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. Ma tran
1. Cac khai niém.

® Mot ma trdn thuc A cép mxn la mot bang chir nhat g@)m mxn s6 dugc viét thanh m dong,
moi dong co n phan tir (s6) nhu sau:

trong d6 a; e R |a phén tir ctia ma tran A ¢ vi tri dongiva cotj (véii=1,2,...,mvaj=

1,2, .,n). Ky hiéu A=(a;),., hay ngin gon A = (a;)-

1 3 4

Vidy 1.1: A=
e (—2 5 7

j la ma tran cép 2x3co a;,=1,a,=3,..,8,,=".

e Néu a; =0 v6i moi i va j, thi A dc goi 13 ma trgn khéng cap mxn, ky hiéu A =0y,

Vidu 1.2: 02.3= [O 0 OJ 1a ma tran khong cap 2x3.

000

e Néum =n, thi A dugc goi 1a ma trdn vuéng cap n.
e Néu A 1a ma tran vudng cép n thi duong thang chira a,,,a,,,...,a,, duoc goi & dwong

chéo chinh cua A:

4 812 A

A, &y ... A
A—| B2 B2 82n
ap  8pp - Ay

o Xet A=(a;).n la ma trdn vudng cap n.

Néu a; =0,Vi> j (cac ptu ¢ phia dudi dch chinh déu = 0) thi A 1a ma trdn tam gidc trén:



Néu a;; =0,Vi# j (cac phan ti ngoai dudng chéo chinh déu = 0) thi A dugc goi la ma

trdn dwong chéo:

ay, 0. O

0 "a 0
A= 2.

0 0.. a,

e Ma tran dudng chéo cap n véi tat ca cac phan tir trén dudng chéo chinh déu bang 1 dugc
goi 1a ma tran don vi cap n:

Vidul3: I, = J 12 ma tran don vi cép 2,

I3 =

o O - o -

o B O

0
0 | 1a ma tran don vi cap 3.
1



e Ma trin bang nhau. Cho A = (@) man V@ B=(b})imen (cling cap). Khi do:
A=B&oa;=b

1 -2 b c
Vidu1.4: Cho A= a B= .
v 0 [—3 a]va (—3 4]

Vij.

ij?

Khido,A=B<b=1,c=—-2vaa=4.
2. Cac pheép toan trén ma tran.
2.1Ma tran chuyén vi.

e Cho ma tran A = (a;) ., - Khi d6 ma trgn chuyén vi cia A, ky hiéu A", 1a ma tran xéac
dinh béi:
T
A" = (@) nxm

(v6ii=1,2, ..., m, dong thir i cia ma trAn A 14 cot thir i cua ma tran AT va nguoc lai).

3 -4
Vidu 1.5: Véi A= 312 thi AT=|1 7 [.
4 7 6 > 6

e Tinh chat: Cho A va B 1a cac mtr cap mxn. Khi do:
1. (A1) =A, 2. AT=B" > A=B.

2.2 Phép nhin mjt sé véi ma tran.

e Cho matrn A =(a,) ., va so thyc a. Tich cua a voi A, ky hiéu aA, 1a ma tran x4c dinh
boi:

mxn *

Néu o =—1 thi (-1)A=-A duoc goi 1a ma trgn déi cua A.

4 31
idul.6: Vi A= thi
Vidu 1.6: Voi (2 7 5] |



8 6 2 12-9-3 ) . 4 -3 -1
ZA_( )’_BA_(—G 21 —15j va _A{—z 7 —5)

e Tinh chat: Cho A 1a mtr cAp mxn va o, B 13 cac s6 thuc. Khi do:
1. (aB)A=a(BA), 2. (aA)T =aAT.

2.3Phép cOng (trir) ma tran.

e Cho cac matran A= (a;) ., V& B=(b;)y.,. Tong cia A va B, ky hiéu A + B, 1a ma tran
xac dinh béi:

A+B=(a;; +b;j) -
Hiéu cua A va B:

A-B=A+(-B)= (aij _bij)mxn'

, o A (2 41y (=5 2 3), .
V1d1,11.7.V01A—(3 6 8]\/61 B—[4 61]thl

364 7 2 -2
A+B‘[7 0 9J'A_B‘(—1 12 7)'

e Tinh chat: Cho A, B, C 1a cac mtr cAp mxn va a, B 1a cac s6 thyc. Khi do:

A+B=B+A(giao hoan),
(A+B)+C=A+(B+C) (két hop),
Oxn FA=A+0,n =A,
A+(-A)=(-A)+A=0_,,,
(A+B)"=AT+BT,
1.A=A,
oa(A+B)=aA+aB,

(a+B)A=0A+BA.
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2.4Tich ma tran.



e Cho cdc ma tran A= (a;)mq Va B=(0;) (s6 cot cuia ma tran A bang sb dong cua ma

tran B (bang n)). Tich cua A va B, ky hiéu AB = (Cii)mxp » 1a ma trén cap mxp xéc dinh boi:
in™~nj

n
CU :ai1b1j+ai2b2j+.-.+a- b :Zalkbkj7VI’J
k=1

(tich vo huéng cua dong i trong ma trin A va c6t j trong ma trin B).

5 31 2 -4
Vidu1.8:Cho A=|7 6 8|vaB=|-3 7 |.Khido:
3 2 2 4 -6
5 3 1\(2 -4) (52+3.(-3)+14 5(-4)+3.7+1.(-6)) (5 -5
AB=|7 6 8| -3 7 |=|72+6(-3)+84 7.(-4)+6.7+8.(-6) |=|28 -34|.
3 2 2)4 -6 (32+2.(-3)+24 3(-4)+27+2.(-6)) (8 -10

Tuy nhién, tich BA khong ton tai (vi s6 cot ciia B khac s6 dong cua A).

o Luuy: + Néu tich AB tn tai thi chua chic tich BA ton tai.

+ Khi A va B 1a cac ma tran vudng cip n thi cac tich AB va BA ton tai nhung néi
chung ta c6 AB # BA.

+ C6 thé xay ra truong hop A # 0 va B # 0 nhung AB = 0.

, - 00 . 10 . 00
Vldl.ll.g:VO’lA:[O 1]¢02x2 vVa B:(O Oj¢02><2 thi AB:[O Oj:()zxz.

e Tinh chdt: Cho cac matran A, A" cip mxn; B, B' cp nxp; C cip pxq va a 1a s thuec.
Khi do:

1. (AB)C = A(BC) (két hop),

2. A0, =0, 0,,A=0.,,
Al =A, I,A=A,

4. A(B+B)=AB+AB,

5. (A+A)B=AB+AB,

6. (AB)" =BTAT,



7. o(AB) =(aA)B=A(aB).
2.5Liy thira ma tran.

e Cho A 13 ma tran vudng cip n va k 1a sd ty nhién. Liy thira bac k cua A, ky hiéu A¥, 1a
ma tran vudng cap n dugc xac dinh boi:

A'=1, A=A A2=AA, .., A= A1A,

1 0
Vidu 1.10: Véi A:[O 1], ta co:

10
Al—|, = ,
S

Al=A,

oy )1 O S

A3—A2A—101 0) (1 o_A
70 1)lo —1) (o o—1) T

At=ASA=AA=1,,

A =A*A=ILA=A, ..
vay A2 =1, va AP A véimoin=0,1,2,....
Ta c6 thé viét két qua bang cach khac:

(10
A=l Lk ) TREO L2

e Tinh chat: Cho A 13 mtr vudng cp n va k, | 1a cac s ty nhién. Khi do:
L 1§=1y, O =0nen(k#0),
2. A=Akl
3. A=Ak,



o 1 O

— O O

o O O

Bai tap 1.1: Cho ma tran: A :{

0
01,
0
0
01,
1

0
1
0
0
1
0

1
0
0
0
0

0 0 1{+/1 0 0=

01 0)yy0 0O
001100
0 00JlO 10
0 00010
1 0 0|0 0 1|=|0
01 0j)l0 00O

A+ AT
AT A=

1. TinhA+AT, A-AT AAT AT A, A%2va A3,
AAT

2. Tim mtr X sao cho 3X + 2AT = I5.
3. Timmtr Y sao cho 2YT —3AT = Ia.

1. Tatinh duoc:

— O O

o O O

— O O

o O O

o O O
1

A3 =AZA

A4:A5: e — 03><3'
3X+2AT =13

& 3X =13-2AT

o X = (1/3).( I3 = 2AT)

2. Taco:



100 000
ex=3l01 0|-2[1 0 0

3o 0 1 010

(1 0 0) (0 0O
ex=3lo10l-l2 00

30 0 1) lo 2 0

1 0 0
<:>X:l—210

00 21

1/3 0 0O
e X=|-2/3 1/3 0

0 -2/3 1/3
3. Taco:
2YT - 3AT = I3

& 2YT=3AT + I3
& YT=(1/2).(3AT + 1)

. 000) (100
<:>YT:§31OO+010
010/ (001
l'ooo 100
<:>YT—§300+010
0 30/(001
1100
<:>YT—§310
0 31

/2 0 O
<YT'=13/2 1/2 0
0 3/2 1/2

1/2 3/2 0
<Y=| 0 1/2 3/2].
0 0 1/2

2 -1\
Bai tap 1.2: Tinh céc Iy thura: [3 2} .



bat A= ( J, ta tinh duoc:
10
Al —| ,
S
Al=A,

we=ma(; S5 2o D
weneas(y 15 2 2

A*=ASA=AA=1,,
AP =A*A=ILA=A, ..

Vay A" =1, va A" = A v6imoin=0,1,2, ...

3. Cdc phép bién doi so cdp trén dong ciia ma trdn.
3.1Pinh nghia cac phép bién ddi so cip trén dong.

e Cho A 12 ma tran cip mxn. C6 ba phép bién doi so cdp trén dong bién ma trin A thanh
ma trdn A cap mxn nhu sau.
(1) Hoan vi dong i va dong j cua A v&i nhau:
A_ded A"
(2) Thay dong i ctia A bang a 1an dong i ctia A (a # 0):

A—2di A

(3) Thay dong i cia A bang dong i cong o 1an dong jcia A (e R, i+#j):

A d|'|'a,dJ A' .



2 -1 3
Vidulll: A=|-4 7 6 |.Taco:
3

5 8

2 -1 3 4 7 6

—|—4 7 6|9 A'_|2 _1 3

5 8 -3 5 8 -3

2 -1 3 2 -1 3

—|-4 7 6 |—2%2 ,A'=|8 14 -12

5 8 -3 5 8 -3

2 -1 3 2 -1 3 2 1 3
A=|-4 7 6|94 A'—{p 5 12|—2%5h g 5 12

5 8 -3 5 8 -3 0 21 -21

e Tinh chat: (1) Néu A—GOY At A4 A

(2) Néu A—%4i , A’ thi A'E—wA

di+ad, —ad,

() Néu A—"0 5 A thi A A.

o Luu y: Ta cling c6 ba phép bién doi so cép trén cét cia ma tran va cac tinh chat tuong
tu nhu trén.

3.2Ma tran bac thang.

e Ma trin bdc thang 13 ma tran c6 hai tinh chat sau:
+ cac dong khac khong nam trén cac dong khong (néu cb),
+ trén hai dong khac khong (néu co) bat ky, phan tir khac 0 dau tién & dong dudi nim bén
phai phan tir khac 0 dau tién ¢ dong trén.
Vidu 1.12: Cac ma tran sau day la cac ma tran bac thang:
205-1

A 0013 _[0210 7) C_gégté
000 2 007-21 00000

0000



Céac ma tran sau day khong phai la cac ma tran bac thang:

205-1 01012
D={000 0|,E=({020 31|
000 2 00000

3.3Hang ctia ma tran.

e Cho A 1a ma tran tuy y.

+ Néu A 1a ma tran bc thang thi hang cia A, ky hiéu r(A) (hay R(A)), 1a sé dong khac
khong cua A.

+ Néu A khong phai 1a ma tran bac thang thi ta bién doi A thanh ma tran bac thang B. Khi
do, hang cua A 1a r(A) = r(B).

Vidu 1.13: Trong vi du 1.12 trén, ta c6: r(A) = 3, r(B) =2 va r(C) = 1. Hon nira:

205-1 205-1
D={000 0—%2%,/000 2|=D =rD)=r(D)=2

000 2 0000

01012 0101 2
E={02031—%2%,0001-3=E=rE)=r(E)=2

00000 0000 0

e Tinh chat: Cho A va B 1a cac mtr cdp mxn. Khi do:
: 0 <r(A) <min{m, n},
2. 1(A)=0 < A=0,
3. r(AT) =r(A),

4, néu B nhan duoc tir A qua mot sd hiru han cac phép bién dbi so cap trén dong
thi r(A) = r(B).

3.4 Thuit toan Gauss dé bién d6i ma trin cho trwéc thanh ma trian béic thang.



2 -1 3 1 215
Vidull4:1. A=|-4 7 6| 2.A=[-13 0 71
6 7 33 31209
Ta bién ddi:
2 -1 3 2 -1 3 2 -1 3
1. A=|-4 7 6%0512%0512.
6 7 33 |0 10 24 00 0
Do db, r(A) = 2.
1 2165 1 2 1 5 1 2 1 5
2A:—1307%05112 dbtd, /0 5 1 12
Y1
3 1209 ° 0 -5 -1 —6 00 0 6
Do db, r(A) = 3

Bai tap 1.3: Bién d6i ma tran A sau day thanh ma tran béc thang roi suy ra hang r(A):

L3 1 1 -2 -1 0
1. A=| 2 1 -3 2A:0_123,
14 2 2 6 4
1 3 1 4
1 2 1 2 1 3 -1
3. A=|3 1 1|, 4 A=|0 21 2
L 3 o 1 3 4 -2
112 1
1 3 1 1 3 1 1 3 1
1.A=21—3%0 5 5|24 1o 5 _5
3™
11 4 0 4 5 0 0 5
Do do, r(A) = 3.
1 2 4 1 2 - 1 2 -1
3A=3 1 123,10 5 4| %% ,00 5 4
1 3 2] 7 lo -5 3 0 0 -1



Do dé, r(A) = 3.

1 -2 -10 1 2
0 -1 2 3| gq.q |0 -1
2. A= ——3 A
-2 2 6 4 dy—d; 0 -2
1 -3 1 4 0 -1
1 -2 -1 0
2d,+d, [0 -1 2 3
0 0 0 =2/
0O 0 0 O
Do d6, r(A) = 3.
21 3 -1 2 1 3
021 2| »9.4 |0 2 1
4. A= 4
1 3 4 -2 dy—ds 0 5 5
112 1 0 -2 -2
21 3 -1
sd+d, |0 2 1 2
0 0 5 -16
000 9
Do dé, r(A) = 4.

Bai tap 1.4: Tim hang ciia cac ma tran sau theo tham sé thyc m:

1 2 41
1. A=|3 1 1|

1 -3 m

1 2 41 1 2 -1
1.A:311%0—54

1 -3 m 0 -5 m+l

g1 P W

-1 0 1 -2
2 3| 4,00, |0 -1
4 4 d,—d, 0 O
2 4 0O O
-1 2 1
2| 2d,5d, |0 2
-3 d,+d, 00
3 0 O

2 1 3

0 21

. A=

1 3 4

m 1 2

1 2 -1

_ U g 5 4
0 0 m-3

Do d6: +vé6im-3=0< m=3thir(A) =2,
+voim-3#0< m#3thir(A)=3.



2 1 3 -1 -1 1 3 2
0 21 2 2 210
2. A= —GoG
1 3 4 2 -2 3 4 1
m1l2 1 1 12 m
-1 13 2 -1 1 3 2
d,+2d,dyed, | O 4 7 4 4d,5d, |0 4 7 4
dy+d; 0 55 1 2d,—d, 0 0 -15 -16
0 2 5 m+2 0 0 3 2m
-1 1 3 2
sd+d, | 0 4 7 4
0 0 -15 -16
0 0 0O 10m-16
Do d6: + véi 10m—-16 =0 < m = 8/5thir(A) = 3,
+ v&i 10m — 16 # 0 < m # 8/5 thi r(A) = 4.
1 2 -1
Bai tip 1.5: Chomatran A=|3 1 1 |. Timmsao chor(A)=3?r(A)=2?r(A)=1?
1 -3 m

Tir cach giai Bai tap 1.4 cu 1 6 trén, ta két luan:
+ v&im # 3 thi r(A) = 3,

+voim = 3 thi r(A) = 2,
+ khong ton tai m dé r(A) = 1.

* Bai tap lién quan dén cac phép toan trén ma tran va hang ctia ma tran trong sach Bai tdp
Todn Cao cap: cac trang tir 42 den 52.



|1. Hé phwong trinh tuyén tinh
1. Dinh nghia.

e H¢ phwong trinh (hpt) tuyén tinh 1a mot hé thong gdm m phuong trinh bac nhat n an ¢6
dang tong quat nhu sau:

a11X1+a12X2 +...+a1an = bl
a21X1+3.22X2 +...+aznxn = b2

()

trong d6 ajj € R 14 cc h¢ 56, b; € R 1a cac hé sé tw do va Xj€ R 14 c&c @n can tim (v6i
i=1,2,....,mvaj=12,...,n).
e Néu hpt (I) c6 by =b, =...= b, =0 thi (I) dugc goi 1a hpt tuyén tinh thuin nhit.

e Trong hpt (1), ta dat:

thi hpt (I) trong duong dang ma tran: AX = B. Ta ndi
A: ma trin hé sé, X: ¢t cdc dn va B: cét hé sé tw do.

Ky hiéu A=(A|B), tic 1a

41 a;p .. ap by
— |a a .. Qon |b
A—| %21 922 2n (P2
Ami 8m2 - Amp bm

thi A duoc goi 1a ma trgn mé réng (hay ma trén bé sung) cua hpt (I).

¢ Hpt tuyén tinh hoan toan dugc xac dinh néu biét ma tran md rong cua he.




, L 3% —2Xy +X3=1 = A s A X A
Vi du 2.1: H¢ la mét hpt tuyén tinh gdm 2 phuong trinh 3 an. Ma

4X; +X,—=3X3=0

tran mé rong cua h¢ la:

4 1 -3|0)
Ta thay rang:
3 2 1)1 11
AX=B =
X3

3X1 —2X

- 1 2+ X3 _ 1
4X1 + Xy —3X3 0
3X1—2X2 +X3:1
4X1 +X2—3X3:0.

Do @6, hpt da cho twrong duong dang ma tran: AX = B.
2. Nghiém ciia hé phwong trinh tuyén tinh.

e Ta n6i bo (01, 0, ..., an) 1a mot nghiém cua hpt (I) néu thay x1 = a1, X2 = 02, ..., Xn = an
vao (I) thi tat ca cac dang thac déu thoa.

RS rang, hpt tuyén tinh thuan nhat ludn c6 mot nghiém tam thwong 14 (0, 0, ..., 0).

e Hai hpt tuyén tinh (c6 cung s an) dwoc goi 13 twong dwong véi nhau néu chiing c6 cing
tap nghiém.

e Dinh Iy: Cho hai hpt tuyén tinh c6 cdc ma trdn mé rong lan luot 14 A=(A|B) va
C=(C|D). Néu ma tran C nhan duoc tr ma trAn A bang mot s6 hitu han cac phép bién
d6i so cap trén dong thi hai hpt da cho twong duong véi nhau.

Gidi thich: Xét hai hpt tuyén tinh (I) va (I) c6 ma trin mé rong lan lugt 1a A va C. Khi
d6, néu A —...—...— C (dung cac phép bién ddi so cip trén dong) thi (1) < (11).

e Thudt todn Gauss dé giai hpt tuyén tinh AX = B.
+ Viét ma trin mo rong cua hé: A =(A|B).

+ DUNQ cdc phép bién doi so cdp trén dong dé bién d6i A thanh ma tran bac thang va viét
hpt trong irng v&i ma tran bac thang nay.

+ Giai hpt trong tng tir ph.trinh dudi 1én ph.trinh trén dé suy ra nghiém cua hpt di cho.



X1 +2Xy +2X5 =1
Vidu 2.2: {-2X; —3X3=2

Ta bién d61 ma tran mo rong:

1 2 20 12 21 12 21
A=(A|B)=|-2 0 -3)2|—%2% ;0 4 14| %% 0 4 144 |
2 1 33 " lo1 o0 0 0 -116
Xy +2Xy+2X3 =1 X, =23
Hpt tuong ung: 4Xy +X3=4 < (X, =5

~X3=16  |Xg=-16.

Vay, hpt dd cho c6 nghiém duy nhat: (x1, X2, X3) = (23, 5, —16).
(r(A)=3=r(A): hpt c6 nghiém duy nhat.)

X; —Xp+3X3=3
Vidu 2.3: 12X, +2X, +2X3 =1

1 -1 33 1 -1 33 1 -1 33
A=|2 2 20| -%% 0 4 45 %% 0 4 45|
-1 -3 10| " |0 -4 43 00 0]=2

Dong 3 ciia ma tran cudi twong tng phwong trinh:

Ox1 + 0xz + Ox3 = —2: diéu vo ly.
Vay, hpt da cho vo nghiém.
(r(A)=3=#r(A)=2: hpt vo nghiém.)

