuong trinh sau
Q1:800—2P1+P2
Q2:960+P1—P2

Cong vé theo vé ta duge P, = 1760 — Q1 — (2, thay vao heé ta dugc
P2:960+P1—Q2:2720—Q1—2Q2
Ta c6 10i nhuan bing tong tien kiém duge trit chi phi do d6

™= TRl + TR2 — C
= PQ1+ PQs — C(QhQQ)
= 14400Q, + 2470Q5 — Q% — 2Q3 — 2Q1Q2 — 300

Ta tinh dao ham cap mot
o, = 1440 — 2Q; — 2Q2 = 0
TQy = 2470 — 4@2 — 2@1 =0

Giai he ta c6 nghiem (Qq, Q) = (205,515). Ta tinh dao ham cap hai

T = =2, Ty = —4 T, = —2
Khi nay ta c6 Dy = 1,0, = —2 <0, va

-2 =2

D2 = '—2 —4

—1>0

Do d6 Q; = 205, Q) = 515 thi 1gi nhuan t6i da.
(2) Ta lap ham lagrange
L(Q1, Q2, \) = 1440Q + 2470Q, — Q? — 2Q3 — 2Q1Q2 — 300 + A(166400 — 320Q; — 250Q>)

Diéu kién can
Lo, = 1440 — 2Q, — 2Q5 — 320
Lo, = 2470 — 4Q5 — 2Q; — 250
L, = 166400 — 32001 — 250Q)2

Ta ¢6 hé phuong trinh sau

(1440 - 2Q, — 20
320
| 2470 — 4Q; — 20,
250
| 32Q1 +25Q> = 16640

Khi nay rut gon ta c¢6 hé phuong trinh sau

14Q; + 78Qs = 43040
320, + 25Q, = 16640

o 110960 572160 559
Gial hé ta c6 (Ql’QQ’A>:< 1073 1073 ’1073)

Dieu kién du. Ta tinh cac dao ham bac hai
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Vay
0 —320 —250
H = -320 -2 -2
—250 -2  —4

= —32-10* + 4 - 320% + 2 - 2502
110960 572160
1073 ° 1073

Do d6 [H| > 0. Vay (Q1,Q2) = ( ) thi lgi nhuan téi da.

(@))
(¢ Cau 16. Cho ham chi phi: C(L, K) = wL +rK trong d6 w = 8, = 0,02. Ham san xuat 13 ham
Cobb-Douglas c6 dang:

QLK) = LK
Tim L va K dé ham C(L, K) dat cuc tiéu (t6i thieu hoa chi phi) théa man diéu kien @Q = 100.
Loi giai.
Ta lap ham Lagrange
L(L,K,\) = 8L +0,02K + X (100 — VLK)

Dieu kién can

( 1 VK
L s L1 VE
2 VL
LK:0.02—A-1-£
2 VK
(VLK =100
4
Giai he ta c6 (L, K,\) = <5, 2000, 5)
Diéu kién da. Ta tinh cac dao ham bac hai
VK VL MWK MWL Y
91:——, 92:_—: Lll = L22:—> L12:
2L WK 413 43 ALK
Vay
B VK B VL
WL 2K

| - VE WK =)
WL AVIP 4VLK

R NN
WK 4VLK 4VK3
~\

T WIEK

Do d6 |H| <0, VA L,K >0.Vay L =5, K =2000 théa man yéu cau bai toan.
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5 BAI TAP CHUGNG 6

(¢ Cau 1. Gidi phuong trinh sau day

y cos’z +y =tanx

Loi giai.
Phuong trinh ban dau tuong duong véi

, 1 tanx
v+ -

y g
cos? x cos? x

Ta cb

1
/ 5 dx = tanz
cos’x

Nhan hai vé ctia phuong trinh trén véi e®"% ta c6

tan x - etan® tan x - etan®
t / ¢
(™) = ———— =y "= | ————dx

cos? x cos? x
Ma ta co .
tanx - e?"®
/—de = [ tanx - ™ d tanx
cos? x
= /tan rdetnx
= tan ze'™?® — /eta”d tanx
— tanxetana: _ 6tanx + C
Nén ta co
B tan m6tan96 o etanx + C
y= tan x
(¢ Cau 2. Giai phuong trinh sau day
) .
Yy + = =smx
T

théa man f(r) = 1.
Loi giai.
Phuong trinh ban dau tuong duong

vy +y=xsinr & (vy) = zsinz

/xsinde: /xd(—cosx)