X; —Xp+3X3=2
Vidu 2.4: {2X; +2X, +2X3=1.
—X1—=3X, +X3=1

1 -1 32 1 -1 32 1 -1 3[2
A=|2 2 20|-%2 00 4 43 -%%,l0 4 43|
3

1 -3 11 Y lo -4 43 00 00



X; =—-2t+5/4
, Xl - X2 + 3X3 = 2 . ,
Hpt tuong ung: < X, =t-3/4 (teR tuyy).
X3 :t
(X3: an tu do; x1, X2: 4n phu thudc.)
Vay, hpt dd cho c¢6 vo sb ngh: (x1, X2, X3) = (-2t + 5/4, t— 3/4, t) v6i te R tuy .
(r(A)=r(A)=2<3: hpt c6 vo s6 nghiém voisé an tuy do1a3-2=1))
Vidu 2.5: 12X, +3X, +3X3=0
5X1 +7X5 +4X5 =0.

Ta bién doi ma tran hé so:

11 -2 11 -2 11 -2
A=(2 3 3 |- 22,01 7 |-%2%,0 1 7
57 4) |02 14 00 0

X1 =9t
. Xg+Xp =2X3=0 ' N
Hpt tuong ung: < X, =—T7t (teR tuyy).
X2 + 7X3 = O
X3 :t
Vay, hpt da cho c¢6 vo s6 nghiém: (x1, X2, X3) = (9t, - 7t, t) véi te R tly y.
(r(A)=2<3: hpt c6 vo s6 nghiém véisd anty do1la3 -2 =1.)

e Dinh ly: Xét hpt tuyén tinh AX = B gdm m phuong trinh n an véi ma trin mé rong 1a
A =(A|B). Khi do:

1. néu r(A)#r(A) thi hpt vé nghiém,
2. néu r(A)=r(A)=n thi hpt c6 nghiém duy nhit,
3.

néu r(A)=r(A)<n thi hpt c6 vo s6 nghiém voi s an ty do 1a n — r(A).
(Do d6, hpt ¢6 nghiém < r(A)=r(A) va hpt vo nghiém < r(z) #r(A).)

e Lyu y: Xét hpt tuyén tinh thudn nhit AX = 0 gdbm m phtr n 4an. Khi d6 vi r(A)=r(A),
hé ludn c6 nghiém (it nhat mot nghiém X = 0). Hon nita:
1. néu r(A)=n thi hpt c6 nghiém duy nhét (12 nghiém tam thuong X = 0),

2. néu r(A)<n thi hpt c6 vo s6 nghiém voi s6 an ty do 1a n — r(A).



Bai tap 2.1: Giai cac hpt sau bang phuong phap Gauss:

2X1+3X5 +2X3 =9
1. =X+ 2%, +3X3 =14
3X1 +4X, +X3=16
Xy +5%X,—=X3=1
3.9-2X; +Xy+Xz3=2
X1 +16X, + X5 =4

X+3y—-2z=1
2. {X-2y +z2=-2
X—1y+4z=-5
X—-2y+3z2=0
4, 12x—-4y+7z2=0
-X+2y —z=0.

Bai tap 2.2: Giai cac hpt sau bang phuong phap Gauss:

2X1 +3Xy +11X3+5X,4 =0
X1+ 2X, +6X3 +X,=1

3X1+ 2X, + 6X3+6X, =—6
3X1 +3Xy+ X3 —6X,4 +6X5 =3
2X1+ 2Xo +4X3 — X4 +3X5 =2

2X1+ 2Xo+ 8X3 —3X4 +9X5 =2

3X; —6X, +X3—-3X, =1
Xq—2Xy —2X3 —X4 =-2

2Xq —4Xy+ TX3—2X4 =7

4%, —8Xy —3X3 —4X, =—3

Xp —2Xo+ 3X3 —X4+2X5=0
X1+ 2Xy =X3 +X4 —X5=0
2Xy —4Xy + 6X3—2X,4+ 4X5 =0
—2X1 —4Xy —2X3+2X4 —2X5 =0.

2 3 11 50 2 3 11 5|0
1.K:12611 2d,-d, >01 1 -3 2
2 1 3 2/-3| 9-dd38, |0 -2 -8 -3-3
3 2 6 6|-6 0 4 -12 3|9
2 3 11 5 2 3 11 5]|0
d2d, |0 1 1 32 ad,+2d, |0 1 1 32
d-2d; |0 0 -6 -91 0 0 6 -91
0 0 4 9|3 00 0 9|7
2X1 +3X5 +11X53+5%X, =0 X, =
Xy, +Xg3—-3X,=2 Xy =
Hpt tuong ting: 2 3 4 2




Vay, hpt dd cho c6 nghiém duy nhat: (x1, X2, X3, Xa) = (..., ..., ..., =7/9).
(r(A)=4=r(A): hpt c6 nghiém duy nht.)

3 6 1 31
1 -2 -2 -1]-2 34,-d,
2 4 7 2|7 d;—2d,,d,—2d,

o
o
|
[REN
o
|
=

d,/7 0 0 -1 0)-1] g,4d
d;/11,d,/17 0O 0 1 0|1 d,+d,
0 0 -1 0]-1

o
o
o
o
o

0O 0 0 0|0

Xy =2m+n
3X1—6X2+X3—3X4:1 X2:m . ,
Hpt twong ung: o (m,neR tayy).
—X3 :—1 X3:1
X4:n

(X2, Xa: 4n tu do; x1, Xs: an phy thudc.)

Vay, hpt d cho ¢6 vo sé ngh: (x1, X2, X3, Xa) = (2m+n, m, 1, n) véi m,n € R tay y.

(r(A) =r(A)=2<4: hpt c6 vo sb nghiém véisd an tr do 1a 4 -2 = 2))

337 -6 63 33 7 -6 6|3
K—224_1 3| 2 3d,-2d, 00 -2 9 -30
' 1 1 1 3 0-1| 2d3-dydsd, |0 0 -2 7 -3-4
2 28 -3 92 00 4 -2 6|0
33 7 6 6|3 33 7 6 6|3

d-d, |0 0 -2 9 -30| g46q, |00 -2 9 30

d+2d; [0 0 0 -2 0|-4 00 0 -2 0|4

00 0 12 0/-8 00 0 0 0]-32

Dong 4 ctia ma tran cudi twong Gmg phuong trinh:

0x1 + Oxz + Ox3 + Oxs + Oxs = —32: diéu vo 1y.
Vay, hpt da cho vo nghiém.
(r(A) =4 #r(A) =3: hpt v nghiém.)



1 -2 3 -1 2 1 -2 3 -1 2
4 A -1 2 -1 1 -1 d,+d, 00 20 1
2 -4 6 -2 4 dg+2d,dytd; 1O 0O 4 0 2
-2 -4 -2 2 2 0 8 40 2
1 -2 3 -1 2 1 -2 3 -1 2
dyod, |0 -8 40 2| 544 |0 -8 40 2
0 4 0 2 00 40 2
0 2 0 1 00 0O0 O
Xy=m-n/2
Hpt tuong tng: —8X, +4X5 +2X5 =0 < {X3=-n/2 (mneR tuyy).

X4:m
X5:n

(X4, Xs: an tu do; X1, X2, X3: 4n phuy thudc.)

Vay, hpt ¢ VSN: (X1, X2, X3, X4, X5) = (M —=n/2, 0, —n/2, m,n) véi m,n R tuyy.

(r(A)=3<5: hpt c6 vo s6 nghiém véi s6 an tuy do 145 -3 =2.)

Bai tap 2.3: Tim m dé hpt sau vo nghiém:

X1 +2Xy —X3+4X, =2
2X; —Xy +X3 +X4=1

X1+ X9 —4X5+11X, =m.

Ta co:

1 2 -1 4|2 1 2 -1 4
d,—2d,

2

A=[2 -1 1 1|1 | %% yi0 5 3 -7 -3

dy—d,
1 7 -4 11m 0 5 37

1 2 -14] 2
%t g 5 3 —7| -3
0 0 0 0|m-5

Do dé, hpt di cho vo nghiém <> r(A) # r(A)

m-2



< r(A)£2 (Vi r(A)=2)
&Sm-—5#0

S m#ES.
Bai tap 2.4: Tim m dé hpt sau c6 nghiém duy nhat? c6 nghiém?

3X; +Xy—2X3 +X4=2
X1 —2Xy +X3+2%X, =1

4%, —Xo9 —X3+3X, =M.

Taco
2 3 1 =11 2 3 1 -1
A 3 1 -2 1|2 2d,-3d, o -7 -7 5
1 -2 1 211 3d;—d,,d,—4d; 0O -7 5 5
4 -1 -1 3m 0O 7 -5 -5m-4
2 3 1 -1
du_d -7 -7 5
3 2 )
d,+d, 0 12 O
O 0 0O O0Om-3

Do dé, hpt da cho c6 duy nhat nghiém < r(A) =r(A) =4. (*)
Ta thay r(A) = 3 = DPiéu kién (*) khong thoa.
Vay, khong tdn tai m dé hpt da cho c6 nghiém duy nhit.
Hon nita, hpt da cho ¢6 nghiém < r(K) =r(A)
< r(A)=3 (Vi r(A) = 3)
&Sm-3=0

&S m=3.

Bai tap 2.5: Tim m dé hpt sau c6 v6 s6 nghiém:



3X; = X9 —4X3—-3X, =0
—9X1+ 2X, +6X3+9%, =0

4X; —X, —6X3+mx, =0.

Ta co:
3 -1 -4 -3 -1 3 -4 -3
A 5 2 6 9| (o 2 -5 6 9
2 -1 -2 -6 -1 2 -2 -6
4 -1 -6 m -1 4 -6 m
-1 3 -4 3 -1 3 -4 -3
dy2d, |0 1 -2 3 d,+d, 1 -2 3
d—dyd=ds | 0 -1 2 -3 | d+2ds 10 0 0 O
0 2 -4 m+6 0 0 0 m
-1 3 -4 -3
deod, |0 1 -2 3
0 0 O
0 0 0 O
Do d6, hpt d3 cho c6 vo s6 nghiém < r(A) < 4. (*)
Ta thay: + voi m = 0 thi r(A) = 2 < 4 = Diéu kién (*) thoa,
+v6im # 0 thi r(A) = 3 < 4 = Didu kién (*) thoa.
Vay, véi moi m, hpt da cho c6 vo $6 nghi¢m.
Bai tap 2.6: Tim a dé hpt sau:
X+y+2z=0
ax+y+2z=1
X+y+az=2
1. c6 nghiém, 2. c6 duy nhat nghiém, 3. ¢o vo sd nghiém.

Ta co:



11 20 1 1 2 o
A=la 1 201 |—%2% ,lp0 1-a 2-2al1 |.

d;—d,

11 a2 0 0 a-2]2
11 200 11 200
*]1_a=0<a=1.Khido: A >[0 0 0of|—%2% ,jg 0 —1f2
00 -12 00 0ft

= r(A)=3=r(A)=2: hpt v6 nghiém.

1 1 210
*3-2=0<a=2Khidé: A |0 -1 -2[1
0 0 02

= r(A)=3=r(A)=2: hpt vo nghiém.
*1l-a#0vaa-2#0<a+#1lvaa#2. Khidé:
r(A) =3=r(A): hpt c6 nghiém duy nhat.
Két luan: 1. a# 1 va a # 2: hpt c6 nghiém,
2.a+#1vaa#2: hpt co nghiém duy nhat,

3. khong ton tai a dé hpt ¢6 vo sb nghiém.

Bai tap 2.7: Tim tat ca cac ma tran giao hodn dugc véi cac ma tran sau:

AzlovaB:21.
11 01

Bai tap 2.8: Tim ma tran vudg cép hai sao cho binh phuong cta né bang ma tran don vi.
Bai tap 2.9: Bing phuong phap Gauss, giai va bién ludn hpt sau theo tham sé m:
X1 +2Xy —X3+4X, =2
2X; =Xy +X3 +X4=1
X1+ Xy —4X5+11X, =M
* Bai tap lién quan dén viéc giai hé ph. trinh tuyén tinh (ding ph. Phap Gauss) va cac tinh

chat tap nghiém cua hé (dung hang ma tran) trong sach Bai tdp Todn Cao cap: cac trang
tir 90 dén 95.



111. Dinh thire

1. Pinh nghia va cdc tinh chat.

e Dinh nghia: Cho A 1a ma trn vudng cap n. Pinh thire cua A, ky hiéu |A| (hay det(A)),
la mot sO thuc duogc xac dinh nhu sau.

+n=1:v6i A = (a) thi |A| = a.

+N=2:v6i A= 2 Zj thi |A| = ad — bc.

a1 a2 A3 q ‘ ,
+n=3:v61 A=|ay ay a3 | thitacd thé tinh |A| bang quy tdc nhu sau:
dgp a3z a3z
G Hra--A3 - Fe  fis
(+) 3\21}322 (/j@?s ) az’i\f;»f}"z:? 823
Ay A ag] &y oy

|A| = (a11@22833 + @10@23a31 + @21832 a13) — (Az1820813 + @z2823a11 + @21812 @33).

Cdc s6 hang trong nhém thir nhdt c6 dau + la: tich cac phan tr ndm trén dudng chéo chinh,
tich cac ph tir nam trén dudng thang song song duong chéo chinh véi ph tir & goc doi dién.

Cdc s6 hang trong nhém thir hai ¢é dau — la: tich cac phan tir nam trén duong chéo phu,
tich cac ph tor nam trén duong thang song song duong chéo phu véi ph tor & goc doi dién.

+ Tong quat n > 3: voi
all a12 T aln
a doy ... d
A—| %2 222 2n

dpp Apz - App
thi cong thuc khai trién |A| theo dong i la:

|A| = ainAir + ai2Aiz + ... + ainAin



va cong thirc khai trién |A| theo cjt j 1:
|A| = a1jA1j + a2jA2j + ... + anjAn;.
O day, Ajj 1a phdn bit dai sé cia aij trong |A| x4c dinh boi:

A= (D)™ My,

v6i Mij 14 dinh thive con cip n — 1 c6 dugc tir |A| bang cach bo di dong i va cot j cua |Al.

2 —
Vidy3.1: (A= | 13 =2.1-4.(-3) =14
1 -1 3
Al=2 1 1
1 -2 3

=113+ (-1).1.1 +2.(2).3-311-(-1).23-1.(-2).1 = 5.

-1 4 —m
Vidu3.2:|A|=2m 5 1
3 -2 3

= (-1).5.3 + 2m.(-2).(-m) + 4.1.3 - (-m).5.3 = 4.2m.3 - 1.(-2).(-1)
=15 +4m? + 12 + 15m — 24m — 2

=4m? — 9m - 5.
1 0 0 3
Vidu3.3:1.|A| = 3 12
2 1 2 3
-1 0 1 1
3 -1 2 0 3 -
=1.-D¥*L 1 2 3 +3.(-D |2 1 2| (ktr|A|theodong 1)
0O 1 1 -1 0 1

=6+2+1-9-3.(-6-1-6)=39,



1 0 3 1 0 3

Cachkhac: |A|=3.(-1)22. |2 2 3 +1.(-1*2 |0 -1 2| (kh.trién |A]theo cft 2)

2.|B| =

Céch khéc: |B| =

-1 11 -1 1 1
=3.2+6+6-3)-(-1-3-2)=39.
-1 1 3 5 1 -1 2
8 é -1 sz(_l)'(_l)m' 0 2 0 =-(4-12)=28 (ktr |B|theo cot 1).
3 1 2
0 3 2
-1 1 3 5 411 5
g ; _21 522-(—1)%. 0 1 2=2(-2+6)=8
003 1 9 0 3 2

(khai trién |B| theo dong 3).

e Tinh chat: Cho A 13 ma trdn vudng cip n. Khi do:

1.

AT = |A],

2. néu A c6 mot dong (hay cot) bang khong thi [A| =0,
3.
4

. néu cac phan tir trén mot dong (hay cot) cua dinh thirc déu cé thira s6 chung 1a o thi

néu A 1a mtr tam giac thi |A| bang tich cac phan tir trén duong chéo chinh cua A,

ta co thé rat o ra ngoai dinh thirc 1am nhan tir chung,
hé qua: |aA| = a".|A|,

5. néu A c6 hai dong (hay cot) ti 1& v6i nhau thi |A| =0,

6. néu A va B 13 hai ma trdn vudng cung cép thi |AB| = |A|.|B|.

hé qua: néu A 1a mtr vudng va k 1a s6 tu nhién thi |AX| = |A[K.

3 6 9 1 2 3

Vidu3.4: A= |1 -2 1/=32]1 -2 1.

1
Vidu3.5: |A = |3

4 0 2 2 01

N O DN

3
9/=0 (vidong?2 bing 3 14n dong 1).
-1 1



1

Vi du 3.6: A:[ .

i] JAI=1.1-(-1)2=3.

12y o
B=(3 1],|B|—(1).1 23=-7

ap=| 1 2| 2> 4 ,|AB|=5.(-1)—4.4=-21=]A|.B.
-1 1)l3 1) (4 21

2. Dinh thirc va cac phép bién doi so cap.

e Tinh chdt: Cho A va A’ 1a cac ma tran vuong cap n. Khi dé:

1. néu A—E2Y LA thi|A - |Al,

2. nbu A—“Si A" thi A =al Al

3. néu A—N A thi A H A

2 3 1 1 _1
Vidu3.7:1. A= _ 4ot A .
1 -1 2 3

Al==5,[A1=5=—|A]

2 3 LA
1 -1 |2 3|

2 3 (2
2 A= L, A %3]
1 - 2 2

Al =—5,]A|=-10=2/Al.

2312320I
1 -1 272 (202)

2 3) d-la, . (2 3
1 - 0 —52

Al==5,|A1=-5=|A].



2 3| |2 3
= (d2—d1/2).
1 -1 |0 -5/2

2 3) a4 . (2 3
* A= 2 A .
1 - 0 -5

Al =—5,]Al=-10=2/A|.

2 3| 112 3(2d )
1 -1 2o 5

e Luu y: + Ta ciing c6 cac tinh chat lién quan dén dinh thirc va cac phép bién dbi so cap
trén cot tuong ty nhu trén.

+ Ta thudng dung cac phép bién d6i so cp trén dong thuéc loai 3 dé bién ddi cac phan tir
trén mot ¢Ot cia dinh thire thanh s6 0 (gilr lai mgt phan tir khac 0 [am chuan). Sau d6, khai
trién dinh thirc theo cdt nay, ta dugc dinh thic gidm cap.

1 2 -1 3
2 3 1 2
Vidu3.8: |A| =
4 1 -1 3
2 1 4 3
1 2 -1 3
0 -1 3 -4
= (d2 — 2d1, dz — 2d2, ds — d2)
0 5 -3 -1
0 2 3 1
-1 3 -4
= 1.(-D)™". |-5 -3 -1] (khai trién dinh thirc theo cft 1)
-2 3 1

=3+6+60+24+15-3=105.

Bai tap 3.1: Tim m dé dinh thirc sau c6 gi4 tri bang O:



2 1 -1 1
m -2 1
1 2 1 -1
1. |2 3 1], 2. .
1 1 2 1
-1 2 —
1 -1 1 m
m -2 1
1. |JAl=12 3 1|=-3m+2+4+3-2m-4=-5m+35.
-1 2 —
Do d6,|A|=0-5m+5=0<m=1.
2 1 -1 1
1 2 1 -1
2. |A| =
1 1 2 1
1 -1 1 m
2 1 -1 1
=003 _3(d 20, d3 — dy, ds + ds)
= —2dy, d3—dy, ds +
_1 0 3 O 2 1, U3 1, U4 3
2 0 3 m+l]
-3 3 -3
=1.(-)™2. |-1 3 0 | (khai trién dinh thirc theo cdt 2)
2 3 m+
=—(9IM-9+9+18+3m+3)=6m—21.
Do 36, |[A|=0<= 6m-21=0<m=7/2,
Bai tap 3.2: Tim m dé ma tran sau c6 dinh thirc khac 0:
1 2 -1 0
1 2 -1
2 1 0 3
1. A={3 1 1], 2. A= .
3 m -5 -3
1 -3 m
3 3 -1 1

Bai tap 3.3: Cho A va B la cAc ma tran vudng cip 3 thoa AB = 23 va AB? = 4l3. Tinh |A|
va [Bl.



, {AB =21, ||AB[ = 23] (|a|g| = 2%1
Taco: ) = ’
AB? = 41y ||AB?= J4l T |jallB]E|= 41

Al =5 A=
8/B|= 64 B|=8
3. Ung dung ciia dinh thirc.

3.1 Sw kha nghich va tim nghich ddo ciia ma tran.

e Dinh nghia: Cho A 1a mtr vudng cap n. Ta ndi A khd nghich néu ton tai ma tran B vudng
cap n sao cho:

AB=1.

Khi d6, B duoc goi 1a ma trdn nghich dio coa A, ky hiéu B=A™.

N B:[1/3 —2/3].

1/3 1/3

1 2
i 9: Xét A=
Vidu 3.9: Xét A (_1 ]JV

: 10
Khi do: ABz[O :J: 5.
Do do, A kha nghich va B 1a ma tran nghich ddo cua A.
e Tinh chat: Cho A va B 13 cac ma tran vudng cip n. Khi do:
1. néu A c6 mot dong (hay mot cot) bang khong thi A khong kha nghich,
2. néu A kha nghich va c6 ma tran nghich dao la A~ thi cac ma tran AL AT , A
(voi a # 0) cling kha nghich va:
A 1=A, (AT 1=(A YT, (@A) 1= %A‘l,
3. néu A va B kha nghich thi AB ciing kha nghich va
(AB)t=B"1Al
hé qua: néu A kha nghich va k 1a s6 tu nhién thi (AK)™ = (A1)K.

e Dinh Iy: Cho A =(a;),,, 12 ma trén vudng cap n. Khi do:

A khi nghich < [A[#0



va ma tran nghich dao ctia A xac dinh boi:
All A21 Anl
1 o _| A Axn e Ap

Aln A2n Ann
trong d6 Aij |a phdn bit dai sé cua ajj trong |A| xac dinh boi:

Ajj =DM My,

v6i Mij 12 dinh thive con cip n — 1 c6 dugc tir |A| bang cach bo di dong i va cot j cua |A.

Ma tran Pa dugc goi 1a ma trdn phu hop cua A.

Vi du 3.10: Tim ma tran nghich dao (néu c6) cua:

L 1 3 -4 3
1.A:[ _J, 2.A=|1 5 -1 3. A=|4
3 4
3 13 -6 2
1. JA|=4-6=—2%0.
Do dé,AkhénghichvéA‘lzﬁPA.

Au = (—1)14 = 4, Ay = (~1)12(~3) = 3,
Ao = (—1?"(-2)=2, A= (-1)*21=1.

VﬁyA*1:i4 2 _ -2 -1
7 -2{3 1) \-32 -12)

1 3 -4
2. |A|I=]1 5 -1=-30-9-52+60+18+13=0.
3 13 -6

Do d6, A khong kha nghich.
3 21
3. JAI=14 5 2/=60+8+4-10-32—-6=24+0.
2 1 4

= o011 DN
A DN -



1

Do d6, A kha nghich va A™" = ﬁPA'
5 2 4 2
An = (D =18, A = (-1)1*2, =—12, Aiz=—-6;
u=(_1) 1 4‘ 2=_1) ) 4‘ 13

An=—T7,A»=10,An=1,Ass=—1,A2=—2, Az = 7.
18 -7 -1\ (34 -7/24 -1/24
Vay, A"l = 2—14 12 10 -2|=|-y2 s12 -112].
-6 1 7 -1/4 124  7/24
e Cho A la ma tran vuong. Khi d6:
A 12 suy bién < A khong kha nghich < |A| =0,
A 12 kha nghich < A khong suy bién < |A| # 0.

1

o Tinh chdt: 1. Néu A 1a ma tran vudng kha nghich thi |A™| = m :

2. Néu A 1 ma tran vudng cap n thi A.Pa = Pa.A = |Al.In.

Vi du 3.11: Cho A 1a mtr vudng cap 3 ¢6 |A| = 2. Tinh |A™Y], [-3A| va |Pal.

-3A| = (-3)3|A| = —27.2 = —54.

Tir déng thitc A™! = ﬁ P, tic 1A AT = %PA 14y dinh thtrc hai vé ta duoc:

L 1 (1Y) 11
A = ‘EPA‘ @_:( j Pal & =2 Pal = Pal=4.

Al (2

1 2 -1
Vidu3.12: Chomatran A= |3 1 1 |.Timm dé:

1 -3 m

1. A la ma tran suy bién (tirc khong kha nghich),
2. A la ma tran kha nghich (tc khong suy bién) va tinh |A7.

Ta tinh dugc: |JA|=m+2+9+1+3-6m=—5m+ 15.



1. Ala ma trin suy bién < |A| = 0
S -5m+15=0&m=3.
2. Ala ma tran kha nghich < |A| #0
S-5Sm+15#0< m#3.

1 1
Khi do, A7l = ——=—F"—.
H46- A= I o5
1 4 1
Bai tap 3.4: Chomatran A=| 2 -1 3|
-1 3 m

1. Tim m dé A suy bién (khong kha nghich).
2. Khim=— 3, hiy tim ma trdn A",

Bai tap 3.5: Tim m dé ma tran sau suy bién:

1 2 -1 0
1 2 -1
2 1 0 3
1. A={3 1 1] 2. A=
3 m -5 -3
1 3 m
3 3 -1 1
1 5 1
Bai tap 3.6: Chomatran A=| 2 -2 -3|.
-1 3 m
1. Tim m dé A kha nghich (khong suy bién).
2. Khim =1, hdy tim ma trdn A",
Bai tap 3.7: Tim m dé ma tran sau khong suy bién:
2 1 -1
1 -2 3
0 21 2
1. A=|-2 1 4], 2. A=
1 3 4 -2
3 2 m
m 1l 2 1

Bai tap 3.8: Cho A 1a mtr vudng cip 4 c6 |A| =— 2. Tinh [3AT|, |(2A)!| va |P2al.

Ta co: [3AT| = 34|AT| = 34|A| = 81.(- 2) = — 162,



1 _ 1 _ 1 _ 1
|12A| 24 |A| 2%(-2) 32

IV 11
(5] A 1‘7@: =

2A) 1| =

Céch khac: |(2A) | = ‘%A‘l

T (2A) = |2_1A|P2A tie 1a (2A) ! = _% P, 14y dinh thire hai vé ta duoc:
4
1 1 (1
I2A)'] = ‘_EPZA A —52(—§j |Paal & |P2A|=—323-

Bai tap 3.9: Cho A 1a mtr vudng cip 3 ¢6 |JA| = 3va A~ = (1/]A]).B. Tinh |BY.
Tir déng thire A™' = (U/|A|).B, tirc 1a A~ = (1/3).B, 1dy dinh thuc hai vé ta duoc:
|A7Y =|(1/3).|B| < L/|A| = (1/3)3.B| < 1/3 = (1/27).|B| < |B| = 9.
Do do, |B? = |BJ? = 81.

Bai tap 3.10: Cho A, B va C 1a cac mtr vudng cap 3¢c6 |A|=—2,|B|=4,|C|=1vaM =
5A2.B.C"L. Tinh |M|.

Ta c6: [M| = |5A2.B.C'| = 53|A2|.|B|.|C"!| = 53|A[2|B|.(1/|C|)
= 125.(— 2)2.4.(1/1) = 2000.

Bai tap 3.11: Cho A va B 1a cac mtr vudng cip 4 ¢6 |A| = 3, |B| = 2 va (AB) ! = (1/|AB)).C.
Tinh cac dinh thuac: |C|, |Pal, |Ps|, [Pag|, |[P2a| va |Pzs.

1 2 .
Bai tap 3.12 Cho A= (2 :J va B = A%+ mAS. Tim m dé B khong kha dao (nghich).

Tacd: B = A%+ mAS = A5(I; + mA).
Do do: [B| = |A5(I2 + mA)| = |A]S|I2 + mA|.
Mat khac: |A]=—3va

10 1 2
[l2+ mA| = +m
01 2 1

=(1+m)? —4m?=(Bm+ 1)(—m+1).

1+m 2m

2m  1+m




Vi thé, B khong kha nghich < |B| = 0 < |AP.|l2 + mA| =0
< (=3°5Bm+1)(-m+1)=0
< m=-—1/3hoacm=1.
Bai tap 3.13: Cho A 1a mtr vudng cap 3 thoa A3 —mls = 0. Vi gia tri ndo caa m thi A
khong kha dao (nghich)?
Taco: A>-mlzs=0< A®=mls. (*)
Lay dinh thirc hai vé ciia (*), ta duoc: |A% = |mls| < |AP =m31 < |A| = m.
Do d6: A khong kha nghich < |A|=0< m=0.

1 -2 3
Bai tap 3.14: Chomtr A=| -2 m 1 |. V&i gia tri nao ciia m thi mtr A2AT suy bién?
-1 0 2

Taco: |A|=5m — 6.
Do d6: A2AT suy bién < |A2AT| = 0 < |A2|AT| =0
< |ARJAI=0<]A|=0
<5m-6=0< m=6/5.
Bai tap 3.15: Cho A va B |a c4c mtran vudng cung cp kha nghich va C = (2/3)AT(4/5)B .
Tinh C ! theo A va B.
Tacd: C = (2/3)AT(4/5)B™! < C = (2/3)(4/5)A™B!
< C=(8/15)A™B .
Do dé: C' = (15/8)[ATB '] ! <> C ! = (15/8)[ B"'] L.[AT] !
< C1=(15/8)B.JA'T".

Bai tip 3.16: Cho A va B la cac mtr vudng cung cap thoa A # 0, B # 0 va AB = 0. Chiing
to A va B déu khong kha nghich.

Ta ching minh A khéng kha nghich. That vay, gia st A kha nghich, tuc la ton tai
A"!. Nhan bén trai hai vé cua dang thirc AB = 0 voi A7, ta dugce:
A'.AB=A"10 < B =0: mau thuan gia thiét B # 0.
Vay, A khong kha nghich.



Mot cach tuong tu, ta cling chirng minh dugc B khong kha nghich.
* Phwong phap khac dé xét sy kha nghich va tim nghich dao ciia ma trén.
e Pinh Iy: Cho A 1a mtr vudng cip n. Khi do:
A kha nghich < r(A) =n.

Hon nita, nhitng phép bién d6i so cap trén dong nao bién A thanh I, thi cling chinh nhiing
phép bién di d6 (voi cung thi tu trén) s& bién In thanh AL, Nghia la:

néu A—2 A % A, P, PG A =,

thi 1,—2 5B, —% 5B, %, % ,B A"l

Do d6 ta co:

(A1) —25(A1 |B)—25(A, | By) —2 ... — s (AL | B ) = (I, |AT).

e Cach tim ma tran nghich ddao cua ma trgn vuong A cdp n:
+ Viét ma tran mo rong: (A | In).

+ DUNg cdc phép bién doi so cap trén dong thich hgp doi véi (A | In) dé bién A thanh Iy
(trc 1a x4y dung lan luot cac cot chuan: (1,0, ...,0)7, (0,1, ...,0)7, ..., (0,0, ..., 1) trong
A tur trai sang phai).

+ Néu A bién dugc thanh In thi Iy bién, thanh ma tran twong Gng bén phai vach ding | &
budc cuoi cung 12 A™t. Néu A khong bién duoc thanh I, thi A khong kha nghich.

Vi du 3.13: Tim ma tran nghich dao (néu c6) cua:

L o 1 -2 2
1, A:(llj, 2.A=2 -3 6
- 1 1 7

1 201 0) g4y (1 20 0) w, (1 21 0
1 (Ally)= L EN S LN
(All2) (—1 1‘0 1} [o 3‘1 1] (o 1‘1/3 1/3}

4, 24, (1 OL/3 -2/3
lo 10/3 13 )



Do dé A_l_(1/3 —2/3]

1/3 1/3

1 -2 2100 1 -2 21 00
2. (All3)=|2 -3 600 1 0|—%2%,/0 1 22 1 0
1 1 7001 |03 5-101

10 6/-3 2 0 1 0 027 -16 6
d;+2d ~dy,d,+2d; B
iar—|001 22 10 Sen |0 108 52
00 -15 -3 1 00 15 3 -1
27 -16 6
Dods, Al=8 -5 2
5 3 -1

e Luu y: Cho A 1a ma tran vudng cap n. Khi do:
A Kkha nghich (khong suy bién) < |A|#0 < r(A) = n,
A khong kha nghich (suy bién) < |A| =0 r(A) <n.

3.2Phwong trinh ma tran.

e Dang 1: Phuong trinh AX = B.
Néu A 14 ma tran vudng kha nghich thi nghiém ciia phuong trinh 1a X = A™B.
Gidi thich: AX=B < ALAX=A1B < X=A1lB.

Vi du 3.14: Giai phuong trinh ma trén:
1 2 1 -2
X= C(*
5 o4 T

1 2) 1 -2
Phuong trinh (*) c6 dang AX =B v6i A = vaB = .
35 -1 1
+ Céach 1: Phuong phap ma tran nghich dao.
Taco: A= — 1 #0. Do d6, A kha nghich va A™! = ﬁPA .
A= (-1)"5=5 Ap=(-1)1"23=-3,

Ao = (—1?"12=-2,An=(-1"21=1.



-1{-3 1 3 -1
Vay, nghiém cua phtr (*) 1a

x=we=(7 28 )7 )

+ Céch 2: Phuong phap hé phuong trinh tuyén tinh.

Vithé, A = i[ > _2} = [_5 2].

X
Dax=(
Z

1 2)(x y) (1 -2
35z t) \-1 1
X+2z y+2t 1 -2
<< =
3x+5z 3y+5t -1 1
X+2z2=1(1)
y+2t=-2(2)

3x+5z2=-1(3)
3y+5t=1(4)

)t/j . Thay vao phtr (*), ta dugc:

Tu (1) va(3),tagidi dugcx=—-7,z=4. Tu (2) va (4) , ta gidi dugc y =12, t =—7.

-7 12
Vay, nghiém cuia phtr (*) 1a X = [ 4 7].

e Dang 2: Phuong trinh XA = B.
Néu A 14 ma tran vudng kha nghich thi nghiém ciia phurong trinh 1a X = BA™,
Gidi thich: XA =B < XA A1=BAl< X=BAL

Bai tap 3.17: Giai cac phuong trinh ma tran:

5 1 5 0O 1 2 1 1 2 -3 1 30
1. X(B 4J:[5 2}, 2.1-1 -1 2| X=/2|, 3.|3 2 -4|X=|10 2 7|
1 1 1 3 2 -1 0 10 7 8

2 1 2 5
1. Phtr c6 dang XA =B v6i A = vaB = .
r ¢6 dang véi (3 4} [5 2)

+ Céach 1: Phuong phap ma tran nghich dao.

Ta c6: |A| = 5 # 0. Do d6, A kha nghich va A™! = ﬁPA .

A= (14 =4, Ap=(-1)1"23=-3,



Aor= (1?1 =-1, Ann=(-1)*"22=2.

, 4 -
Vithé, AT=I ,
5\-3 2

Vay, nghiém cua phtr da cho la
2 54 -1 -7 8 -7/5 8/5
X = BAl=1 - = .
5(6 2)\-3 2) 5\14 -1) (14/5 -1/5
+ Céch 2: Phuong phap hpt tuyén tinh.

X
bat X = [Z {].Thay vao phtr da cho, ta dugc:
X y\)2 1) (2 5
z t)\3 4) |5 2
o 2X+3y X+4y) (2 5
2z+3t z+4t) (5 2
2X+3y =2 X==715

- X+4y=5 - y=8/5
2z+3t=5 z=14/5"

z+4t=2 t=-1/5
—7/5 8/5
Va hiém cua phtr da cho 1a X = :
ay, nghiém cua phtr da cho la [14/5 _1/5j
0o 1 2 1
. Phtr da cho c6 dang AX=Bv6iA=|-1 -1 2|vaB=|2]|.
1 1 1 3

+ Céch 1: Phuong phap ma trin nghich ddo X = A'1.B.
X

+ Cach 2: Phuong phép hpt tuyén tinh. Pat X = | y |. Thay vao phtr ta duoc:
VA

0 1 2)\x 1
-1 -1 2||y|=|2
1 1 1)z 3



y+22 1
S| —X-y+2z2|=|2
3

X+Yy+2
y+2z=1 X=..
S AX-Y+22=2 & Y =....
X+y+z2=3 Z=...

Bai t@p 3.18: Cho phuong trinh ma tran ATXBC = D, trong d6 A, B, C, D la cac mtr vudng
cung cap va A, B, C kha nghich. Tim X theo A, B, C, D.

Xét phtr ATXBC = D. (¥)

Nhén bén trai hai vé ctia (*) voi (AT)™! va nhan bén phai hai vé cua (*) véi (BC) ™, ta duoc:

(AT).ATXBC.(BC) "' = (AT).D.(BC) "
& X=(A").DC'B

12 0

10
Bai tap 3.19: Cho cac mtr A = vaB=

11 j.T‘lm mtr X sao cho AX = B.

* Bai tap lién quan dén dinh thuc, sy kha nghich va tim nghich d4o ctia ma tran, va phuong
trinh ma tran trong sach Bai tdp Todn Cao cap: cac trang tir 42 dén 52.

3.3 Giai hé phwong trinh tuyén tinh bing phwong phip Cramer.
e Xét hpt tuyén tinh gdm n phuong trinh n an nhu sau:

allxl +312X2 + ...+3.1an = bl
3.21X1 +a22X2 +...+aznxn = b2

(M

Khi d6 hpt (1) c6 dang AX = B véi A: ma trdn hé sé, X: cét cdc dn va B: cét hé so tw do.
Hpt (1) duoc goi la hé Cramer né,u ma trdn A khong suy bién (kha nghich), tirc 1 |A] # 0.
Khi d6, hpt (1) c6 nghiém duy nhat 1a X = A™'B.

Ngoai phuong phap giai bang ma tran nghich dao nhu trén, ta con c6 phwong phdp Cramer
nhu sau:




D.
= vi=
X; |A|,Vj 1,2,..,n,

trong 46 Dj (j = 1, 2, ..., n) 1a dinh thirc cia ma tran c6 dugc bang cach thay cot j cia ma
tran A bang cdt hé so tu do B.

Vi du 3.15: Giai hpt sau bang phuong phap Cramer: 2X,+3X, —7X5 =16.

11 -2
Taco:|Al=2 3 —7|=2#0,
52 1
6 1 -2 1 6 -2 1 1 6
Di=16 3 -7/=6,D2=2 16 -7/=2,D3=|2 3 16/=—-2.
16 2 1 516 1 5 2 16

Vay, hé phtr da cho c6 nghiém duy nhat:
(X1, X2, x3) = (D4/|A|, D2A|A|, D3/|A)= (3, 1, —1).

Vi du 3.16: Giai va bién luan hpt sau theo tham sb m:

X1 +2X2 +2X3 =0
—2X1+(M—=2)X, +(M—-5)x3 =2
mxy + Xy +(M+1)X3=-2
Ta co:
1 2 2

IAl=-2 m-2 m-5=m?>-m -2+2m?-10m—-4-2m?+4m+4m+4-m +5
m 1 m+1
=m?—-4m+3=(m-1)(m - 3),

0 2 2
Di=({2 m-2 m-5=-4m+20+4+4m—-8—-4m—4=—4m+ 12 =—4(m - 3),
-2 1 m+1




1 0 2
-2 2 m-5=2m+2+8-4m+2m—-10=0,
m -2 m+l

1 2 0
-2 m-2 2|=-2m+4+4m—-8-2=2m-6=2(m-23).
m 1 -2

*|A|#0 < (m—1)(m—3)#0 < m#1vam#3: hé phtr c6 nghiém duy nhat
(X1, X2, X3) = (D1/|A|, D2/|A|, D3/|A]) = (— 4/(m - 1), 0, 2/(m — 1)).

*IA|=0<= (m—1)(m—3)=0< m=1 hoac m = 3. Xét hai truong hop sau.

+m=1:]|A| =0, D1 = 8 # 0. Khi d4, h¢ phtr vd nghiém.

+m = 3:]A| =0, D1 = Dz = D3 = 0. Khi d6, hé phtr v nghiém hodc v6 sé nghiém.

1 2 2]0 1 2 2o 1 2 2o
K:—21—22%0522%0522.
37941
3 1 4|2 0 -5 —2|-2 0 0 0o
X, =—6t/5-4/5
, X1+2X2+2X3:0 R ,
Hpt twong ung: < X, =-2t/5+2/5(teR tuyy).
5X2+2X3:2 X t
3:

(x3: an tu do; X1, X2: an phuy thudc.)

Vay, hpt c6 vo sd nghiém
(X1, X2, X3) = (— 6t/5 —4/5, — 2t/5 + 2/5, t) v6i t e R tuy y.

Két luan: * m # 1 va m # 3: hé phtr c6 nghiém duy nhét
(X1, X2, X3) = (—4/(m - 1), 0, 2/(m - 1)).
*m = 1: hé phtr vd nghiém.
* m = 3: hé phtr c¢6 v6 s6 ngh:

(X1, X2, X3) = (— 6t/5 — 4/5, — 2t/5 + 2/5, t) v6i t e R tly V.

o Luru y: Xét hé phtr c6 s6 phtr bang sb an (= n) véi cac dinh thirc |A|, D1, D2, ... va Dn.

Khi do:

* |A] # 0: hé phtr c6 nghiém duy nhat (X1, X2, ..., Xn) = (D1/|A|, D2/|A, ..., Dn/|A));



*|A|=0vatontai Dj#0 (j=1,2, ..., n): hé phtr vo nghiém;

*|Al=0vaDj=0véimoij=1,2,...,n: h¢ phtr v0 nghiém hoac v6 s6 nghiém.
Luc nay, ta phai dung thuat toan Gauss dé giai hé.
X +y +2z=1
Bai tap 3.20: Cho hpt sau: < 2x+(m+2)y +5z2=1

2

X+(M+D)y+(mM+2)z=m--m+1

1. Timm dé hpt da cho 1a h¢ Cramer. Khi do, tim nghiém cuia hé.
2. Tim m dé hpt da cho v6 nghiém.

1. Tacd: |A|=m?-m.
Do d6: hpt da cho 1a hé Crame’r<:>|A|;éO<:>m2—m;éO<:>m;éOVémqé1.
Khi do, hpt c6 nghi€ém duy nhat (X1, X2, X3) = (D1/|A|, D2/|A|, D3/|A]) = ....