= —xCcosx —/—coswdx

Ma ta co

= —gcosx +sinz + C
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sinz + C

Do d6 y = —cosz + ———, ma f(m) =1 nén C = 0 hay
x
sin x
Yy =—cosx +
x

(¢ Cau 3. Nghiem tong quét ciia phuong trinh vi phan:

Loi giai.
Phuong trinh ban dau tuong duong

T

yr+y=e"< (vy) =e
e’ +C

Hay y =
(¢ Cau 4. ého phuong trinh vi phan y” — 5y’ + 4y = (6x — 5)e”

(1) Tim nghiém tong quat ctia phuong trinh

(2) Tim nghiém riéng ctia phuong trinh thoa y(0) = 1 va ¢/(0) = —2
Loi giai.

(1) Ta giai phuong trinh dac trung

> —5k+4=0s (k-1)(k—4)=0< .

Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a
Yo = Che” + Che™®

Ta c6: a = 1 la nghiém cia phuong trinh dac trung nén nghiém riéng c6 dang
Y« = ze®(ax +b)

Ta sé c6 hé sau

y. = (2ax + b)e” + e (ax® + bx) = €® [ax? + (2a + b) z + ]
y! = e [ax® + z(4a + b) + 2a + 20)]

Thay vao phuong trinh ban dau ta c6
e’ (—6ax + 2a — 3b) = €*(6x — 5)
Dong nhat hé s6 ta dudec a = —1,b = 1, vay nghiém téng quat 1a

y(z) = Cre” + Coe™ + ze” (1 — 1)
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2 Do y(0) =1 va y/(0) = —2 nén ta c6 hé

Ci+Cy=1
Cl+462:—3

4
suy ra Cy = —3 C, = 3 vay nghiém lic nay la

7 4
y(x) = ge’” — 564” + ze®(1 — )

(¢ Cau 5. Nghiém riéng ciia phuong trinh

y' =4y + 4y =23z — 1)
co dang la ?
Laoi giai.

Phuong trinh tuong duong
y// . 43// +4y — 6xln2(33§ - 1)

Ta giai phuong trinh dic trung ra k = 2, do In 2 khong phai la nghiém. Nén nghiém riéng ¢6 dang

Y = e""2(az + b) = 2%(az + b)

(¢ Céu 6. Nghiem riéng ctia phuong trinh
y' — 5y + 6y =e*(3x+1)

c6 dang la 7
Loi giai.
Ta giai phuong trinh dac trung

E—5k+6=0& (k—2)(k—-3)=0<« L3
Do 2 la nghiém don ctia phuong trinh dac trung nén nghiém riéng c6 dang

Y. = ze*(azx + b) = e*(az® + b)

(¢ Cau 7. Cho phuong trinh vi phan y” + 4y = sin 3z — 2 cos 3x
(1) Tim nghiém tong quat ctia phuong trinh
(2) Tim nghiém riéng ctia phuong trinh thoéa y(0) = 1 va ¢'(0) = 0

Lai gidi.
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(@) Ta giai phuong trinh dac trung

E =2
kE =-—2

F+4=0¢s
Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a
yo = Csin 2x + C5 cos 2x
Do +3i khong phai la nghiém ctia phuong trinh dic trung nén nghiém riéng c6 dang
Yy, = C3sin 3x + Cy cos 3x
Ta tinh dao ham cap hai clia nghiém riéng
y! = —9C5sin 3z — 9C) cos 3x