2. Hpt da cho vo nghiém = |A|=0< m=0hodac m=1.
Thir lai. + Voi m =0, ta co:

11 2@ 11 21

A=|2 2 51 d(;‘zddl 00 1/-1
37 Y1

11 21 0 0 0/0

= r(A)=r(A)=2<3: hpt c6 VSN. Do d6 m = 0 khong thoa yéu cau dé bai.

+Véim=1, ta co:

11 21 11 2|1 11 21
K:2351%011—1ﬂ>011—1
1231 |01 1o 00 01

= r(A)=3#r(A)=2: hpt vo nghiém. Do dé m = 1 théa yéu cau dé bai.
Vaym=1.
X -2y +3z=0
Bai tap 3.21: Cho hpt sau: < 2x+(m—4)y +72=0.
—X+(M+2)y+(m-1)z=0
1. Tim m dé hpt da cho c6 nghiém duy nht.
2. V&1 m =0, giai hpt da cho.



1. Néu dung phphap hang ma tran, ta dugc:
Hpt ¢6 nghiém duy nhit < r(A) = 3.
Dbi voi bai tap dang giai, phphap trén khé lam.
Néu dung phphép dinh thirc, ta c6:
Hpt c6 nghiém duy nhit < |A| # 0.

Phphap nay dé lam hon.

Ta tinh duoc |A| = m(m + 1).

Do do:
Hpt c6 nghiém duy nhat
< |Al#£0

Smm+1)#0

S m#0vam#—1.

2. V&im =0, ta thay: JA| = 0. Lac nay, ta khong thé dung phphap dinh thire dé giai hpt
da cho. Ta dung phphap Gauss dé giai h¢. Ta co:

1 -2 3 1 -2 3 1 -2 3

A=12 -4 7|->|0 0 1|—»>|0 0 1/

-1 2 -1 0 0 2 0 0 O

H¢ phtr tuong ing:
X1 —2Xy +3X3 =0
= X2:t (tER)
X3:0
XSZO.

Vay véi m = 0, hpt da cho c6 vo s6 nghiém (X1, X2, X3) = (2t, 1, 0) véit € R.

X + 2y -z=1
Bai tap 3.22: Cho hpt sau: < 2x+(m+5)y —2z=4
X+(M+3)y+(m-1)z=m+3
1. Tim m dé hpt da cho vo nghiém.

2. Tim m dé hé da cho c6 vo s6 nghiém. Khi do, tim tat ca cac nghiém ctia hé.

Bai tap 3.23: Giai va bién luan hpt sau:



X+y+mz=1
1. {X+my+z=m
MmX+y+z=m

X+y+2z=0
Bai tap 3.24: Cho hpt sau: <ax+y+2z=1.
X+y+taz=2
Khi d6, hé da cho la hé Cramer khi va chi khi:
A a#l;
B. a#2;
C.a=1lhoaca=2
D.a#1vaa#2.
Taco: |A|=—a?+3a-2.
Do do:
Hpt da cho 1a h¢ Cramer
< |Al£0
o —a’+3a-2+#0
Sazlvaa#2.

Vay, ta chon dap an D.

2X +3y =5
Bai tap 3.25: Cho hpt: § x+2y=3,
a’x +3ay =4
Khi d6, hé da cho c6 dung mot nghiém khi va chi khi:
A a=1;

B. a=-4;
C. a=1hoaca=-4;
D.a#1vaa#—4.

X+2by +z=4
2. <2x+3by+2z=7.
ax +y +z=4

Tir cac phtr thir nhat va thtr hai cua hé, ta giai duoc: (x, y) = (1, 1).

Do do:

H¢ da cho c6 dung mot nghiém



< (X, ¥) = (1, 1) 1a nghiém cua phtr thir ba trong hé
<atl+3al=4
< a=1hoaca=-4.

Vay, ta chon dap an C.

X+2y +mz=3+m
Bai tap 3.26: Cho hptsau: <2x+my —-3z=m-1.
2X—-my+2mz =-2
Biét rang (X, ¥, z) = (1, 1, 1) 1a mdt nghiém cta hé. Chon ménh dé ding:
A. m =—4 va hé di cho c6 vo sb nghiém;
B. m =—4 va hé di cho c6 nghiém duy nht;
C. m =—2 va hé da cho ¢6 vo s6 nghiém;

D. m=—2 va hé di cho c6 nghiém duy nhat.

Vi(x,y,2)=(1,1, 1) la mét nghiém cua hé, ta co:
1421 +ml1=3+m
21+ml -31=m-1 & m=-4.
2.1-ml1+2m.1=-2

Céch 1: Dung hang ma tran dé két luan tinh chit nghiém. Vi m = — 4, ta duoc:

1 2 -4]-1 1 2 -4]-1 1 2 -4]-1
A=|2 -4 -3-5|—>|0 -8 5|-3|=>|0 -8 5|-3].
2 4 -8|-2 0 8 -5/3 0 0 0|0

Ta thay: r(ﬂ) =r(A) = 2 < 3: hpt d3 cho c6 v6 s6 nghiém. Ta chon dap an A.

Céch 2: Dung dinh thtrc dé két luan tinh chat nghiém. Véi m = — 4, ta duoc:

1 2 -4
Al= 2 -4 -3=0.
2 4 -8



Do d6, hpt d& cho khong duy nhét nghiém (tirc 1a v6 nghiém hoic vo sé nghiém).
Ta chon dap an A.

Lueu y: Néu trong dé bai, cac dap an A, C va D van giit nguyén nhu trude va dap an B duoc
thay boi dap an B*:

B*. m =—4 va h¢ da cho vo nghiém,
thi ta chon dap 4n nao khi giai bang cach 2?

~ Saukhi tinh |A| = 0, ta két luan hpt da cho v6 nghiém hoic v6 s nghiém nén ta chua
thé chon dugc dap an A hay dap an B*.

Khi d6, ta 13p ludn tiép nhu sau. Vi hpt da cho c6 nghiém (X, y, z) = (1, 1, 1), ta két
luan hé khong vo nghiém. Vi th€, hé c6 vo s6 nghiém. Vay, ta chon dép an A.
X +y —-z=1
Bai tap 3.27: Cho hpt sau: <2x+3y +z=2.
2X +y+mz=2
Phét biéu nao sau day 1a sai:
A. Khéng ton tai m dé hé da cho c6 nghiém duy nhat;
B. Ton tai m dé hé di cho c6 vo sb nghi¢m;
C. Ton tai m dé hé da cho co nghiém,;
D.

V&i moi m hé di cho déu c6 nghiém?

Ta c6 thé dung phphép hang ma tran hodc phphép dinh thirc dé cach bai nay. Sau
day, ta dung phphap dinh thirc. Ta tinh dugc: |A| = m + 5. Xét hai truong hop sau.

+|A| #0 < m #— 5: hpt dd cho c6 nghiém duy nhat. Do dé, dap an A 12 sai.
+|A|=0 m=-5:tacd

11 -1)2 1 1 -1 11 1)1
A=l2 3 12|->|0 1 30/—>|0 1 3/0].
2 1 -52 0 -2 -6[0 0 0 00
Ta thay: r(ﬂ):r(A)=2<3: hpt d4 cho ¢6 v6 sb nghiém.
Vay, cac dap an B, C va D la dang.

Bai tap 3.28: Cho A va B 1a cac mtr vudng cap n thoa A’B — AB? = |,. Chon két luan sai:



A. Céc mir A, B va A — B déu kha nghich;

B. Mtr A — B kha nghich va (A - B)! = BA;

C. AB(A-B) = Iy;

D. A-B=A"'B,
Bai tip 3.29: Cho A, B va X 1a cac mtr vudng cap n théa man AX = B va X2 = I, trong d6
X # —In. Chon phat biéu sai:

A. Néu A kha nghich thi B kha nghich;

B. BX=A;

C. A - B 1a mtr suy bién;

D. det(X) = 1.

Bai tap 3.30: Cho A = (@ij)nn la mtr c6 aij = 0 v6i moi i > j va thoa man AT+ 2A =l,. Chon
phat biéu sai:

A A=AT;

B. |A| = 3"

C. A+2AT =y

D. |A| =1/3".

* Tinh hang ciia ma trin bing cach dung dinh thirc.
Cho A 1a mtr tiiy y. Néu A c6 it nhat mot dinh thirc con cip k khac 0 va moi dinh

thirc con cip k + 1 déu bang 0, thi hang r(A) = k. N6i cach khéc, r(A) chinh 1a cdp Ién
nhat cua dinh thirc con khac 0 cua A.

Luu y: Pinh thirc con cép k ciia mtr A I dinh thirc con tao thanh tir k dong va k cot cua
mtr A.

1 215
Vidu 3.17: Tim hang ctamtr A=|-1 3 0 -7
2 9 3 8

Pau tién, ta tinh cac dinh thirc con cip 3:



1 21 1 2 5 1 1 5 2 1 5
-1 3 0=0, |-1 3 -7=0, |-1 0 -7/=0, |3 0 -7|=0.
2 9 3 2 9 8 2 3 8 9 3 8

Tiép theo, ta tinh mot dinh thirc con cép 2:

1 2
=5=0.
-1 3
Do @6, r(A) = 2.
2 215
Vidu 3.17*: Tim hang caamtr A=|-1 3 0 -7
2 9 3 8
Ta tinh mét dinh thirc con cép 3:
2 21
-1 3 0[=9=0.
2 9 3

Do d6, r(A) = 3.
* Bai tap lién quan dén viéc giai hé ph. trinh tuyén tinh va cac tinh chat tap nghiém cua hé
(dung ph. phap dinh thirc) trong sach Bai tdp Toan Cao cap: cac trang tir 90 den 95.

3.4Ung dung trong phan tich kinh té: M6 hinh Input-Output mé Leontief.

Mo hinh nay nham x4c dinh dAu ra ciia mdi nganh trong n nganh sao cho vira du dé
thda man toan bd nhu cau (bén trong va bén ngoai) vé cac loai san pham do.

Gia st trong mo hinh ta co:
+ moi nganh chi san xuat mot mit hang thuan nhat,

+ moi nganh st dung mét ti 1€ ¢6 dinh cac nguyén liéu dau vao tir cac nganh khac cho san
xuat dau ra,

+ moi liwong dau vao thay doi K lan thi lwong dau ra thay déi K lan.

Ky hiéu ajj 12 hé sé ddu vao d6i v6i nén kinh té n nganh, duoc xép trong mtr sau:



dy dpp - dApp

trong do ajj la gia tri don vi tien ciia lwong nguyén liu ma nganh i cung cdp cho nganh
j dé nganh j san xudt ra mét liwong sin pham (hang héa) cé gid tri mot don vi tién.

Do d6 ¢ft j ciia mtr A cho blet nhiing yéu cau dau vao cta nganh j tir n nganh (tirc
la luong nguyen liéu ma n nganh can cung cap cho nganh j) dé nganh j san xuat ra mot
lwong san pham tri gia mot don vi tién.

Bén canh n nganh, md hinh con c6 mét nganh khac dugc goi 1a nganh mg, cung
mg nhing dau vao thiét yéu (vi du nhu lao dong, dich vu, ... ) cho n nganh trén. Nguoc
lai, san lugng cua cac nganh dugc xac dinh boi yéu cau nguyen liéu cua cac nganh trong
nén kinh té va yéu cau cudi (yéu cau duy trir, xuat khau) Luong yéu cau cudi ndy dugce xem
1a yéu tb dé 1ap ké hoach cho toan bd nganh kinh té.

Tacod > a; j la tong gia tri luong nguyén liéu ma n nganh cung cip cho nganh j dé
i=1
nganh j san xuét ra luvong hang héa tri gid mot don vi tién (v6ij =1, 2, ..., n). Dé hop ly

n
vé mat kinh té, ta giad su Zaij <lVj=12,..n
i=1

Vay gia tri ma nganh mé dong gop cho nganh j dé nganh j san xuét luong hang héa

tri gid mot don vi ticn 1a ap; =1- Zaij
i=1
Goi lwgng ddu ra (sdn lwong) ciian nga‘mh lén luot 14 X1, X2, ..., Xn VA yéu cdu cudi
cung cua nganh m¢ d6i voi nganh thr i la di (i = ., N).
Gia str nganh thtr i san xuat mot lwong dau ra Xi (I 1,2, ..., n) vira du dé dap tng
nhirng ¢ kién dau vao cta n nganh va dap Gng yéu cau cudi cung cua nganh mé. Ta ¢6 hpt:

X = AX + D, tirc 14 (In - A)X = D,

trong do

Ih: ma tran don vi cép n,

A: ma trdn cdc hé sé ddu vao,

X: vecto cét ciia lwong dau ra Va

D: vecto cot biéu thi cdc yéu cau cuoi cung cuia nganh mao doi voi n nganh.



Giai hpt trén, ta duoc nghiém X = (In— A)™.D (hoic ta c6 thé giai hpt bang phuong
phap Cramer).

Tém lai, ta cAn nim céc y chinh sau:
+ Y nghia cta h¢ sd aij: Nganh i cung cip cho nganh j luong nguyén lidu tri gia aij dvt dé
nganh j san xuat ra lugng hang hoa tri gia 1 dvt.
+Y nghia cua cot | trong ma tran A: lugng nguyén liéu (tinh bang dvt) ma n nganh can
cung cip cho nganh j dé nganh j san xuit ra mot lvong san pham tri gia 1 dvt.

n n

+ Y nghia cta tong Zaij va cua h¢ s6 ag; = 1_Zaij :
i=1 i=1

+ Pang thirc quan trong;

X=AX+D

X1 a1 Q. A | X d;

X a a .. a X d
o 2 |_| 922 92 2n 2|, | %2

xn anl an2 ann Xn dn

(A ma trdn cdc hé sé: diu vao, X: vecto cft ciia lugng ddu ra ciia n nganh va D: vecto
cot biéu thi cdc yéu cau ciia nganh mao doi voi n nganh).
Vi du 3.18: Trong md hinh Input-Output mé, cho biét ma tran hé sb dau vao:
0,3 01 01
A=101 0,2 0,3|= (aij)gxg.
0,2 0,3 0,2

1. Giai thich y nghia kinh té ctia hé s azs trong mtr A.

2. Tim muc san lugng cua ba nganh néu nganh mo yéu cau ba nganh trén phai cung cap
cho n6 nhitng lugng san pham tri gia twong tng (70, 100, 30).

1. Taco: ax=0,3.
Y nghia kinh té: Nganh 2 cung cip cho nganh 3 luong nguyén liéu tri gia 0,3 dvt dé
nganh 3 san xuat ra lugng hang hoa tri gia 1 dvt.
2. Bai toan co ban: Tim X = (X1, X2, X3)" biét D = (dy, d, d3)T = (70, 100, 30).
Ta co:
X=AX+D
< X-AX=D
< (I3-A)X=D



0,7 -01 -01)(% ) ( 70
&|-01 08 -03|x,|=100].(1)
0,2 -0,3 08 )(xy) |30

Ta c6 thé giai hé (1) bang phuong phap ma tran nghich dao X = (I3 — A)"'D hoic

phuong phap Cramer. ‘
Sau day, ta giai hé (1) bang phuong phap Cramer.
0,7 -01 -01
Tacé:a=|lz-A]=|-01 08 -0,3=0,352=0;
-0,2 -0,3 0,8
/70 -01 -01 0,7 70 -01
D.=100 0,8 -0,3=52,8;, D,=|-01 100 -0,3=70,4;
30 -0,3 0,8 -0,2 30 0,8
0,7 -01 70
D;:=|-0,1 0,8 100[=52,8.
-0,2 -0,3 30

Hé phuong trinh (1) c6 nghiém duy nhét:
(X1, X2, X3) = (D1/a, D2/a, Ds/a) = (150, 200, 150).

Bai tap 3.31: Trong md hinh Input-Output mé Leontief, cho biét mtr dau vao:

01 0,2 0,3
A=103 01 01|=(aj)ss-
0,2 0,3 0,2

1. Giai thich y nghia kinh té ctia hé s6 a2 = 0,2.

. Biét san lugng ctia nganh 2 12 100, tinh tong gié tri cua san lugng nguyén liéu ma céc
nganh cung cap cho no.

. Tim ma trn nghich dao cua I3 — A. Tim muce san lugng cua ba nganh, néu nganh mo
yéu cau ba nganh trén phai cung cip cho né nhiing lwong san pham trj gia twong tng
(39, 49, 16).

. Néu yéu cau xuat khau duy trir thay ddi d6i voi cac nganh 1a AD = (3, =2, 0)7, thi hay
tinh mirc thay doi san lugng cua cac nganh.



1. Taco:aiz=0,2.

Y nghia kinh té: Nganh 1 cung cip cho nganh 2 luong nguyén liéu tri gia 0,2 dvt dé

nganh 2 san xuat ra lugng hang hoa tri gia 1 dvt.

2. Biétx; = 100. Ta can tinh tong gia tri clia san luong nguyén liéu ma ba nganh 1, 2

va 3 cung cap cho nganh 2.

Ta dung quy tic tam sudt dé giai cau ndy. Ta c6 so do:

a2 =0,2 ----- >1
? - > x2 = 100.

Do d6, san lwong nguyén liéu ma nganh 1 cung cap cho nganh 2 Ia:
a12X2 = 0,2.100 = 20 (dvt).
Tuong tu, san lwong nguyén liéu ma nganh 2 cung cap cho nganh 2 Ia:
azx2 =0,1.100 = 10 (dvt).
San lwong nguyén liéu ma nganh 3 cung cap cho nganh 2 la:
asx2 = 0,3.100 = 30 (dvt).
Vay, tong gia trj ciia san lwvong nguyén liéu ma ba nganh cung cip cho nganh 2 Ia:
a1oX2 + axXe + az2Xe = (A2 + a2 + asz)xz2 = 60 (dvt).

3. PitB=13-A. TacantimB™ = (l3- A)™..
Taco: B! =(1/|B]).Ps.

09 -0,2 -0,3
Bl=|l:-Al=|-0,3 09 -01=0,488;
02 -03 08
09 -0 0,3 0,1
= (-~ T T T=0,69; Bio=(—1)F2| T 720,26 Bi3 = 0,27,
Pu= D™ o3 0,8J1 = D™ )2 0,8‘ Bis =0.27

Bo1 = 0,25; B = 0,66; B3 = 0,31; Bs1 = 0,29; B3 = 0,18; Bis = 0,75.

Do doé:
L 0,69 0,25 0,29
B'=—0,26 0,66 0,18 |.

0,458 0,27 0,31 0,75

Ta c6 bai toan co ban: Tim X = (X1, X2, X3)T biét D = (d1, dz, ds3)™ = (39, 49, 16)T.
Ta dung dang thirc:
X=AX+D
< X-AX=D
< (Iz-A)X=D
e X=(-A)1'D



0.60 0,25 0,29(39
X = Wlss 0,26 066 01849 |=|..|.
4981027 031 07516

4. Bai toan: Biét rang AD = (3, —2, 0)T, hdy tim AX. Ta c6:

AX = (I3 - A)".AD
0,69 0,25 0,29)( 3
o AX= —= 1026 0,66 018 -2|=]..|.
""""10,27 0,31 0,75)| 0

Bai tap 3.32: Trong md hinh Input-Output m& Leontief, cho biét mtr dau vao:

01 0,2 0,2
A=103 0,2 01].
0,2 01 01

Gia st san lugng cua nganh 1 vanganh 2 - 1a 100 va nhu cdu nganh mé ddi v6i nganh 1 13
30. Xéc dinh nhu cau nganh mé do61 véi nganh 3.

D¢ bai cho biét X1 = X, = 100 va di = 30, hay tim ds.
Ta stir dung dang thuc:
X=AX+D
Xq 01 0,2 0,2\ x dq
= | Xy | = 0,3 0,2 0,1 Xo |+ d2
X3 0,2 01 01 X3 d3
X1= 0,1%; +0,2x, +0,2x3 +d;
= X2:0,3X1+0,2X2 +0,1X3 +d2.
X3=0,2X; +0,1x, + 0,1x5 + d3
T céc phtr thir nhat va thir ba, ta c6 hé:
100 = 0,1.100+0,2.100+0,2x5 +30
X3 =0,2.100+0,1.100 + 0,1x5 +d;
X3 =200
= :
d; =150

Bai tap 3.33: Trong md hinh Input-Output mé Leontief, cho biét mtr dau vao:



01 0,3 0,2
A=104 0,2 0,3 Z(aij)gxs.
0,2 0,3 0,1

Yéu ciu ctia nganh mé ddi véi ba nganh kinh té 1an luot 14 118, 52 va 96.
1. Tinh va néi ¥ nghia kinh té cta hé sé ac.
2. Tim gia tri san lugng cta ba nganh dap tmg dugc yéu cau cia nganh mé da cho trén.
3. Khinganh 1 tiét kiém duogc 25% nguyén liéu cua nganh 2 va yéu cau cua nganh mé
doi vai ba nganh khong thay doi, hay tinh gia tri san Iugng ctua ba nganh.
1. Taco: a2=1-(0,3+0,2+0,3)=0,2.
Y nghia kinh té: Nganh m¢ cung cip cho nganh 2 lugng nguyén liu tri gia 0,2 dvt
dé nganh 2 san xuat ra lugng hang hoéa tri gia 1 dvt.
2. Bai toan co ban: Tim X = (x1, X2, x3)T biét D = (dy, d, d3) = (118, 52, 96)".
Ta sur dung dang thue: X = AX + D.
bé giai tim X, ta c6 thé dung céach giai tuong tu cach giai trong Vi du 3.18 hoac
trong Bai tap 3.31 cau 3.
3. Tabiét: a1 = 0,4 (hé s6 dau vao cii). Goi ax* 1a hé s6 dau vao méi.
Taco: axn* = 75%.a2 = 0,75.0,4=0,3. ’
Ta can giai bai toan co ban: Tim X = (X1, Xz, X3)" biét D = (di, dz, d3)" = (118, 52,
96)" nhung v&i ma tran hé s6 dau vao méi A* xac dinh boi:
01 0,3 0,2
A*=10,3 0,2 0,3].
0,2 0,3 01

Ta str dung dang thire: X = A*. X + D.

Bai tap 3.34: Xét mo hinh Input-Output md gdm ba nganh kinh té véi mtr hé sé dau vao:

01 0,2 0,3
A=|0,4 01 0,2].
0,3 0,2 01

Gia str san lugng cua ba nganh 1an luot 1a 120, 100 va 150. Tim tong gié tri nguyén liéu
ma ba nganh da cung cap cho nén kinh te€.

Ta c0: x1 = 120, x2 = 100 va x3 = 150.
Cach 1: dung cac cot cua mtr A.

Gia tri nguyén liéu ma ba nganh cung cip cho nganh 1 1a:



auXy + axiXy + azxy = (0,1 + 0,4 + 0,3).120 = 96 (dvt).
Gia tri nguyén liéu ma ba nganh cung cip cho nganh 2 1a:
a12X2 + azXz + azXe = (0,2 + 0,1 +0,2).100 = 50 (dvt).
Gia tri nguyén liéu ma ba nganh cung cip cho nganh 3 1a:
a13X3 + azx3Xz + azsxz = (0,3 + 0,2 + 0,1).150 = 90 (dvt).
Vay, tong gia tri ng. liéu ma ba nganh d cung cip cho nén kinh té ba nganh Ia:
96 + 50 + 90 = 236 (dvt).

Cach 2: dung cac dong ctia mtr A.

Gia tri nguyén liéu ma nganh 1 cung cap cho ba nganh Ia:
auiX1 + apXe + asxz3 =0,1.120 + 0,2.100 + 0,3.150 = 77 (dvt).
Gia tri nguyén liéu ma nganh 2 cung cap cho ba nganh Ia:
a21X1 + axXz + axsx3 =0,4.120 + 0,1.100 + 0,2.150 = 88 (dvt).
Gia tri nguyén liéu ma nganh 3 cung cip cho ba nganh Ia:
az1X1 + azXe + azsx3 =0,3.120 + 0,2.100 + 0,1.150 = 71 (dvt).
Vay, tong gia tri ng. liéu ma ba nganh da cung cip cho nén kinh té ba nganh Ia:
77 + 88 + 71 = 236 (dvt).

Bai tap 3.35: Trong md hinh Input-Output mé Leontief, cho biét mtr dau vao:

1.

0,3 01 0,2
A=102 m 01 I(aij)3x3.
0,3 0,2 0,3

Giai thich y nghia kinh té cua h¢ sO azs. Tir d6 tinh s6 tién ma nganh 2 phai dong
gop cho nganh 3 khi gia tri dau ra cia nganh 3 1a 200 (don vi tién).

Giai thich ¥ nghia kinh té ctia hé s ags. Tir d6 suy ra nganh mo phai dong gop bao
nhiéu cho nganh 3 khi gia tri san Iuwgng ctia nganh 3 la 1000 (don vi tién).

Hay tim gié tri ciia m biét rang nganh mé phai dong gop 150 (don vi tién) khi gia
tri san lugng ctia nganh 2 1a 500 (don vi tién).

Véim = 0,4 hay tim gia tri san lugng cua ba nganh néu biét yéu cau ctia nganh mé
do6i véi ba nganh lan luot 1a 66, 124, 100.

Taco: axs=0,1.
Y nghia kinh té: Nganh 2 cung cap cho nganh 3 luong nguyén liéu tri gia 0,1 dvt dé

nganh 3 san xuat ra lugng hang hoéa tri gia 1 dvt.

do:

Ta can tinh s6 tién ma nganh 2 phai dong gop cho nganh 3 khi x3 = 200. Ta c6 so



a3 =0,1----- >1
? > %3 = 200,

Do d6, s6 tién ma nganh 2 phai dong gop cho nganh 3 khi xs = 200 Ia:
ax3x3 = 0,1.200 = 20 (dvt).
2. Tacbé:as=1-(0,2+0,1+0,3)=0,4.
7 Y nghia kinh té: Nganh mé cung cap cho nganh 3 lugng nguyén liéu tri gia 0,4 dvt
d€ nganh 3 san xuat ra lugng hang hoa tri gia 1 dvt.
_ Tacan tinh s0 ti€n ma nganh m¢ phai dong gop cho nganh 3 khi x3 = 1000. Ta c6
so do:

? -----> x3 = 1000.
Do d6, s6 tién ma nganh mé phai déng gop cho nganh 3 khi xs = 1000 1a:
a0sX3 = 0,4.1000 = 400 (dvt).

3. Tacosodo:

150 ----- > x2 =500,

trong d6apx=1-(0,1+m+0,2)=0,7-m.
Do d0, ta duoc: ap2 = 150/500 < 0,7-m=0,3< m=04.

4. Bai toan co ban: Tim X = (X1, X2, x3)T biét D = (d1, dz, ds)™ = (66, 124, 100).

0,2 0,3 )
. Goi
05 04

X1 Va Xz 1an luot la gia tri san luong dau ra cua nganh 1 va 2; di va dz 1an luot 13 yéu cau
ctiia nganh m¢& doi vai nganh 1 va 2. Khi do, néu (X1, X2) = (200, 300) thi

A. (di, d2) = (70, 80);
B. (di, d2) = (120, 10);
C. (d1, d2) = (10, 120);
D. (ds, d2) = (80, 70).

Dé bai cho biét x1 = 200, x2 = 300, hdy tim d; va d>.
Ta st dung dang thirc:
X=AX+D
< D=X-AX

las) o]0 00
loa) o)

Bai tap 3.36: Trong md hinh Input-Output md, cho biét mtr ddu vao A = {



Vay, ta chon dap an A.

Bai tap 3.37: Xét mo hinh Input-Output mé gdm ba nganh véi mtr hé s dau vao 1a
01 0,2 0,2

A=/03 0,2 01].
0,2 01 01

Gia st san lugng cia ba nganh 1an luot 13 80, 100 va 60. Kiém tra tinh ding hoic sai cta
cac dap an sau:
A. Tong gia tri nguyén liéu ma nganh 1 d3 st dung dé cung cap cho ba nganh 1a 40;
B. Gia tri nguyén liéu ma nganh 2 cung cip cho nganh 3 13 10;
C. Gia tri san lugng ma ba nganh cung cép cho nganh mé lan luot 1a 40, 50 va 28;
D

. Céc phat biéu trén déu dung.

Ta co: x1 = 80, x2 = 100 va xs = 60.
A. Tong gia tri nguyén liéu ma nganh 1 d3 str dung dé cung cap cho ba nganh Ia:
a11X1 + apxz + a13xs = 0,1.80 + 0,2.100 + 0,2.60 = 40.
B. Gia tri nguyén liéu ma nganh 2 cung cap cho nganh 3 Ia:
ax3x3 =0,1.60 = 6.
C. Gia tri san lugng ma ba nganh cung cap cho nganh mé 13?
Ta st dung dang thirc:
X=AX+D
< D=X-AX
dq 80 01 0,2 0,2\ 80
< |d, |=[100 |-/ 0,3 0,2 0,1| 100
ds 60 0,2 01 0,1) 60

d,) (40
= d2 =1 50].
di) |28

Vay, cac dap an A va C la dtng va cac dap an B va D la sai.



V. Gidi han va lién tuc cua ham mot bién

Sinh vién tu doc cac ndi dung sau day trong tai liéu tham khao (sach Bai tap cac trang
tir 99 dén 121).

e Gidi han ciia ham mgt bién: dinh nghia gidi han, cac tinh chat ctia gio1 han, cac gidi han
dac biét, giéi han mot bén, gid1 han v6 cung (vo han), gidi han ¢ vo cung, cach khir cac
dang vo dinh.

e Tinh lién tuc ciia ham mét bién: dinh nghia tinh lién tuc va gian doan, cac tinh chit lién
quan sy lién tuc.

e Dinh nghia gidi han: limf(x)=L < x cang gin Xo thi f(x) cang gén L.

X=X
Vidu 4.1: IXirq(2X+3) =5 < X cang gan 1 thi 2x + 3 cang gan 5.

Vidu 4.2: !(irrgsin(nx) =sin(2n) =0.
Vidy 4.3: liml/x=oo, |irT(1)]/X2=+oo, Iina—]/x“:—oo.

Vidy44: lim 1/(-3x+4)=0, lim (—2x3 +5X —2) = 400, Jim (—2x3 +5X —2) = —o0.

X—>to0

e Cac dang vo dinh (DVD): % E, 0.00, 0—00, 0%, o0®, 1%,
o0

3 g2 .
Vi dy 4.5: ljim X =X +4x=2
’ x>l 2X°—5X+3

e (X=D(x2=-2x+2)
= I ) x -3

0
(DVD ©)

L XP-2x+2
= lim=——~
x>l 2xX -3
_ 1242

2-3

* Ding quy tic 1’Hospital (chwong 5):

. x3-3x?+4x-2
lim .
x>l 2X°—=5x+3

0
(DVD 1)



. 3x?>-6x+4
im>~ "7

x>l 4x -5
_ 3—6+4:_1.
4-5
Vidu 46: lim&—t ovp 2)
x—0 X 0
. e
= lim—
x—0 1
0
= -1
1
vidu4.7: lim¥"% ovp )
x=>0 X 0
. COSX
= lim——
x—0
_ COSO:l.
1
3 2
Vidy 48 lim XX 0XE3 pyp *y
xoto 3K +4X -2 0
2x3 —2X

= [lim = |lim ——==Foo0.

X—>Fo0 _3)(2 X—to 3

e Gi6i han mot bén:

+ Gidi han bén trai: lim f(x)=L < lim f(x)=L.

X—=>Xg~ X—=>Xq (X<Xg)

+ Gidi han bén phai: lim f(x)=L < lim f(x)=L.

X—>Xo* X=X (X>Xo)

* Dinh ly: XIi_)r’)r(1f(x)=L < lim f(x)=L= lim f(x).

X

=7
X

Vidu 4.9: Tinh lim-
x—0

e X . X
Taco: lim == lim ==1,
x—0* ‘x x—0(x>0) X

. X . X
lim—= lim —=-1.
X0 ‘X x—0(x<0) —x




Do do: lim X =1 lim X =-1
x—0* ‘X‘ x—0 ‘X‘

A A s X
= khong ton tai lim—..
x—0 ‘X‘

V. Phép tinh vi phan va cwc tri cia ham magt
bién
1. Dao ham va vi phan.
e Cho ham sd y = f(x) x4c dinh trong 1an cin cua a. Khi d6, ta ky hiéu:
AX = X — a: s0 gia ciia bién so X tai diém a,
Ay(a) = f(x) - f(a) = f(a + Ax) — f(a): 56 gia ciia ham s6 f tai diém a.

Dao ham ciia ham sé tai a, ky hiéu f'(a), duoc xac dinh boi giéi han hiru han sau day:

v Ay@) L f(x)-f(a) . f(a+Ax)-f(a)
f(a)_!(l—I;g AX _le—IIa] X—a _AI>I<TO AX '

Khi d6, ta n6i ham f khd vi (hay cé dao ham) tai diém a.
Luu ¥ rang ty so:

Ay(a) f(x)-f(a) f(a+Ax)-f(a)
AX  Xx-a AX '

|4 ty sO cua cac so0 gia. Do do, dao ham tai mot diém 1a gidi han cua ty s0 cua céc so gia.

Mot s6 ky hiéu khac dé chi f'(a):

. dy
y @), dx|x=a’

Pé chi f'(X), ta c6 thé dung mot trong céc ky hiéu:



Vidu5.1: f(x)=x%>-3x+1, a=1.
Ta co:

o F(X) =)
F @) =lim =~

Xx—1

x?—3x+1-(1*-3.1+1)

= lim
x—1 X -1
~ lim X2 —3x+2
B x—1 X—=1
_ Iim(x—2)(x—1)
x—1 X-=1
= leLn1 (x-2)
=1-2=-1.

Luu y: Dung cong thirc dao ham, ta ¢6 f(X) =2x - 3. Do d6: f(1) =2.1 -3 =—1.

Sinh vién tu doc cic ndi dung sau day trong tai liéu tham khao (sach Bai tap cac trang tir
122 dén 166).

¢ Dao ham bén phai, dao ham bén trai, dao ham trong khoang, dao ham trén doan.

e Céc cong thuc tinh dao ham cua cac ham co ban, cac quy tac lay dao ham co ban, moi
lién hé gitra dao ham va tinh lién tuc.

¢ Dinh nghia va céc tinh chat co ban cta vi phan, tng dung cua vi phan dé tinh gan dang.
e Dao ham va vi phan cap cao.

e Sy dong bién va nghich bién ctia ham s, cac tiéu chuan dung dao ham dé xac dinh tinh
tang (dong bien), gidm (nghich bién) ctia ham so.

e Tinh I6m Ién (I6m), 16m xuong (/67) va diém udn cua ham so, cac ti€u chuan dung dao
ham cap hai dé x4c dinh tinh 1dm Ién va 1dm xudng ctia ham so.

Sinh vién khong can doc cic ndi dung: cong thirc khai trién Taylor, cong thirc Mac-Laurin.

e Dao ham mot bén:

Dao ham bén phii ciia ham sé f(X) tai diém a:

£ (@)= lim 2@ _ jjm 10 =1(@),

x—>at  AX x—a* X—a



Dao ham bén tréi ciia ham soé T(X) tai diém a:

£(@) = lim Y@ _ i, fX)=1(@)

x—>a~  AX x—a~ X—a

* Pinh Iy: Ham s6 f(X) c6 dao ham tai diém a < ham s c6 dao ham bén trai, c6 dao ham
bén phai taiava f'(a”)=f (a*).

e Cong thtrc vi phan: Cho ham sb y = f(x). Vi phan cta ham sb 1a:
dy = f(x)dx.

Vidu5.2: y = x*+ 3x — 2sinx = dy = (4x3 + 3 — 2cosx)dx.
z = 2' + 5Int = dz = (2.In2 + 5/t)dt.

e Ung dung ctia vi phan dé tinh gin ding: Cho ham sé y = f(X) va xo € R. Néu Ax ~ 0 thi
ta co cong thuc:

f(xo + Ax) = f(x0) + f'(x0).Ax. (*)
Vi du 5.3: Tinh x4p xi {’/m
Xét ham s6 f(X) = ¥x , xo = 1 va Ax = 0,01.
Ta c6: f(xo + Ax) = f(1,01) = 31,01, f(xo0) = f(1) = 1,
f(x) = 1/33x2, F(xo) = F(1) = 1/3%12 = 1/3.
Do @6, thay vao (*) ta duoc:
31,01 ~ 1+ (1/3).0,01
< 31,01 = 1,0033.
e Vi phan cdp cao: Cho ham sd y = f(x).
Vi phén cdp mét cua ham s6: dy = f(x)dx.
Vi phén cdp hai ctia ham s6: d?y = f'(x)dx2

Vi phén cdp n cia ham s6: d"y = fM(x)dx".



Vidu 5.4: Cho ham sé y = 3*. Ta c6:
dy = 3%.In3.dx, d?y = 3*.(In3)2.dx?, ..., d"y = 3*.(In3)".dx".

2. Tinh giéi han dang vé dinh theo quy tdc |’Hospital.

e Pinh Iy: Gia str cac ham f va g kha vi trong mét 1an cén cua diém a (c6 thé khong kha vi
tai @) va lién tuc tai a. Néu

lim#(x)=1img(x)=0 hay lim{f(x)| = lim|g(x)| =+

(tirc 13 gi6i han khi x — a cta thuong sé f(X)/g(x) thudc dang vo dinh % hay E) va gioi
o0

han sau déy ton tai (hitu han hay v6 han):

)
x—>a g (X)

thi ta co:

0 F(0
x—>a g(x) x—>a g (x)

Vidu5.5: 1. Ixirrg@ (DVD %)

11
= lim 1+ X — 1+0 =1
x->0 ] 1
. X-=sinx 0
2. Ixmg — (DVD —)
. 1-cosx 0
= lim DVD —
x>0 3x? ( O)
— 1im¥"X (pvp _)
x—=0 BX

cosx _ cosO 1

x>0 6 6 6

Vidy5.6:1. lim '”—X (DVD _)



1

= lim X = Iimizo.

X—>+0 2X X—>+00 2)(2

. e~ o0
2. XILrpOO o (DVDb g)

. —e 0

= lim (DVD 2)
X—>—0 X o0

—X
= lim < =+,
, - 1 1
Vidu5.7: 1. lim| ——-—| (DVD © — )

x->0( sinx  tgx

= lim1=%%% pyp 2)
x=0 sIn X 0

_ .. sinx _ sin0

= lim = =

2. lim xInx (DVD 0.00) (furu y: lim In X = —o0)
x—0* x—0*

- lim X (pvp 2)
x—0" 1 o0
X
e UXO v
= fim e = i) =0
x+l_X_2

Bai tap 5.1: Cho ham sé f(x) = GT khi x # — 1 va f(x) = m khi x = — 1.

1. Xac dinh m dé ham sd lién tuc tai x =— 1.

2. Tim f (1) v6i m vira tim dugc trong cau trén.
1. Himsd liéntuc taix=—1< lim f(x) = (- 1). (*)
Taco: f(— 1) =m,

ex+l_x_2

0
DVD —
+1 ( 0)

limf(x)= lim
Xx—-1 X—-1



X+l 0_
- gim& tof-1l_g
x—-1 1 1

Thay vao (*), ta dugc m = 0.

ex+1_X_2_
2. Taco: f(-)= lim TO=TCED iy x4
Xx——1 X—(—l) x——1 X+1
. e_x-2 0
= |lim————— (DVb —
x>-1 (X +1)2 ( O)
) ex+l_1 0
= lim DVDb —
x>-12(x +1) ( O)
x+1 eO 1
= lim =__ ==
x—>-1 2 2

Bai tap 5.2: Cho ham y = y(x) thoa In y+§ —1 (*). Tinh Y (X) .

Lay dao ham hai vé cta phtr (*) theo bién X, ta duoc:

y y—x.y':O
y Yy
S Yyy+y-xy =0
S yly-x)=-y

Y
=2 =Vx (MS £ 0).

Bai tip 5.3: Cho ham y = y(x) thoa & +x.y =e (1). Tinh y (0).
Lay dao ham hai vé cua phtr (1) theo bién X, ta duoc:

ye'+y+xy =0

<y +x)=-y

< y':ey_j—/x (@)




Thay x =0 vao (1), ta co: Y@ + 0.y(0) = e < y(0) = 1.

— 0y o YO0 -1 1
Thay x = 0 vao (2), ta dugc: y(O)_m_?__g_

3. Cuec tri dia phuong - cuc tri toan cuc.

3.1 Cuyrc tri (dia phwong).
Cho ham f x4c dinh tai moi X gan a. Ta noi:

+ ham f dat cwe dai (dia phwong) tai a néu va chi néu ton tai mot 14n can V cua a sao cho

f(x) <f(a), véi moi x € V,

+ ham f dat cuc tiéu (dia phwong) tai a néu va chi néu ton tai mot 14n can V cua a sao cho

f(x) > f(a), véimoi x € V.

Cuc dai va cuc tiéu duoc goi chung 1a cwc tri.

3.2 Cuec tri toan cuc.

Cho ham f x4c dinh tai moi X thuéc mién xac dinh D va a € D. Ta néi:

+ ham f dat cwe dai toan cuc (dat gid tri I6n nhdf) trén D tai a néu va chi néu
f(x) < f(a), véi moi x € D;

+ ham f dat cwe tiéu toan cuc (dat gid tri nhé nhaf) trén D tgi a néu va chi néu
f(x) > f(a), véi moi x € D.

Cuc dai toan cuc va cyc ti€u toan cuc dugc goi chung la cwc tri toan cuc.