Thay vao phuong trinh ban dau ta c6

—5C5sin3x — 5C, cos 3z = sin 3x — 2 cos 3z

R . . 1 2 ,
Dong nhat hé so ta c6 C5 = 5 Cy, = £ Vay nghiém tong quat ctia phuong trinh ¢6 dang
. 1. 2
y(x) = Cy sin 2z + Cy cos 2x — ¢ sin 3x +  cos 3x

2 Do y(0) =1 vay'(0) =0 ta co

2
Co+-=1

53
201—5:()

3 3
Nén ta c6 Cy = =2 Ci = 10 Vay nghiém riéng ctia phuong trinh la

y(x) = %SiDQZB + gcos2x - gsin3x + R oS 3%
(£ Cau 8. gidi cic phuong trinh vi phan sau day

@ " — 4y + 3y = e*

@y —y=3e

3 y' -2y — 3y = —2we™®

@ ' +y — 2y = ze

®y -y —2y=e*

©® v =2 +2y =2a”

@Dy —y —2y=e>

y" — 4y =sinz
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© 3" +y=3sinz

y" =1 — 2cos? (g)
@ y" — 2y = 2sin? (%) -1

L&i giai.

(@) Ta c6 phuong trinh dac trung
B —4k+3=0s(k-1)(k-3)=0s

Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a
Yo = Che” + Che™
Ta c6: a = 2 khong la nghiém ctia phuong trinh dac trung nén nghiém riéng c6 dang
= Ce2
Thay vao phuong trinh ban dau ta cé
e (4C — 8C + 3C) = **
Dong nhat hé s6 ta duge C' = —1 vay nghiém tong quat 1a

y(z) = Cre” 4 Cpe®™ — e**

(2) Ta c6 phuong trinh diic trung

EP-1=0e(k-1)k+1)=0< P

Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a
Yo = C’le” + 026_$
Ta ¢6: a = 1 la nghiém don cta phuong trinh dic trung nén nghiém riéng c6 dang
y* = Crxe®
Ta c6 nghiém rieng dao ham cap hai 1a y” = 2Ce® + Cze®. Thay vao phuong trinh ban dau ta
co
2Ce" = 3e”

R . . 3 . s
Dong nhat hé so ta duge C' = 3 vay nghiém tong quat la

3
y(z) = Cre” + Cre™ ™ + Exe‘c
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(3) Ta c6 phuong trinh dac trung

=3
=1

P —2k-3=0&(k-3)(k+1) =0«

Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a

Yo = Cre™" + e
Ta c6: o = —1 la nghiém don ctia phuong trinh dic trung nén nghiém riéng c6 dang

y* = (az® + bx)e ™
Ta tinh cac dao ham ctia nghiém riéng

{y; = (—ax®+ (2a —b)x +b)e™®
y! = (az® + (b — 4a)r — 2b + 2a) e™®

Thay vao phuong trinh ban dau ta c6

(—8ax — 4b+2a)e " = —2ze™ "

b= 3 vay nghiém tong quét 1a

. . . 1
Dong nhat hé so ta dugc a = 7

1 1
Yy (x) = C’le*z + 02€3I + (Z—llﬂ + g) e ”

(@) Ta c6 phuong trinh dac trung

k =-2
FP4+k-2=0sk+2)(k-1)=0« [k .
Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a
Yo = Cle”” + 0267233
Ta ¢6: a = 1 la nghiém don ctia phuong trinh dic trung nén nghiém riéng c6 dang
y* = (ax® + br)e”

Ta tinh cac dao ham cta nghiém riéng

Y. = (ax® + (b+2a)x + b) e”
y! = (ax?® + (b + 4a)x + 2b + 2a) e*

Thay vao phuong trinh ban dau ta c6

(6ax + 3b+ 2a)e” = xe”
X A ~ S 1 1 ~ PN P Pa N
Dong nhat hé so ta duge a = 6 b= —3 vay nghiém tong quat la
T —2z 1 2 T
y(z) = Cre® + Cae +(—x ——)e
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(56) Ta c6 phuong trinh dac trung

=2
=—1

P—-k-2=0<

Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a
Yo = Clefx + CQ€2x
Ta c6: a = 2 la nghiém don ctia phuong trinh dac trung nén nghiém riéng c¢6 dang
y* = Cwe™

Ta tinh cac dao ham cta nghiém riéng

y. = (2Cx + C)e*

y! = (4Cx* + 4C) e**
Thay vao phuong trinh ban dau ta c6

30e% = %

R . . 1 .
Dong nhat hé so ta duge C' = 3 vay nghiém tong quat la

1
Yy (I‘) = C’le_:” + 0262:E + §$62x

(6) Ta c6 phuong trinh dac trung

=1+
=1—i

B -2k+2=0&
Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a
yo = €°(Cysinz + Cy cos x)

Ta c6: a = 0 khong 1a nghiém ctia phuong trinh dac trung nén nghiém riéng c¢6 dang

y* = az? +br+c
Ta tinh cac dao ham cta nghiém riéng

{y; =2ar+0b

i = 2a

Thay vao phuong trinh ban dau ta cé

2az® + (2b — 4a)x + 2¢ — 2b + 2a = 2*

vay nghiém tong quat la

. . . 1
Dong nhat hé so ta duge a = ,bzl,c:§ :

N |

1 1
y(xz) =€e*(Cysinz + Cycosx) + 51:2 T :
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(7) Tuong ti bai 5
Ta ¢6 phuong trinh dic trung

=0
=1

K —4k =0«

Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a
Yo = C1 + Coe™
Ta c6: i khong 1a nghiém ctia phuong trinh dac trung nén nghiém riéng c6 dang
Y = asinx + bcosx
Ta tinh cac dao ham cta nghiém riéng

{yi =acosx — bsinx

y! = —asinx — bcosx

Thay vao phuong trinh ban dau ta cé

(4b—a)sinx — (4a + b) cosx = sinz

Dong nhat hé s6 ta dugc a = T b= T vay nghiém tong quét 1a
1 4
y(z) = C) + Cye® — 1—781nx + 7 C08%

(9) Ta c6 phuong trinh dac trung

E+1=0<
ko= —i

Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a
Yo = Crsinz + Cycosx
Ta c6: £+ 1a nghiém ctia phuong trinh dic trung nén nghiém riéng c¢6 dang
yx = x (asinx + bcosx)
Ta tinh cac dao ham cta nghiém riéng
Y. = (—ax —2b)sinz + (2a — bx) cos
Thay vao phuong trinh ban dau ta c6

2a cosx — 2bsinnx = 3sinx
PN £ ~ £ _3 N N 2 . N
Dong nhat hé so ta dugec a = 0,6 = > vay nghiém tong quat la

3
y(z) = Cysinx 4+ Cycosz — gcosx
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@ Ta c6: cos 2o = 2cos? x — 1 suy ra phuong trinh tuong duong

/"

y'=—cosz =1y =C) —sinx = y=Cix+cosx+ Chy

@ Ta c6: cos 2z = 1 — 2sin® z suy ra phuong trinh tuong duong
y" — 2y = —cosx

Ta c6 phuong trinh dac trung

NG
N

—2=0c

Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a
Yo = C’leﬁ + Cge"/5
Ta c¢6: £+ 1a nghiém don ctia phuong trinh dic trung nén nghiém riéng c¢6 dang
Y« = asinx + bcosx
Ta tinh cac dao ham cta nghiém riéng
Y. =acosr — bsinz
{y;’ = —asinx — bcosx
Thay vao phuong trinh ban dau ta c6

—3asinx — 3bcosx = —coszx

R . . 1 )
Dong nhat hé so ta duge a = 0,b = 3 Vay nghiém tong quat 1a

1
y(z) = CreY® + Che 2 + 3008

(&' Cau 9. giai cac phuong trinh vi phan sau day
@ v -3y +2y=e"+2x
@y +2y =3x—e
@y +3)+2y=4+2x+e*
@ ' +y —2y=2a"+3e"
®y' -y -2y=a>+e
® y'+y=2xe"+27

Lai gidi.