Ky hiéu: n;lanf(x) =f(a) hay mgle =f(a) (cuc dai toan cuc),

rpilpf(x) =f(a) hay mDinf =f(a) (cuc tiéu toan cuc).



e Dinh 1y (diéu kién cin ciia cwe tri): Néu ham sb dat cyc tri tai a thi f'(a) =0 hoic f'(a)
khong ton tai.

e Pinh nghia: Cho diém a thuéc mién xac dinh cua ham f. Néu f'(a) = 0 hoic f'(a) khdng
ton tai thi ta néi a 1a diém téi han cia f.

e Dinh 1y (diéu kién di cia cwe tri dung dao ham cip mot): Gia st ham f lién tyc trén
khoang m¢ D chira diém t&i han a va f kha vi trén D (c6 thé khong kha vi tai a). Khi d6:
1. néu f'(x) ddi diu tir dwong sang Am khi x di qua a thi f dat cwe dai tai a,

2. néu f'(x) doi dau tir Am sang dwong khi x di qua a thi f dat cuec tiéu tai a.

X2

2—-X

Vi du 5.8: Cho ham s f(x) =

1. Tim cuec tri cua ham f.

2. Tim cuec tri toan cuc cua ham f 1an luot trén cac mién D = (—oo, 1] va E = [3, +).

1. Mién xac dinh: x # 2.

2x(2=x) =x*(=1) _ —x” +4x

"=y 2-x)7

f(X)=0 x*+4x=0=x=0vx=4.

* Bang bién thién:

% — O " 2 3 4 + o
fo| — o o =5 B

(3 /‘H" -8
£ 1“\ e e
(cn s

-0

[f(0)=0,f(1)=1,13)=—-9, f(4) =—8.]



Vay, ham sd dat cuc tiéu tai X = 0 va fer = f(0) = 0;
ham sb dat cuc dai tai X = 4 va fcp = f(4) = — 8.

2. +XétD=(-0,1](x e D= —w0<x<1).
Duya vao bang bién thién v&i —oo < x < 1, ta két ludn:
hsé dat cyc tiéu toan cuc (dat gtnn) trén mién D tai X = 0 va mi'gl f(x)=f(0)=0;

Xe
hsb khong dat cyc dai toan cuc (khong dat gtln) trén mién D.
+ XétE =3, +©) (X € E < 3 <x <+w).
Duya vao bang bién thién voi 3 < x < +oo, ta két luan:
hs dat cuc dai toan cuc (dat gtln) trén mién E tai x = 4 va maExf (x)=f(4)=-8;
Xe
hsé khong dat cuc tiéu toan cuc (khong dat gtnn) trén mién E.
e Cdch tim cuc tri toan cuc cia ham f trén doan [a, b]:

+ Tim céac diém t6i han cua f.

+ Tinh gia tri f(x) tai cac ddu mit a va b va tai cac diém t6i han trong khoang (a, b).

+ Gi4 tri 16n nhat (nho nhat) cua f trén doan [a, b] 12 gid tri 16n nhéat (nho nhat) trong cac
gia tri tim duoc & trén.

Vi du 5.9: Tim cuyc trj toan cuc ctia ham sb f(x) = x® — 5x2 — 8x + 50 trén doan [0, 5].

* f'(x)=3x?-10x -8,

x=4¢€(0,5)

f(xX)=0<3x*>-10x-8=0
(X)=0< 3x X < X=—2/3¢(0,5)"

* £(0) = 50, f(5) = 10, f(4) = 2.
Viy, x”E(i)re],]f (x) =2 dat dugc tai x = 4,

)[ﬂ{g)s(]f (x) =50 dat duoc tai x = 0.

e Dinh Iy (diéu kién di cia cwe tri dung dao ham cip hai): Cho ham f(x) c6 dao ham
cap hai trong mot khoang mo D chtra a. Khi do:



1. néu f'(@)=0 va f'(a)>0 thi f dat cre tiéu (dia phwong) tai a,

2. néu f'(a)=0 va f"(a) <0 thi f dat cuc dai (dia phwong) tai a,

3. néu f'(a)=0 va f’'(x)>0,Vxe D thi f dat cwc tiéu toan cuc trén D tai a,
4

. néu f'(a)=0 va f"(x)<0,Vxe D thi f dat cwe dai toan cuc trén D tai a.
Vi du 5.10: Tim cuc tri toan cuc ctia ham s6 f(x) = x3 — 3x2 - 9x — 1 trén (1, +).

* f'(x)=3x?-6x-9,

X =3 € (L, +0)

£1(x) = 0> 3x2 —6X—9 =0
(X) =0 3x"~bx Q{x=—1¢(l,+oo)-

* £'(x) =6X—6=6(x—-1)>0, VX e (L, +%).
f(3)=
Ta co: ,,(3) 0
f (X)>0,Vxe(l,+x)
— ham sé dat cuc tiéu toan cuc (dat gtnn) trén mién (1, +oo) tai X = 3 va

min f(x)=f(3)=-28.

xe(l,+0

Vi du 5.11: Ham cau ctia mdt san pham c6 dang:
P=¥ v6i 0<Q <80,

trong d6 Q 1a s6 lugng san pham va P 1a gia ban mot san pham. Tim muc san luong dé t6i
da hoa doanh thu. Khi d6, doanh thu to1 da la bao nhiéu?

Ta can tim Q e [0, 80] sao cho ham doanh thu

R=PQ = 80Q4‘Q2

dat gia tri 16n nhat.

*R(Q=",22,

R(Q)=0<80-2Q=0< Q=40¢(0,80).

* R(0) = 0, R(80) = 0, R(40) = 400.



Do d6, Qrer[l%] R(Q) =400 dat duogc tai Q = 40.

Vay, voi muc san luong Q = 40, doanh thu dat gtri t6i da va doanh thu tdi da 1a 400.

Vi du 5.12: Ham chi phi ctia mot nha may dugc cho bsi C = (Q?/4)+3Q +400, trong d6
C 1a tong chi phi san Xudt Q don vi san pham. Tim muc san luong d,é chi phi trung binh
tinh trén moi don vi sdn pham la thap nhat. Khi do, chi phi trung binh t61 thiéu 1a bao nhiéu?

Ta can tim Q > 0 sao cho chi phi trung binh

= C Q 400
C=—==+3+—
Q 4 Q
dat gia tri nho nhat.
- 1 400 Q%-1600
*C = —— =
= 2 3 Q=40>0
C(Q)=0=0Q 1600—O<:>L?:_40<0_

+ Céch 1: Dung bang bién thién.

= ham s6 C dat gi4 tri nho nhét trén mién Q > 0 tai Q = 40 va

rg>icr)1 C(Q) = C(40) = 23.



+ Céch 2: Dung dao ham cép hai.

C'(Q) = (~400).(-2).Q"? :%‘? ~0,vQ>0.

Ta co: (_:,,(40) =0
C(Q)>0,vQ>0
= ham sé C dat gia trj nho nhét trén mién Q > 0 tai Q = 40 va

rgjgl C(Q) = C(40) =23.

~ Vay, voi muc san lugng Q = 40, chi phi trung binh tinh trén mdi don vi san pham
la thap nhat. Khi do, chi phi trung binh t6i thiéu la 23.

Bai tap 5.4: Him cau cia mot san pham c6 dang: P =400—2Q va ham chi phi trung binh:
C=0,2Q+4+(400/Q),

trong d6 Q 1a sb don vi san pham (P va C duoc tinh bang d6 trén mdi don vi san pham).
Xéc dinh luong sér} phém ban ra dé loi qhuefm thu dugce t6i da. Khi d6, xac dinh 1gi nhuin
to1 da va gid ban dé dat duoc loi nhuan t6i da nay.
Ta can tim Q > 0 sao cho lgi nhuan
t=R-C=PQ-CQ
=(400-2Q).Q-0,2Q% -4Q-400
=-2,2Q%+396Q - 400
dat gia trj 16n nhat.
‘Ta c6 hai cach giai twong tu nhu trong Vi du 5.12. Ta dung cach 2 (tirc la dung dao
ham cap hai).
* 1 =-4,4Q+396,
n=0< —4,40+39%=0 < Q=90.

*n=-4,4<0,vVQ>0.



Ta co: {n:l(90) =0
1 (Q)<0,vQ>0

= ham s & dat gia tri 16n nhat trén mién Q > 0 tai Q = 90 va
n3a3< n=m(90) =17420.

’ Vay, véi lugng san pl}ém banra Q =90, loi phuén thu duoc tdi da. Khi d6, loi nhuan
toi da 1a 17420 va gia ban dé dat dugc lgi nhuan toi da nay 1a P =400 — 2.90 = 220.

4. Ung dung ciia dao ham trong kinh té.
4.1 Bién té (bién).

e Trong kinh té, khai niém bién té dung dé chi su thay d6i ciia méot bién kinh té nay duoc
gay ra bdi su thay d6i cua mét bién kinh t€ khéc.

Cho ham s y = f(x) kha vi. Khi d0, bién té ciia y tai X 1:

My =y 09 (= 52

Nhic lai: lim f(x) =L co nghia la X = xo = f(x) ~ L.

X—>Xg

. oo Ay dy
Taco: lim—===-—"=>=M .
aco: lim i y(X)

Ax—0 AX

, X . Ay dy
Do do: Ax=~0thi —=Z~—-=.
0 dO: neu AX IAX dX

Vithé: Ax=1= Ay “%: My(X). Luu y: Ay = f(x + 1) — f(x).

Y nghia: tai X, néu bién sb ting 1 don vi thi sw thay d6i ciia ham s6 xap xi bang dao
ham dy/dx (hay bién teé My(x)).

NOi cach khéc, bién té My(x) (hay dao ham dy/dx = y'(x)) chinh 1a sy thay doi
ciia ham s6 (xap xi) khi bién s6 ting thém 1 don vi (bién sé thay déi tir x dén x + 1).

Vi du 5.13: Cho ham sd y = x? + 5. Khi d6, ti s6 cua su thay ddi cua y theo x xap xi:



Ay _dy
= 2x (=My(),

Khi x = 100 thi dy/dx = 2.100 = 200. Do d6, Ay/Ax =~ 200.
Cho Ax =1, ta dugc Ay =~ 200.

Nghia 14 tai x = 100, néu bién sb ting thém 1 dvi thi ham sé ting thém mot luong
xap xi 200 dvi.

Luu y: Taco:
+voi x = 100 thi y = 1002 + 5 = 10005,
+v6ix =101 thi y = 1012 + 5 = 10206.

Do d6: Ax =1 va Ay = 10206 — 10005 = 201 ~ 200.

Vi thé, tai x = 100, péu bién sb tang thém 1 don vi thi ham sb tang thém mot luong
chinh xac la 201 don vi (xap xi 200 don vi).
4.2 Chi phi bién.

e Ham tong chi phi ctia mot nha san xuét 12 C = f(Q), trong d6 Q 1a mirc san luong cia nha
san xuat. Khi do, chi phi bién tai Q (hay bién te cia C tai Q) la:

dC
MC(Q)= ——=
Q=55
Ap dung 1y thuyét tong quat trong phan 4.1 & trén véiy = C va x = Q, ta duoc:
AC dC
AQ=0thi —~—
néu Q= AQ dQ

Vithé: AQ=1= AC zg—g= MC(Q). Luu ¥: AC = f(Q + 1) - f(Q).

] Y nghia: chi phi bién 1 chi phi xdp xi ciia mét don vi san pham dwoc ting thém.
Cu thé, chi phi bién MC(Q) chinh la chi phi xap xi ciia sdn pham thir Q + 1.

NOi cach khéc, tai mirc san lwgng Q, neu nha san xuit 1am thém 1 don vi san
pham thi chi phi ctia nha san xuét ting thém xap xi chi phi bién.

Vi du 5.14: Cho ham chi phi trung binh ctia mét xi nghiép la:



(_3=O,0001Q2—O,02Q+5+%.

Ta c6 ham chi phi:
C=C.Q=0,0001Q%-0,02Q2 +5Q +5000.
Do d6, ham chi phi bién cua xi nghiép la:
MC(Q) = g—g =0,0003Q%-0,04Q +5.
Chi phi bién khi muc san lugng 1a 50:

MC(50) = —0,0003.502 —0,04.50+5=3,75.

dc
dQ|Q =50
Y nghia kinh té: chi phi san xuét s. phdm thr 51 cta xi nghiép xap xi 3,75 d. vi tién.

* Néu dung cong thirc x4p xi thi ta duogc:

AC dC
= =MC(50)=3,75.
AQ dQ‘Q:SO (50)
Vithé: AQ=1= AC~3,75.

Y nghia kinh té: tai Q = 50, néu xi nghiép san xuat thém 1 don vi san pham thi chi
phi cta xi nghiép tang thém xap xi 3,75 don vi tien.

Luu y: Ta co:

+véi Q = 50 thi C = 0,0001.50° —0,02.50 +5.50+5000 = 5212,5;
+véi Q =51 thi C = 0,0001.51° - 0,02.51? +5.51+ 5000 = 5216,2451.

Do d6: AQ=1vaAC =5216,2451 — 5212,5 = 3,7451 ~ 3,75.

Vi thé, tai Q = 50, néu xi nghiép san xuat thém 1 don vi san pham thi chi phi cua xi
nghiép tang thém chinh xac 3,7451 don vi tién (xap xi 3,75 don vi tién).

4.3 Doanh thu bién.



e Ham tong doanh thu ctia mot nha san xuat 13 R = f(Q), trong d6 Q 1a muc san lugng cua
nha san xuat. Khi do, doanh thu bién tai Q (hay bién te cia R tai Q) la:

dR
MR(Q) = —.
@=4
Ap dung 1y thuyét tong quat trong phan 4.1 & trén véiy = R va x = Q, ta duoc:
‘ . AR dR
cuAQ=0thi ——~——.
néu AQ AQ " d0

Vithé: AQ=1= AR zg—g: MR(Q) . Luu y: AR = f(Q + 1) - f(Q).

Y nghia: doanh thu bién 13 doanh thu x4p xi ciia mét don vi san pham dwoc ban
thém. Cu thé, doanh thu bién MR(Q) chinh la doanh thu x. xi ctia s. pham thir Q + 1.

NOi cach khéc, tai mire san lwong Q, néu nha san xuét ban thém 1 don vi san
pham thi doanh thu ciia nha san xuat ting thém xap xi doanh thu bién.

Vi du 5.15: Cho ham cau ctia san phim cua mot xi nghiép 1a P = 1000/(Q + 5).
Ta cd ham doanh thu:
R =P.Q =1000Q/(Q + 5).
Do d6, ham doanh thu bién cta xi nghiép la:

dR 1000.(Q+5)-1000Q 5000

MROZ5™ @+ @5

Doanh thu bién khi mutc san lugng 1a 45:

dR 5000

MR(45)=EQ:45:WZ

Y nghia kinh té: doanh thu khi ban s. pham thir 46 ctia xi nghiép xap xi 2 d. vi tién.

* Néu dung cong thirc xap xi thi ta dugc:

AR dR

EzE‘Q:%:|\/|R(45):2.



Vithé: AQ=1= AR~ 2.

Y nghia kinh té: tai Q = 45, néu xi nghiép ban thém 1 don vi san pham thi doanh thu
cua xi nghiép tang thém xap xi 2 don vi ticn.

Luu y: Taco:

+v&i Q = 45 thi R = 1000.45/(45 + 5) = 900:
+vi Q = 46 thi R = 1000.46/(46 + 5) = 901,96.

Do d6: AQ=1va AR =901,96 — 900 = 1,96 ~ 2.

Vi thé, tai Q = 45, néu xi nghiép ban thém 1 don vi san pham thi doanh thu cua xi
nghiép tang thém chinh xac 1,96 don vi tién (xap xi 2 don vi tién).

4.4P co gian.

* Xét bién X thay ddi tir 100 dén 101. Ta c6:

Ax =1 (phu thudc don vi do cia X), tic 1a X tang thém 1 don vi.

Ax dugc goi 1a su thay ddi tuyét doi cia x.

Ax/x = 1/100 = 1% (khong phu thudc don vi do cia X), tic 1a X tang thém 1%.

Ax/x duoc goi 1 s thay doi twong ddi cia x.

« Trong nhiéu ung dung kinh té, toc do thay d6i cia mot ham s thudng phy thude vao don
vi tinh cua bién doc lap x va bién phu thudc y. Dé tranh diéu ndy, khai niém dé co gidn
dugc cac nha kinh té sir dung.

Cho ham s6 y = y(x). Khi d6, d§ co gian ciia y theo x (dai luong déc trung cho toc dg thay
doi twong doi cua y theo X) xac dinh bai:

_dyly o X

Néu Ax = 0 thi

Ayly dyly _
Ax/x  dx/x = &%)




Vi thé: Ax/x =1% = Ay/y =&, (X)%.

Do @6 tai x,

néu bién s ting thém 1% thi sy thay ddi ciia ham s6 tinh theo phin trim xap xi
bang ¢, (x)%.

o Luuy: % ~ 3—§ =My(X) : i 56 ciia sw thay déi (tuyét doi) ciia y theo X,
ig){ ~ 3§ ;3): =g, (X): i s6 ciia sw thay doi (twong doi) ciia y theo x.

Vi duy 5.16: Cho ham s6 y = 10 — 0,04x. Tinh d6 co gidn cua y theo x khi x = 100 va giai
thich y nghia két qua nhan dugc.

Do co gian cua y theo x la:

dyl/ly ., \X X
)= _yiyX - (-0,04)— X .
e (X) =g ~Y 03 = 0.0 1550
Do d6, do co gian cua y theo x khi x = 100 la:
100
100) = (<0,04). -~ —_0,667.
£(100) = (=0,04). 75502760

.. AYyJy
Taco: 22 ~¢  (100)=-0,667. (*
AX/X £, (100) *)

Vi thé: Ax/x = 1% = Ayly = — 0,667%.

Y nghia: tai x = 100, néu bién sd ting 1% thi ham sé giam xap xi 0,667%.
o Tai x = 100, néu bién sé giam 2% thi ham sé thay doi thé nao?

Ta c0: bién sb giam 2% = Ax/x = — 2%.

Do @6, tir (*) ta suy ra Ay/y =~ (— 0,667)(— 2%) = 1,334%.

Vay, tai X = 100, néu bién sb giam 2% thi ham s ting xap xi 1,334%.



Vidu 5.17: Cho ham c?}u Q = 1000 — 4P. Tinh d6 co gidn cua cau theo gia khi P = 200 va
giai thich y nghia cua két qua nhéan duogc.

D0 co gian cua cau theo gia:

P

eqgp(P) = do/9 _ Q‘(P)% = (_4)'1000——4P'

dP/P
Do d6, do co gidin cua cau theo gia khi P = 200 I:

200

200) = (-4)._ 20 _
£ep (200) = (415502200

.. AQ/Q _ _ 4 (*
Ta co: F/P~8QF,(200)_ 4. (%)

Vi thé: AP/P = 1% = AQ/Q =~ — 4%.
Y nghia: tai mac gia P = 200, néu gia ting 1% thi lugng ciu giam xap xi 4%.

o Tai mitc gid P = 200, néu gia giam 0,5% thi Liong cau thay doi thé nao?
Ta c0: gia giam 0,5% = AP/P = - 0,5%.
Do @0, tir (*) ta suy ra AQ/Q ~ (— 4)(— 0,5%) = 2%.
Vay, tai mirc gia P = 200, néu gia giam 0,5% thi lugng cau ting xap xi 2%.
Bai tap 5.5: Cho ham chi phi C(Q) = 3Q? + 75Q — 36Q.InQ + 135 v&i Q 1a mirc san luong.
1. Tinh chi phi bién.
2. Tim Q d chi phi trung binh C(Q) = C(Q)/Q dat gi4 tri nho nhat.
3. So sanh gi4 tri ctia chi phi bién va gié tri ctia chi phi trung binh khi C(Q) dat gia tri

nho nhét.

Bai tap 5.6: Gid st mdt doanh nghiép c6 ham san xuat 1a Q(L) = 50LY2, trong d6 L Ia
luong lao dong. Cho biét ham lgi nhuan ctia doanh nghiép 1a n(L) = P.Q — wL - 10, trong
do P =41a don gia ban va w = 5 1a gia lao dong.

1. Tinh Q'(100) va giai thich ¥ nghia kinh té.

2. Tim L dé doanh nghiép nay c6 loi nhuén tbt nhat.



1. Taco: Q(L)=50.(1/2).L Y2 =25/4/L.
Do d6: Q'(100) = 25/+/100 =2,5.

. AQ

Mit khac: ==~ Q'(100)=2,5.
at khac: —F Q (100)
Vithé: AL=1= AQ~2,5.

Y nghia kinh té: tai L = 100, néu doanh nghiép sir dung thém 1 don vi lao dong thi
muc san lugng ctia doanh nghi¢p tang thém xap xi 2,5 don vi san pham.

Bai tdp 5.7: Mot hang c6 ham lgi nhuén 7 = P.Q(L) — C(L) v¢i P la don gié ban, Q(L) =
100LY? 1a ham san xuat, C(L) = 2500L + 1000 la ham chi phi va L 1a luong lao dong.

1. Khi P =200, hdy tim L dé hang nay c6 loi nhuan t6i da.

2. Khi lugg lao dong tang thém 1% thi muc s.lugg clia hang tang (giam) bao nhiéu %?

2. Cau hoi dé bai: AL/L = 1% = AQ/Q = ?

D0 co gian cua Q theo L:

L

T00L7% ~ 0,5.