% Toan Cao Chp B Lit V5 Hoang Phiic


https://www.facebook.com/phuc.lu.08092006/

= Lsi gidi

(@) Ta c6 phuong trinh dac trung

2 _ =2
k" —3k+2=0%

Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a
Yo = 01636 + 026296
Ta xac dinh nghiém riéng cta e”, do a = 1 1a nghiém don ctia phuong trinh dac trung nén

nghiém riéng c6 dang
Y1 = Cxe®

Ta tinh cac dao ham cta nghiém riéng

Y. = (Cx + C)e”
yl, = (Cx 4 2C)e"

Thay vao phuong trinh ban dau ta c6
—Ce® =¢€"

Dong nhat he s ta c6 C' = —1. Ta xac dinh nghiém riéng ctia 2z, do o = 0 1a nghiém don cta
phuong trinh dic trung nén nghiém riéng c6 dang

Yo = ax + b
Thay vao phuong trinh ban dau ta c6

2ax + 2b — 3a = 2x

R . . 3 .
. bong nhat he sd tac6a=1,0= 7 Vay nghiém tong quat la

y(r) = Cye*® — (v + Cy) em—i-m—l—g

(2) Ta c6 phuong trinh dac trung

Piok—0e |t
k =-2
Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a
Yo = Cy + Che™*
Ta xac dinh nghiém riéng cta 3z, do o = 0 la nghiém don ctia phuong trinh dac trung nén

nghiém riéng c¢6 dang
Y1 = ax® + bx

Ta tinh cac dao ham ctia nghiém riéng
Y1. = 20z
Yl = 20
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Thay vao phuong trinh ban dau ta cé
dax + 2b+ 2a = 3z
3 -3

Dong nhat hé s6 ta c6 a = 7 b= = Ta xac dinh nghiém riéng ciia —e**, do o = 2 khong la

nghiém ctia phuong trinh dac trung nén nghiém riéng c¢6 dang
Yoy = CGQ;B
Thay vao phuong trinh ban dau ta c6

8Ce* = —e*
R . . . I . 2 L1
Dong nhat hé so ta c6 ¢ = -3 Vay nghiém tong quéat 1a

T 3
y(z) = Oy + Cye? —geQ +Z$2_Z_Lx

(3) Ta c6 phuong trinh dac trung

=1
+3k+2=0s | )
Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a
Yo = Clefx + 0267290
Ta xac dinh nghiém riéng cua 2z + 4, do a = 0 khong la nghiém ctia phuong trinh dac trung

nén nghiém riéng c6 dang
Y =ar +0b

Thay vao phuong trinh ban dau ta c6

2ax +2b+3a =2x +4

R . . 1
Dong nhat hé sotacoa=1,b= 5 Ta xac dinh nghiém riéng cia —e™*, do @ = —1 la nghiém

cua phuong trinh dac trung nén nghiém riéng c6 dang
You = Cxe™™
Thay vao phuong trinh ban dau ta c6
Ce¥=e"

Dong nhat hé s ta c6 C' = 1. Vay nghiém tong quat 1a

1
y(z) = Cre ™ + Coe™* +ze ™™ +x + 3
(4) Ta c6 phuong trinh diic trung

FP4+k-2=0k+2)(k-1)=0&
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Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a
Yo = 0167236 + Cgex

Ta x4c dinh nghiém riéng ctia 2%, do a = 0 khong 1a nghiém ctia phuong trinh dic trung nén
nghiém riéng c¢6 dang
Y1 = az? + bz + ¢

Thay vao phuong trinh ban dau ta c6
—2a2®+ (2a—2b) x —2c+b+2a =2’

\ . L 1 1 P o o
dong nhat hé so ta c6 a = 5 b= 5 =7 Ta xac dinh nghiém riéng ctia 3e ", do a = —1
khong la nghiém ctia phuong trinh dac trung nén nghiém riéng c6 dang