£qu (L) =Q'(L)%=100.(1/2)_|_—1/2

Ta co:

AACEZS ~eg (L)=0,5.

Vi thé: AL/L = 1% = AQ/Q ~ 0,5%.

Y nghia: néu luong lao dong tang 1% thi mirc san lugng cua hing ting x. xi 0,5%.
Bai tap 5.8: Mot xi nghi€p san xuét mot loai san pham vé&i mirc san lugng 12 Q. Goi P 1a
giad ban mot don vi sdn pham nay. Bict rang Q = 1200 — P. Ham tong chi phi cua xi nghiép
nay la

C(Q) = Q2 + 200Q + 70000.

1. Tim gi4 trj ctia Q sao cho doanh thu bién bang chi phi bién. ’
2. Tinh d6 co gian chi phi cta xi nghi¢p theo Q khi P = 1000 va g.th y nghia kinh té.



1. Tacd ham doanh thu: R = PQ = (1200 - Q)Q = 1200Q - Q2.
Doanh thu bién: MR(Q) = R (Q) = 1200 — 20Q.
Chi phi bién: MC(Q) = C'(Q) = 2Q + 200.
Do d6: MR(Q) = MC(Q) <> 1200 — 2Q = 2Q + 200 < Q = 250.

2. Ta co6 do co gian chi phi cua xi nghiép theo Q:

te(Q=CQ¢ = izg)géaoggooo |
Véi P = 1000, ta dugc Q = 1200 — 1000 = 200.
Do do6, do co gian chi phi cta xi nghiép theo Q khi P = 1000:
(2.200+200).200

200) = _
£co(200) 20072 +200.200 + 70000

0,8.

Ta co:

AC/C _

m ~ SCQ(ZOO) = 0,8 .

Vi thé: AQ/Q = 1% = ACI/C = 0,8%.

, Y nghia: tai Q =200, néu muc san luong ting 1% thi tong chi phi cta xi nghiép tang
xap xi 0,8%.

Bai tap 5.9: Gia str ham s6 g(X)q c6 dao ham va ting nghiém ngit trén R. Dat f(x) = g(x®
—12x) v6i X € R. Chon phat biéu dung:

A. fdat cuc dai dia phuong tai —2 va dat cuc tiéu dia phuong tai 2

B. f dat cuc tiéu dia phuong tai —2 va dat cuc dai dia phuong tai 2

C. fkhong dat cuc tri tai —2 va khong dat cuyec tri tai 2

D. cac cau trén déu sai.
Ta thay: ham s6 g(x) c6 dao ham va ting nghiém ngit trén R
= g (X)>0 voimoix € R. (*)

Xét f(x) = g(x3 - 12x) véix € R. Taco: f(x) =g (x* —12x).(3x* -12).



Boi diéu kién (¥), ta két luan g (x*—12x) >0 véi moi x € R.
Do d6, f'(Xx)=0 < 3x?-12 =0 < x = +2 va du cua f'(X) 1a dau cta 3x% - 12.

Tu day, ta dé dang 1ap bang bién thién cho ham sb f(x) dé suy ra cuc tri dia phuong
cua f(x). Két qua ta chon dap an A.

Bai tap 5.10: Mot xi nghiép san xuét mot loai san pham v&i ham chi phi C(Q) = 0,5Q% +
10Q + 20. Gia st xi nghi€p ban san pham voi gia P = 100. Khi lgi nhuén xi nghiép thu
duogc 1a 16n nhat thi chi phi trung binh C(Q)/Q la

A. 90 B. 56
C. 55 D. mot két qua khac.

Bai tap 5.11: Cho ham chi phi C(Q) = 10Q? + 20Q + 50. Chon cau dung:
A. d6 co gién cua C theo Q tai Q = 10 1& 220 va chi phi bién tai Q = 10 la 220
B. chi phi bién tai Q = 10 la 220 va do co gidn cua C theo Q tai Q = 10 1a 1,5%
C. chi phi bién tai Q = 10 la 220 va d6 co gidn ctia C theo Q taiQ =101a 1,76

D. cac cau trén déu sai.

Ta c6 do co gian cua C theo Q:

.2 9
€co (Q)=C(Q). o (20Q + 20)']_0Q2 +20Q+50

va chi phi bién:
MC(Q) = C(Q) =20Q + 20.
Do d6, do co gidn cta C theo Q tai Q = 10 va chi phi bién tai Q = 10 lan luot 1a:

(20.10+20).10

10) =
¢ce0)=19707120.10+50

=1,76 va MC(10) = 20.10 + 20 = 220.

Vay ta chon dap an C.

Bai tap 5.12: Cho ham chi phi C = Q2 + 20Q + 100 véi Q 1 muc san lugng. Cho biét do
co gian cua C theo Q tai Qo la 6/5. Khi do, chi phi bién tai Qo la

A. 30 B. 40 C.50 D. 60.



Ta c6 d6 co gian cua C theo Q:

Q
Q?+20Q+100°

eo(Q = C(Q). 2 = (2Q+20),

Do do:

_6 (2Q,+20)Q, _6
2co(Q)=5 = 57 200, +100 5

& 5(2Qo + 20)Qo = 6(QZ +20Q, +100)
< 4Q2 -20Q, —600 = 0.

Giai phuong trinh nay, ta dugc hai nghiém Qo = 15 (nhéan) hodc Qo = —10 (loai).
Chi phi bién: MC(Q) = C(Q) = 2Q + 20.

Do @0, chi phi bién tai Qo la: MC(Qo) = 2Qo + 20 = 2.15 + 20 = 50.

Vay ta chon dap an C.

Bai tap 5.13: Cho ham chi phi C = C(Q). Gia str chi phi bién 1a MC =2Q + 20 va tai Q =
10 thi C = 350. Khi do:

A.C=Q2+20Q + 50 B. C=Q2+20Q
C. khong ton tai ham C = C(Q) thoa yéu cau D. C=2Q + 330.

Ta c6: MC = 2Q + 20, tirc 1a dC/dQ = 2Q + 20.

Do do:

C= j (dC/dQ)dQ = j (20+20)dQ =Q%+20Q+K (véi K 13 hing sd).

Miit khac: Q = 10 = C = 350.

Tire 1a: 350 = 102 + 20.10 + K. Suy ra K = 50.

Vay C = Q% + 20Q + 50. Ta chon d4p 4n A.

* Bai tap lién quan dén cac vin dé cta chuong 5 trong sach Bdi tdp Todn Cao cdp: Cac
trang tir 157 den 166.



V1. Phép tinh tich phan ciia hAm mét bién

Sinh vién tu doc cac ndi dung sau day trong tai liéu tham khao (sach Bai tap cac trang tir
167 den 200).

e Nguyén ham, tich phén bét dinh: dinh nghia, sy ton tai, cac tinh chit, cac cong thirc co
ban, cac phuong phap tinh tich phan bat dinh (do61 bién so, tich phan tirng phan).

e Tich phén xdc dinh: dinh nghia, cac tinh chit co ban, y nghia hinh hoc, cong thirc
Newton-Leibnitz, cac phuong phap tinh tich phan xac dinh (do6i bién s, tich phan tirng
phan).

Sinh vién khong can doc noi dung: Tich phdn suy réng.

e Bailtrang 178:

dx
a l= |————.
) lenxln(ln X)
Déi bién s t = In(Inx). Ta c6: dt = X dx =X
In x xInx

Do do: 1 = % —Int| + C = In [In(Inx)| + C.

dx
R ot

Huréng dan: thi doi bién sé t = vx? -1 hoic t = 1/x.

¢ 1= ey
=] J2x-1

Doi bién sd t =v2x—1. Khi d6: t2 = 2x — 1. Suy ra: 2tdt = 2dx.

et tdt _
t

Dodé:I:j jetdt:et+C:em +C.
d) I= jx2(2-3x2)2dx.

Taco: 1= jx2(2—3x2)2dx :jx2(4—12x2 +9x*)dx



= j (4x% —12x* +9x®)dx = 4x3/3 — 12x5/5 + 9X/7 + C.

:J‘ dx

(X+DVX

Huéng dan: Déi biénsét= Vx.
sindxdx

Hl=|—F.

) J.cos“(2x)+4

. Ddi bién sb t = cos? 2x.

sindxdx J» 2sin2x cos 2xdx

Huwéng dan: | = =
wong da -[ cos*(2x) +4 cos*(2x) + 4

- I(2x+3)2 ‘

Poi bién sé t = 2x + 3. Suy ra: dt = 2dx.

dt L. 1ttt 1 1
Do do6: | = t“dt==.—=——+C=——"—+C
° 2 2j 21 2t 22x+3)
dx
h I= |—————.
) Ix2—6x+18
Blél’l dé)' | = ‘[m . Dé)' blén Sét:X_ 3. Suy ra. dt: dX.
dt 1 1 X-3
5: 1 = [——— = Zarct = Zarct .
Do do: | It2+32 3arcg( j+C 3arcg( 3 j +C
. dx
l= | —.
) jx2—4x+3
, dx dx
Taco: | = =
J‘x2—4x+3 J.(x—l)(x—3)
_ 1/ 1 1 L B
- J—E(H—mjdx —( 1/2)(1n |X—1| ln |X—3|)+C.

e Bai2trang 179:



a) I= szefzxdx.
Tich phan tirng phan: u = x? va dv = e 2dx. Suy ra du = 2xdx va v = (—1/2)e 2.

Do dé: I—Iudv uv—jvdu— 1 x%e 2X+J‘xe 2Xdx .
2
TatinhJ= jxe‘zxdx.Deit:u:xva dv = e 2dx. Suy radu =dx va v =(-1/2)e X
. 1 —2X 1 —2X 1 —2X 1 1 —2x
Do dd:J= —=xe ™+ |edx=—=xe™"+=.| — +C.
00 2 1l 2 2[ 2 J

Vay: | = e _Lyea oo o
2 2 4

b) I= jezx cos xdx .

Huréng dan: Tich phan ting phan cho I: u = e va dv = cosxdx,

ta di dén tich phan J = Iezx sinxdx .

Tiép theo, tich phan tirng phan cho J: u = e va dv = sinxdx, ta s& duoc két qua.

In(smx)
2 I_J. sin? x

Tphan tph: u = In(sinx) va dv = dx/sin?x. Suy ra: du = (cosx/sinx)dx va v = — cotgx.
Do dé: 1= [udv =uv—[vdu = - cotgx. In(sinx) + [cotg?xdx

= — cotgx. In(sinx) + j(]/sinz x—1)dx

= — cotgX. In(sinx) — cotgx — x + C.

,[ arctgx

arctgxdx

=11 -l

Huéng dan: | = j(l— Vo]

jarctgxdx j arctgxdx — j

Tinh 1, = j arctgxdx bang cach tich phan tirng phan: u = arctgx va dv = dx.



Tinh 12 = jw béng cach doi bién b t = arctgx.
+

e Bailtrang 198:

2
* Tinh Iy = ﬂl—x\dx.

0

1 2
Taco: Iy = ﬂl—x\dxﬂ'\l—x\dx
0 1

1 2 2 2
= .([(1—x)dx+.!—(1—x)dx:(x—%]t+[—x+%Jf =1.
-3
. dx
*Tinh 1, = .
nn 1z Ixz—l

-2

Huwéng dan: Ta c6 thé ding cach giai twong ty bai 1 cau i) ¢ trong phan trudc hoic
dung cbng thirc 13 trang 169 cua sach Bai tap bia vang.

dx

1
*Tinhlz= | 50———.
’ Ix2+4x+5

0

Huwéng dan: Ta c6 thé dung cach giai twong ty bai 1 cau h) & trong phan trudc.

4

" dx
LU P e s
3

Huwéng dan: Ta c6 thé dung cach giai twong ty bai 1 cau i) ¢ trong phan trudc.

o3

* Tinh |5 = jd—x
1

Xy1+Inx
Doi bién s t = V1+Inx . Khi d6: t2 = 1 + Inx. Suy ra: 2tdt = dx/x.

Poican:x=1=t=1lvax=ed=t=2.



2 2
2
Do dé: Is = 2t—O't:jzolt=2t‘ =2.
1 t 1 1

f dx
1 Xy1-(Inx)?

Huéng dan: Doi bién sé t = Inx.

*Tinh le =

33
2 2
*Tinh 1y = [ X2

0 V9—x2 '

Huéng dan: Doi bién sb x = 3sint hoic x = 3cost.

*Tinh Ig = ‘Eﬁ

Huéng dan: Doi bién sé x = tgt.

e
*Tinh lg = [|Inxjdx.
le

1 e 1 e
Huéng dan: 1g = ﬂln x}dx+ﬂ|n Xldx = I—In xdx + jln xdx .
/e 1 1/e 1

Tir déy, ta dung phwong phép tich phan tirng phan: u = Inx va dv = dx.
V3

*Tinh Il = _[ xarctgxdx .
0

Huwéng dan: Tich phan tiring phan: u = arctgx va dv = xdx.



VIl. Phwong trinh vi phan

1. Phuwrong trinh vi phdn cdp mét.

Phwong trinh vi phdn (PTVP) cdp mét 1 phuong trinh (phtr) ¢é dang:
F(xy,y)=0hay y =o(x,y). (I)

e Néu thay y = f(x) vao phtr (1) ma (1) tro thanh dang thic ding véi moi x € D (véi D
R) thi ta néi y = f(x) 1a nghiém caa PTVP (1) trén D.

e Nghiém téng quét ciaa PTVP (1) c6 dang y =f(x,C) (hay ®(x,y,C)=0) voi C I hang
s6 ty y. Nghiém dang y =f(x,C,), nhan dugc tir nghiém téng quat y =f(x,C) voi gid tri
cu thé C = Co, duoc goi la nghiém riéng cua PTVP (1).

1.1 PTVP tach bién (cé bién phin ly).

e Dang: f(x)dx = g(y)dy.

e Cach giai: LAy tich phan hai vé cua phtr trén, ta duoc:

[f(x)dx =[g(y)dy,
tac la:
F(x)=G(y)+C,

trong d6 F (twong ung, G) 1a mot nguyén ham caa f (twog tng, g) va C 1a hang s6 bat ky.

Vidu 7.1: Giai PTVP (3x% — x + 1)dx = sinydy.

Lay tich phan hai vé ciia phtr trén, ta dugc:



[(3x% =x +1)dx = [sin ydy

< x3-x%2 +x=—cosy + C.

Vay, PTVP di cho c6 nghiém tong quat 1a: X3 — x%/2 + x = — cosy + C.

Vi du 7.2: Giai PTVP x(y + 1)dx + (x — 1)ydy = 0.

PTVP da cho twong duong véi: x(y + 1)dx =— (x = 1)ydy. (1)
+ Xét X — 1 =0 < x = 1: théa man phtr (1).

+ Xéty +1=0<«< y=— 1: thoa man phtr (1).

+ Xétx—-1#0vay + 1#0: phtr (1) tuong duong voi:

xdx _ _ yay
Xx-1 y+1°

Lay tich phan hai vé cua phtr trén, ta duoc:

xdx_ jydy

y+1

PN J'(X—1)+ldX:_J'(y+l)—lly
X— y+1

= f[retppei{giapy

SX+Injx-1=—(y-In|y+1]) +C.
Vay, PTVP da cho c6 cac nghiém la:

x=1,y=—1;

X+Injx=1=—(y-Inly+1))+C(voix£1vay#—

Vi du 7.3: Tim nghiém riéng cua PTVP:
(1+ x?)dy = xydx (1)

thoa diéu kién y(1) = 2.

1).



+ Xét y = 0: thoa PTVP (1) nhung khong thoa diéu kién y(1) = 2.
(Luwu y: diéu kién y(1) =2 conghialax = 1thiy =2)

+ Xéty #0: PTVP (1) tuong duong voi:

d_y: xdx
y  x%+1

Lay tich phan hai vé cua phtr trén, ta duoc:

dy xdx
j -[x+1 @)

xdx

Ta tinh tich phan & vé phai cua (2): | = J' 7.1

Poi bién sd t = x2 + 1. Suy ra: dt = 2xdx.
Dodo: 1= [E-Linpsc=tine+n+c
2t 2 2

Thay vao phtr (2), ta duoc:

Inly| = %In(x2+1)+C. 3)

Picukién: y(1)=2 < x=1thiy=2.
Thay x = 1 va'y = 2 vao phtr (3), ta c6 dang thic ding:

In 2| = %In(12+1)+c
< C= lIn 2.
2
Vay, nghiém riéng cua PTVP da cho la:
1 1
Inly|= ZIn(x*+1)+=1In2
Y= S0 +1)+2

eyl = %[In(xz +1)+In2]



o 2Inly = IN[202 + 1]
Sy =2(x%+ 1) (voiy #0).

1.2PTVP tuyén tinh cAp mot.

e Dang: y +P(x).y=Q(x), (1)
trong d6 P(x) va Q(x) 1a cac ham s lién tuc trong mot khoang nao do.

[Ped

e Cach gidi: Nhan hai vé cua PTVP (1) v6i e " ta duoc:

j P(x)dx jp(x)dx

y el P(x).y.e =Q(x).e

Phuong trinh trén twong duong véi:

(y.eIP(x)dxj _ Q(X).ejP(x)dx
tuc la:
y.ej Poa_ j(Q(x).ej F’(X)dxjdx +C.

Do d6:

y= [ | [Q(X)-eI P(X)"X)dx+ C} e 17 (vsi C 12 hing 6 bat ky).

Vi du 7.4: Giai PTVP y %: x2. (1)

Pay 1a PTVP tuyén tinh cdp mot dang y + P(X).y = Q(X) v&i P(x) = — 1/x va Q(X) = X2.



Tac6: [P(x)dx = j—%dx —_Inx.

Do do: ejp(x)dx e N = =

Nhan hai vé cia PTVP (1) véi 1/x, ta dugc PTVP twong duong:

1y
y.X x2_X
@(yljzx
"X
1
—=|xd
=y _[xx

1 1.,
& yY—==x"+C
yx 2

=N y=%x3+Cx :

Vay, nghiém tong quat cia PTVP di cho 1a: y = % x3+CX.

Vi du 7.5: Tim nghiém riéng cua PTVP:
(X*+1)y +xy=-x (1)
thoa diéu kién y(0) = 1.

Chia hai vé cua phtr (1) cho x2 + 1, ta dugc PTVP tuong duong:

. . - ) X . —X
Phtr (2) la PTVP tt ca ot d + P(x).y = Q(X) voi P(x) = va Q(x) = )
@ cip mot dag Y+ P(x).y = Q0) v6i P(¥) = —— vaQ() =3

Ta co: jP(x)dx = I% Péi bién sb t = x2 + 1. Suy ra: dt = 2xdx.



Do d6: [P(x)dx = % —%In i :%In(xz 11).

. z P(x)d 1n(x2 3 1
Vi thé: eI CO _ ginocsd :(eln(xz+l))2 =(x* +1)% =Vx®+1.

Nhan hai vé cuaa phtr (2) véi Vx2+1, ta dugec PTVP tuong duong:
—X

- X
Y AIX2+1+ y=
U241 X2+l

o (y.m): ﬁ

Ixi1=[—Z_dx. (3
& YAXT+ I\/XZ—HX()

Ta tinh tich phan & vé phai cta (3): | = I \/_);i :
X +1

Do6i bién sd t = Vx? +1. Khi do: t2 = x2 + 1. Suy ra: 2tdt = 2xdx

—tat I—dt:—t+C=—\/x2+1+C.

Dodo: 1= | —=
t
Thay vao phtr (3), ta duoc:

yux?+1=—yx*+1+C

C
. (4)
X°+1

& y=-1+

Diéu kién: y(0) =1 < x=0thiy=1.
Thay x = 0 vay = 1 vao phtr (4), ta c6 ding thirc ding:
¢ < C=2

Vay, nghiém riéng cia PTVP da cho la: y=-1+ 22 :
xX“+1




Bai tap 7.1: Giai PTVP: xy +(x+1)y=x+1. (1)
+ Xét x = 0: (1) <y = 1. Khi d6, ta c6 dong thoi x = 0 vay = 1. Pay 1a diéu vo ly.
+ Xét x # 0: chia hai vé cua phtr (1) cho X, ta dugc PTVP tuong duong:

X+1 X+1
V= . (2)
X X

y +

Phtr (2) 1a PTVP tt céip mot dag y' + P(X).y = Q(X) véi P(x) = XTH va Q(x) = XTH

Ta co: jP(x)dx = .[XTJrldx =.[(1+%]dx =X+InX.

Do dé: el % Z g _ gx ghnx _y
Nhan hai vé cua phtr (2) véi xe*, ta dugc PTVP tuong duong:

y Xe* + (X +1)e*.y = (X +1)e*
< (yxe*) =(x+1)e*

& yxe* =j(x +1)e¥dx . (3)
Ta tinh tich phan & vé phai cta (3): | = j (X+1)e*dx.
Tich phan tirng phan: u = x + 1 va dv = eXdx. Suy ra: du = dx va v = eX,
Vithé: | = (x + 1)eX — jede =(x + 1)eX— X+ C = xe* + C.

Thay vao phtr (3), ta duoc:

y.xeX=xex+C
< y=1+C/xex

Vay, nghiém tong quat ctia PTVP di cho 1a: y = 1 + C/xe* (voi x #0).