Yox = Ce™
Thay vao phuong trinh ban dau ta c6
—2Ce " =3e""

PN S ~ £ 7 3 ~ PN 2 2 N

dong nhat hé so ta c6 C' = 5 Vay nghiém tong quat la

3 1., 1 3
y(x) - Cle_2m + Oger — §e_x — §x2 — éx _ Z

(6) Ta c6 phuong trinh dac trung

=1

FP4+k-2=0ck+2)(k-1)=0& L g

Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a

yo = Cre " + Che®

Ta x4c dinh nghiém riéng ctia 22, do @ = 0 khong 1a nghiém ctia phuong trinh diic trung nén
nghiém riéng c6 dang
Y. = ax® +bxr + ¢

Thay vao phuong trinh ban dau ta c6
—2ar*+(2a—2b) v —2c+b+2a = 2*

R . . . 1 1 3 o ) ) .
dong nhat hé so ta c6 a = _E’b = _§’C =-7 Ta xac dinh nghiém riéng ctia e, do a = —1
khong la nghiém ctia phuong trinh dac trung nén nghiém riéng c6 dang

Yox = Ce_:”
Thay vao phuong trinh ban dau ta cé
—2Ce " =¢e"

X FS ~ A pe 1 ~ PN 2 7z N

dong nhat hé s6 ta c6 C' = —3 Vay nghiém tong quat la

1 1
— C —2x C x - _—x
y(x) e+ Cqe 26 5
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(6) Ta c6 phuong trinh dac trung

E+1=0<
+ ko= —i

Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a
Yo = Cysinz + Cycosx

Ta xac dinh nghiém riéng ctia ze®, do a = 1 khong la nghiém ctia phuong trinh dic trung nén
nghiém riéng c6 dang
Y1« = (ax + b)e”

Thay vao phuong trinh ban dau ta c6
2axe” 4+ (2b+2a) e =xe”

R . . 1 .
dong nhat hé so ta ¢6 a = 2 b= —5 Ta xac dinh nghiém riéng cta 2e~*, do @« = —1 khong

la nghiém cua phuong trinh dic trung nén nghiém riéng c6 dang
Yo = Ce™™
Thay vao phuong trinh ban dau ta cé
20e ™" =2e™"

dong nhat hé s6 ta c6 C' = 1. Vay nghiém téng quat 1a

y(x) = Cysinz + Cycosx + (%x — %) e’ +e "

(&' Cau 10. Giai cac phuong trinh vi phan sau day

@ y' —y=2cos’x

@ y' —y=—2sin*x

3 y" — 4y + 8y = 2sin’x

@ ' — 4y +8y = —2cos’x

®) y' -2y —3y =e* +cosx

®) 3" — 4y + 8y = e** +sin2zx
Loi gidi.

(1) Phuong trinh tuong duong véi
y' —y =cos2x +1

Ta giai phuong trinh dic trung
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Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a
Yo = C’lex -+ 026793

Ta xac dinh nghiém riéng cta cos2z, do £2¢ khong la nghiém ctia phuong trinh dac trung nén
nghiém riéng c¢6 dang
Y1« = asin 2z + bcos 2x

Ta tinh dao ham cap hai
Y1, = —4asin 2x — 4b cos 2x

Thay vao phuong trinh ban dau ta c6

—Hasin2x — bbcos 2x = cos 2x

N . . 1
dong nhat hé so ta ¢c6 a = 0,b = —x Ta xac dinh nghiém riéng cia 1, do 0 khong phai la

nghiém ctia phuong trinh dac trung nén nghiém riéng c¢6 dang
Yox = C
Thay vao phuong trinh ban dau ta duge C' = —1, vay nghiém tong quat 1a

_cos(2z)

5 +C’16I+0267x—1

y:

(2) Phuong trinh tuong duong véi
y" — 1y =cos2zx —1

Ta giai phuong trinh dic trung
=1
=—1

P-1=0<

Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a
Yo = C’le’” + Czeiw

Ta xac dinh nghiém riéng cua cos2z, do £2i¢ khong la nghiém ctia phuong trinh dic trung nén
nghiém riéng c¢6 dang
Y1« = asin 2x + bcos 2x

Ta tinh dao ham cap hai
yil* = —4asin 2x — 4bcos 2x

Thay vao phuong trinh ban dau ta c6
—5asin 2z — 5b cos 2x = cos 2z
dong nhat he s6 ta c6 a = 0,0 = —% Ta xac dinh nghiém riéng cua —1, do 0 khong phai la
nghiém ctia phuong trinh dac trung nén nghiém riéng c¢6 dang
Yos = C
Thay vao phuong trinh ban dau ta duge C' = 1, vay nghiém tong quat 13

_cos (2z)

5 +Cre"+Che " 41

y:
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(3) Phuong trinh tuong duong véi
y' — 4y + 8y = —cos2x +1
Ta gidi phuong trinh dic trung
TS DR L
k =2—-2
Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a

Yo = 62”&(6’1 sin 2z + C cos 2x)

Ta xac dinh nghiém riéng ctiia —cos2x, do +2¢ khong la nghiém cta phuong trinh dac trung
nén nghiém riéng c6 dang
Y1« = asin 2x + bcos 2x

Thay vao phuong trinh ban dau ta c6
(4a + 8b) sin 2x + (4b — 8a) cos 2x = — cos 2z

N . . 1 1
dong nhat hé so ta c6 a = 10’ b= 30 Ta xac dinh nghiém riéng cta 1, do 0 khong phai la
nghiém ctia phuong trinh dac trung nén nghiém riéng c¢6 dang

Yox = C
R 1 ,
Thay vao phuong trinh ban dau ta duge C = 3’ vay nghiém tong quat la

in 2 2 1
y = e**(C sin 22 + Cy cos 27) + Slrllox - COQSO Ty 3

(4) Phuong trinh tuong duong véi
y" — 4y’ + 8y = —cos2x — 1

Ta giai phuong trinh dac trung
kE =2+2

K —4k+8=0%
k =2-2i

Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a
Yo = €**(Cy sin 2z + Cy cos 2)
Ta xéc dinh nghiém riéng ctia —cos2z, do +2i khong 1a nghiém ctia phuong trinh dac trung

nén nghiém riéng c¢6 dang
Y1« = asin 2x + bcos 2x

Thay vao phuong trinh ban dau ta c6

(4a + 8b) sin 2x + (4b — 8a) cos 2z = — cos 2z

R . . 1 -
dong nhat hé so ta c¢6 a = 10’ b= 30 Ta xéc dinh nghiém riéng cia —1, do 0 khong phai la
nghiém ctia phuong trinh dac trung nén nghiém riéng c¢6 dang

Yox = C
N _1 . 2 N
Thay vao phuong trinh ban dau ta duge C = R vay nghiém tong quat la

sin2x cos2x —1

10 20 +8

y = e**(C} sin 22 + Cy cos 2z) +
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(56) Ta giai phuong trinh dac trung

=3
=1

E—2k—-3=0<

Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a
Yo = C’le*x + 026333

Ta xac dinh nghiém riéng ctia €?*, do 2 khong 1a nghiém ctia phuong trinh dic trung nén
nghiém riéng c6 dang

Y1+« = CGQI
Thay vao phuong trinh ban dau ta c6
_3062az — 623}
R . . 1 . . . \ . N .
dong nhat hé so ta c6 C = —3 Ta xac dinh nghiém riéng ctua cos x, do +¢ khong phai 1a nghiém

cua phuong trinh dic trung nén nghiém riéng c6 dang
Yox = asinx + bcosx
Thay vao phuong trinh ban dau ta c6

(2b — 4a)sinx + (—2a — 4b) cos x = cos x

dong nhat he s6 ta c6 a = 10 b= 5 vay nghiem téng quat 1a

1, sin(z) cos(x)

= (Ce " C 3z — o
Y 16 7+ Che 36 10 5
(6) Ta giai phuong trinh dac trung
k=242
B —4k+8=0% ,
k =2—2

Nén ta c6 nghiém ctia phuong trinh vi phan tuyén tinh cap hai thuan nhat 1a
Yo = €**(Cy sin 2z + Cy cos 2)

Ta xac dinh nghiém riéng cta sin 2z, do +2¢ khong la nghiém ctia phuong trinh dac trung nén
nghiém riéng c6 dang
Y1+ = asin 2z + bcos 2x

Thay vao phuong trinh ban dau ta cé

(4a + 8b) sin 2x + (4b — 8a) cos 2z = sin 2z

N . . 1
dong nhat hé so ta c6 a = 207 b= 0 Ta xac dinh nghiém riéng ctia e?z, do 2 khong phai la
nghiém ctia phuong trinh dac trung nén nghiém riéng c¢6 dang

Yox = 0621:
R 1 : ; s
Thay vao phuong trinh ban dau ta duge C = T vay nghiém tong quat la

in 2 2 2z
y = e**(C} sin 22 + Cy cos 2z) + 811210 g colso Ty %
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@)
(¢ Cau 11. Xét phuong trinh vi phan y” — 4y’ + 4y = x?e**. Khi d6, mot nghiém riéng cia (1) ¢6
dang nao sau day:
(A) u(x) = €2 (az? + bz + ¢). u(z) = e*(az® + bx + ¢).
(©) u(z) = e 2*(az’® + bz + ¢). @ u(r) = e*(ax + ).
Loi giai.
Do 2 la nghiém kép ctia ham dic trung nén nghiém riéng c¢6 dang

Y = 2% (az® + bz + c)e*”

@
(¢ Cau 12. Xét phuong trinh vi phan y” + ¢’ — 2y = *(2x + 1). Khi d6, mot nghiém riéng ciia (1)
¢6 dang nao sau day:
@ u(z) = e"(ax + b). u(z) = e®(ax? + bx).
(©) u(x) = e(az® + bz + ¢). @ u(x) = e*(ax® + bx?).
Lai giai.
Do 1 la nghiém don ctia ham déc trén nén nghiém riéng c6 dang

Y« = z(azx + b)e”

)]
(¢ Cau 13. Xét phuong trinh vi phan y” — 2y’ + 5y = e”sin 2z. Khi d6, mot nghiém riéng cta (1)
¢6 dang nao sau day:
@ u(x) = e*(acos2x + bsin 2z). u(z) = azre® sin 2z.
@ u(z) = e*x(acos 2x + bsin 2x). @ u(x) = e*(ax + b) sin 2x.
Loi giai.
Do 1+ 2i 1a nghiém ctia phuong trinh dac trung nén nghiém riéng ¢6 dang

Y« = xe®(asin 2x + bcos 2x)

©))
(¢ Cau 14. Xét phuong trinh vi phan y” — 4y’ +5y = €2® sin z. Mot nghiém riéng ctia (1) ¢6 dang:
@ u(z) = z[acosz + bsin x]. u(x) = ze**[acosx + bsin x].
@ u(z) = e** [(az + b) cosx + (cx + d) sin z]. @ u(r) = x[(ax + b) cosz + (cx + d) sin x].
Loi giai.
Do 2 + ¢ la nghiém ctia phuong trinh dac trung nén nghiém riéng c6 dang
Y, = re**(asin 2z + bcos 2)
©))

% Toan Cao Chp B Lit V5 Hoang Phiic


https://www.facebook.com/phuc.lu.08092006/

	BÀI TẬP CHƯƠNG 1
	BÀI TẬP CHƯƠNG 2 
	BÀI TẬP CHƯƠNG 3
	Đề bài
	Lời giải 

	BÀI TẬP CHƯƠNG 4
	BÀI TẬP CHƯƠNG 6