Bai tap 7.2: Gia st y = f(x) 1a nghiém cua PTVP:



- 1
y+2l=—=

thoa didu kién f(1) = 0. Gia tri ctia f(V/e) Ia

A. 2e B. 1/(e? +1) C. 1/¢? D. 1/ 2e.
Phtr (1) 1a PTVP tt cp mot dang Y + P(x).y = Q(X) véi P(X) = % va Q(x) = %

Ta co: _[P(x)dx = j%dx =2Inx=Inx?.

JP(x)dx 2 2

Do do: e =™ =x2,

Nhan hai vé cua phtr (1) véi X2, ta dugc PTVP tuong duong:
y X2 42Xy = %
& (yxt) =
o yxi= .[ %dx

syxi=In|x|+C

<y =[In|x| + CJ/X2
Tirc 13, f(x) = [In [x| + C] / x2.
Tacé: f(1) =0 [In[1] +C]/12=0 < C=0.
Vi thé, f(x) = [In [x]] / X2.

Vay f(+/e) = [In|v/e[]/ e = 1/2e. Ta chon d4p 4n D.

Bai t3p 7.3: Gid siry = f(x) Ia nghiem ciia PTVP y — 1‘3)’(2 0 thoa didu kién f(0) = 1.

Gia tri cua f(1) la:

A 2 B. 2 C. 1/42 D. mot k.qua khac.



Bai tap 7.4: Gia sty = f(x) la nghiém PTVP y + Y _sinx thoa didu kién f(n) = 1. Gia

;
( j

A l+2/x B. -1+2/n C.2/=n D. n/2.
2. Phuwrong trinh vi phdn tuyén tinh cdp hai ¢ hé sé6 hang véi vé phdi
co dang dac biéet.

e Dang tong quat: y +ay +by=f(x), (1)
trong d6 a va b 1a cac hang sb va f(x) 1a ham s lién tuc trong mot khoang nao dé.

e Nghiém téng quét ciia PTVP (1) ¢6 dang y=f(x,C,,C,) (hay ®(x,y,C,,C,)=0) vai
C1 va C2 la hai hing sé tly y.

Nghiém dang y =f(x,C?,C9), nhan duoc tir nghiém tong quat y =f(x,C,,C,) Vvéi cac gia
tri cu thé C, = C? va C, = C9, dugc goi la nghigm riéng cia PTVP (1).

e Pinh Iy: Xét PTVP thudn nhdt twong tng vai phtr (1):
y +ay +by=0. (2)

Néu Y(x) la nghiém tong quét cua phtr (2) va u(x) 1a mot nghiém riéng cuaa phtr (1) thi
nghiém tong quéat cua phtr (1) c6 dang:

y(x) = Y(x) + u(x).

e Cdch giai PTVP khéng thudn nhat:

y +ay +by=f(x). (1)

+ B1. Tim nghiém tong quét Y(x) caa PTVP thuan nhét:



y +ay +by=0. (2)

+ B2. Tim nghiém riéng u(x) ctia PTVP khong thuin nhét (1) tiy thudc vao dang dic biét
cua veé phai f(x).

+ B3. Két luan nghiém tong quat cua PTVP (1) Ia:
y(x) = Y(x) + u(x).

e Cach tim nghiém tong quét cia phtr thuan nhat (2) trong B1.
Phwong trinh dic trung: k?+ak+b=0. (*)

TH 1. (*) c6 hai nghiém thuc ki # kz: nghiém tong quét cua (2) 1a

Y (x) = C,e“* + C,e*2* (véi C1 va C: la hai hang sb bat ky).

TH 2. (*) c6 nghiém kép ko: nghiém tong quét cua (2) 1a
Y(x) =e“*(C, +C,X).

TH 3. (*) ¢6 hai nghiém phirc k = a % if: nghiém téng quét cua (2) la

Y (x) =e*[C, cos(Bx)+C, sin(Bx)] .
e Cach tim nghiém riéng cua phtr khéng thuan nhdt (1) trong B2.

Ta tim nghiém riéng cuaa phtr (1) thy thuoc vao vé phai f(x) c6 mot trong céc dang dic biét
sau day.

TH 1. f(X) = e®*.Pn(X) v6i a 1a hing sb va Pn(X) 1a da thirc bac n cua x.

a. Néu a khong phai la nghiém cua phtr dic trung thi (1) c6 nghiém riéng dang:




u(x) = e**.Qn(x),
trong d6 Qn(x) 1a da thirc bac n cua x.

b. Néu a 1a nghiém don cia phtr dic trung thi (1) c6 nghiém riéng dang:

u(x) = xe*™.Qn(x).

c. Néu a 1a nghiém kép cua phtr dic trung thi (1) ¢6 nghiém riéng dang:

u(x) = x?e™.Qn(x).
TH 2. f(x) =e*[P,(x).cos(Bx)+ Q. (X)sin(Bx)].

a. Néu o £ ip khong phai 12 nghiém cua phtr dic trung thi (1) ¢ nghiém riéng dang:

u(x) =e*[R(x).cos(Bx)+ S(x)sin(Bx)],

trong d6 R(x) va S(x) 1a cac da thirc cua x ¢ bac bang max{m; n}.

b. Néu a % ip 1a nghiém cua phtr dic trung thi (1) c6 nghiém riéng dang:

u(x) = xe*[R(x).cos(Bx) + S(x)sin(Bx)] .

Vi du 7.6: Giai cAc PTVP sau day.
1.y -4y +3y=0.
Ta c6 phuong trinh dac trung:
k? — 4k + 3 =0 < k = 1 hodc k = 3 (hai nghiém thuc phdan biét).

Do d6, nghiém tong quat cia PTVP da cho 1a: Y(x) = Cie™* + Coe%,



2.y +6y +9y=0.
Ta c6 phuong trinh dac trung:
k? + 6k + 9 = 0 < k = — 3 (nghiém kép).
Do d6, nghiém tong quat ciia PTVP da cho 1a: Y(x) = e 3*(Cy + Cox).
3.y +2y +5y=0.
Ta c6 phuong trinh déc trung:
k? + 2k + 5 =0 <> k = — 1 £ 2i (hai nghiém phitc lién hop).

Do d6, nghiém tong quat ciia PTVP da cho 1a: Y(x) = e X(C1c0s2x + C2sin2x).
Vi du 7.7: Giai cac PTVP sau day.
1.y -3y +2y=1+x. (1)
+ B1: Tim nghiém tong quat cua PTVP thuan nhat: y' -3y +2y=0. (2)
Ta c6 phuong trinh dac trung:

k?-3k+2=0«<k=1hoack=2.
Do d6, nghiém tong quat cia PTVP (2) la: Y(X) = C1e* + Cpe?*.
+ B2: Tim nghiém riéng cua PTVP (1).

V& phai cua (1): f(x) = 1 + x = e®(1 + X)
c6 dang f(x) = e*™*.P1(x) vai a =0 va P1(x) = 1 + x 1a da thtrc bac 1 cuaa x.

Ta thay o = 0 khong phdi 1a nghiém cua phtr dic trung.

Do d6, nghiém riéng cua (1) c6 dang:
u(x) = e*.Qi(x) = e*(ax+h)=ax+b
v6ia va b 1a cac hang sd.

Taco: u(x) =a, u(x) =0.



Vi u(x) l1a nghiém cua (1), ta suy ra:

u —-3u+2u=1+x
<0-3a+2@x+b)=1+x

2a=1

= {—Ba y2b=1

<a=1/2vab=>5/4.
Vi thé, u(x) = x/2 + 5/4.
+ B3: Két luan nghiém tong quat caa PTVP (1) la:

y(X) = Y(X) + u(x) = C1* + Co6>* + X/2 + 5/4,
2.y -4y +3y=e*(2x-1). (1)
+ B1: Tim nghiém tong quat cua PTVP thuan nhat: y' —4y +3y=0. (2)
Ta c6 phuong trinh dac trung:
k?-4k +3=0< k=1 hodc k = 3.

Do d6, nghiém tong quat cia PTVP (2) la: Y(X) = C1e* + Coe™".
+ B2: Tim nghiém riéng cua PTVP (1).

Vé phai cua (1): f(x) = e™¥(2x — 1)
c6 dang f(x) = e*.P1(x) vdi a = 1 va P1(x) = 2x — 1 1a da thirc bac 1 cua x.

Ta thay o = 1 1a nghiém don cta phtr dic trung.
Do d6, nghiém riéng cua (1) c6 dang:

u(x) = x.e**.Qu1(x) = x.e*.(ax + b) = eX(ax? + bx)
v6i ava b 1a cac hang sd.
Taco: u'(x) =eX(ax? + bx) + eX(2ax + b) = eX[ax? + (b + 2a)x + b],

u'(x) =eX[ax? + (b + 2a)x + b] + eX(2ax + b + 2a) = eX[ax? + (b + 4a)x + 2b + 2a].



Vi u(x) l1a nghiém cua (1), ta suy ra:

u —4u +3u=e*(2x-1)
< eX[ax? + (b + 4a)x + 2b + 2a] — 4eX[ax? + (b + 2a)x + b] + 3eX(ax? + bx) = eX(2x - 1)
< ax? + (b + 4a)x + 2b + 2a— 4[ax® + (b + 2a)x + b] + 3(ax? + bx) =2x - 1
< (b+4a—4b—8a+3b)x+2b+2a —4b=2x-1

—4a=2

< {Za —2b=-1
<a=-12vab=0.
Vi thé, u(x) = — (1/2)x2%*,
+ B3: Két luan nghiém tong quat caa PTVP (1) la:

y(X) = Y(X) + u(x) = C1e* + Coe¥ — (1/2)x%".
Vi du 7.8: Giai PTVP y +y =5sin2x. (1)
+ B1: Tim nghiém tong quat cua PTVP thuan nhat: y' +y =0. (2)
Ta c6 phuong trinh déc trung:

k?+k=0<k=0hodck=—-1.

Do d6, nghiém tong quat cuia PTVP (2) 1a: Y(x) = C1e%™ + Coe™'¥ = C;1 + Coe ™.
+ B2: Tim nghi¢m riéng cua PTVP (1).

V& phai cua (1): f(x) = 5sin2x = e%(0.c0s2x + 5.5in2x)

c6 dang f(x) = e®.[Po(x).cos(Bx) + Qo(X).sin(Px)] v6i a =0, B =2, va Po(X) =0, Qo(X) =5
la cac da thue bac 0 cua X.

Ta thay o = ip = 0  2i khong phdi 1a nghiém cua phtr dic trung.

Do d6, nghiém riéng cua (1) c6 dang:
u(x) = e*.[Ro(X).cos(Bx) + So(X).sin(Bx)] = e®.(a.cos2x + b.sin2x) = acos2x + bsin2x

voia va b la cac hang so.



Taco: u'(x) =— 2asin2x + 2bcos2x, U (X) = — 4acos2x — 4bsin2x.
Vi u(x) l1a nghiém cua (1), ta suy ra:

u +u =5sin2x
& — 4acos2x — 4bsin2x — 2asin2x + 2bcos2x = 5sin2x

—4a+2b=0
—2a-4b=5

<a=—-12vab=-1
Vi thé, u(x) = — (1/2)cos2x — sin2x.
+ B3: Két luan nghiém téng quat ciia PTVP (1) la:
y(x) = Y(X) + u(x) = C1 + Coe™ — (1/2)cos2x — sin2x.

Bai tap 7.5: Giai cac PTVP sau day:
1.y -2y +y=xe*; 2.y +y=3C0SX.

Bai tap 7.6: Tim nghiém riéng caa PTVP y —2y +2y =4e? thoa cac diéu kién y(0) =1
va y (0)=1.

Bai tap 7.7: Xét PTVP y —4y +4y = x%?*. Khi d6, mot nghiém riéng caa phtr ¢ dang:

A. u(x) = e* (ax*+ bx + | B. u(x) = e”x(ax”+ bx + ¢)

C. u(x) = e”*x*(ax’ + bx + c) D. u(x) = e*x?(ax+ b).

Xét PTVP y —4y +4y =x%*. (1)
Ta c6 phuong trinh ddc trung:

k? — 4k +4 =0 < k = 2 (nghiém kép).



Vé phai cua (1): f(x) = x%?* = e .x2

c6 dang f(x) = e*.P2(X) véi a = 2 va P2(X) = x? 1a da thtrc bac 2 cua X.

Ta thiy o = 2 1& nghiém kép cua phtr dic trung.

Do d6, nghiém riéng cua (1) c6 dang:
u(x) = x2.e*.Q2(x) = x2.e2X.(ax? + bx + ¢)
voia, bvaclacac héng sb.

Vay ta chon dap an C.

Bai tap 7.8: Xét PTVP y +y —2y =e*(2x+1). Khi d6, mot ngh riéng cua phtr cé dang:

A. u(x) = e*(ax+ b) B. u(x) = e (ax2+ bx)

C. u(x) = e*(ax®+ bx + c) D. u(x) = e(ax®+ bx?).

XEétPTVP y +y —2y=e*(2x+1). (1)
Ta c6 phuong trinh ddc trung:
k?+k—-2=0<k=1hoack=—2.

V& phai cua (1): f(x) = e¥(2x + 1) = e™*.(2x + 1)
cd dang f(x) = e**.P1(x) v6i a = 1 va P1(x) = 2x + 1 1a da thac bac 1 cua x.

Ta thiy o = 1 1& nghiém don cta phtr dic trung.

Do d6, nghiém riéng cua (1) c6 dang:

u(x) = x.e®*.Q1(x) = x.e*.(ax + b)
v6i a va b 1a cac hang sd.
Vay ta chon dap an B.

Bai tap 7.9: Xét PTVP y —2y +5y =e*sin 2x . Khi d6, mot ngh riéng cua phtr c6 dang:



A. u(x) = e*(acos2x+bsin 2x) B. u(x) = axe* sin 2x

C. u(x) = e*x(acos2x+bsin 2x) D. u(x) = e*(ax+b)sin2x.

XétPTVP y —2y +5y=e*sin2x. (1)
Ta c6 phuong trinh dac trung:

k? =2k +5=0 <> k = 1 % 2i (hai nghiém phirc lién hop).
V& phai cua (1): f(x) = e*sin2x = e™(0.cos2x + 1.sin2x)

c6 dang f(x) = e*[Po(x).cos(Bx) + Qo(x).sin(Px)] vdi =1, p =2, va Po(x) = 0, Qo(x) = 1
la cac da thue bac 0 cua x.

Ta thay o = ip = 1 + 2i 1& nghiém cua phtr dic trung.

Do doé, nghiém riéng cua (1) c6 dang:

u(x) = x.e®™.[Ro(x).cos(Bx) + So(x).sin(px)] = x.e*.(a.c0s2Xx + b.Sin2x)
v6ia va b 1a cac hang sd.
Vay ta chon dap an C.

Bai tap 7.10: Xét PTVP y —4y +5y =e?sinx. Khi d6, mot ngh riéng cua phtr ¢é dang:

A. u(x) = x(acosx+bsinx)
B. u(x) = xe” (acosx+bsinx)
C. ux)= ezx((a+b)cosx+(cx+d)sin X)

D. u(x) = x((a+b)cosx+(cx+d)sinx).

Xét PTVP y —4y +5y=e*sinx. (1)

Ta c6 phuong trinh ddc trung:



k? — 4k + 5= 0 <> k =2 i (hai nghiém phirc lién hop).

V& phai cua (1): f(x) = e®sinx = 2*(0.cosx + 1.sinx)

c6 dang f(x) = e**[Po(x).cos(Px) + Qo(x).sin(Bx)] voi a =2, B =1, va Po(x) =0, Qo(x) =1
la cac da thue bac 0 cua Xx.

Ta thay o = ip = 2 + i |4 nghiém cua phtr dic trung.

Do d6, nghiém riéng cua (1) c6 dang:
u(x) = x.e*.[Ro(x).cos(Bx) + So(x).sin(Px)] = x.e?*.(a.cosx + b.sinx)
v6ia vab 1a cac hang sd.

Vay ta chon dap an B.
e Pinh Iy (nguyén ly chéng chat nghiém): Xét PTVP khong thuan nhat

y +ay +by=f(x). (1)

Gia str vé phai caa phtr (1) c6 dang ka (X) va uk(x) la nghiém riéng cua phtr:
k=1
y +ay +by=f,(x)

(v6ik=1,2,...,n). Khidd, u(x)= ZUK(X) la nghiém riéng cua phtr (1).
k=1

Vidu 7.9: Giai PTVP y -2y =2cos’*x. (1)
+ B1: Tim nghiém tong quat cia PTVP thuan nhat: y' -2y =0. (2)
Ta c6 phuong trinh dac trung:

k? -2k =0 < k = 0 hoiic k = 2.

Do d6, nghiém tong quat ciia PTVP (2) 1a: Y(X) = C1e% + C2e%* = C1 + Cpe?%.



+ B2: Tim nghi¢m riéng cua PTVP (1).
V& phai cua (1): f(x) = 2c0s®x = 1 + c0s2Xx.
Xét cac PTVP ¢6 vé trai gidng vé trai caa (1) nhung vé phai lan luot 13 1 va cos2x:
y -2y =1, (3)
y —2y =c0s2x. (4)

Khi d6, néu u1(x) 1a mot nghiém riéng cua (3) va uz(x) la mot nghiém riéng cua (4) thi theo
nguyén Iy chong chat nghiém, ta két luan u(x) = u(X) + uz(X) 1a mot nghiém riéng cua (1).

* Tim nghiém riéng cua PTVP (3).

Vé phai cua (3): f(x) =1 =¢e%.1
c6 dang f(x) = e*.Po(X) v&i a = 0 va Po(x) = 1 1a da thirc bac 0 cua x.

Ta thay o = 0 1 nghiém don cta phtr dic trung.

Do d6, nghiém riéng cua (3) c6 dang:

u1(X) = X.e*.Qo(x) = x.e%.a = ax
v6i a hing sb.
Tacd: u;(x) =a, u(x) =0

Vi uz(x) la nghiém cua (3), ta suy ra:

-2u, =1
<0-2a=1
sSa=-1/2.

Vi thé, ui(x) = — x/2.
* Tim nghiém riéng cua PTVP (4).

Vé phai cua (4): f(xX) = cos2x = e%(1.cos2x + 0.sin2x)



c6 dang f(x) = e™.[Po(x).cos(Bx) + Qo(x).sin(Bx)] véi a =0, B =2, va Po(X) = 1, Qo(x) =0
la cac da thure bac 0 cua X.

Ta thiy o + ip = 0 + 2i khong phdi 1a nghiém cua phtr dic trung.

Do do6, nghi¢m riéng cua (4) c6 dang:
Uuz2(x) = e*.[Ro(X).cos(Bx) + So(x).sin(Px)] = e%.(b.cos2x + ¢.sin2x) = bcos2x + csin2x
v6i b va ¢ 1a cac hang sd.
Tacd: u,(x) =— 2bsin2x + 2ccos2x, U,(X) = — 4bcos2x — 4csin2x.
Vi uz(x) la nghiém cua (4), ta suy ra:

U, —2U, = C0S 2X
& — 4bcos2x — 4csin2x + 4bsin2xX — 4CC0S2X = C0S2X

—4b-4c=1
—4c+4b=0

< b=-1/8vac=-1/8.
Vi thé, ux(x) = — (1/8)cos2x — (1/8)sin2x.
Vay nghiém riéng cta (1) 1a u(x) = u1(x) + u2(x) = — x/2 — (1/8)cos2x — (1/8)sin2x.
+ B3: Két luan nghiém tong quat caa PTVP (1) la:
y(X) = Y(X) + u(x) = C1 + C26¥ — x/2 — (1/8)cos2x — (1/8)sin2x.
Bai tap 7.11: Ta di biét d6 co din cua ciu theo gia la

. -dQ/Q _dQ P
® dr/P dP'Q’

trong do P 1a gia ban va Q la luong ciu tuong Ung. Cho biét € = (—4P2 — 12P)/Q va luong
cau & mirc gia P =10 14 300. Tim phuong trinh ham cau.

Ta co:

g = (—4P% - 12P)/Q



dQ P —4P2-12p
o< _=—"__""
dP Q Q
& dQ = (~ 4P — 12)dP.
L4y tich phan hai vé cua phtr trén, ta duoc:

[dQ=[(-4P-12)dP

< Q=-2P2-12P + K (véi K 1a hing sb).

Gia thiét: luong cau ¢ mirc gia P =10 14 300, c6 nghia 1a P = 10 thi Q = 300.
Do d6: 300 =—2.10%> — 12.10 + K. Suy ra K = 620.

Vay phuong trinh ham cau 1a Q = — 2P2 — 12P + 620.
Bai tap 7.12: Mot xi nghiép san xuat mot loai hang hda va c6 ham chi phi bién Ia
MC(Q) = 0,03Q?% - 4Q + 200,

trong d6 Q la mirc san lwong. Biét rang néu Q = 10 thi chi phi cua xi nghiép 1a C = 2000.
Tim ham chi phi ctaa xi nghiép nay.

* Bai tap lién quan dép giai phuong trinh vi phan trong sach Bai tdp Toan Cao cap: cac
trang 233 va tir 244 den 247.



VIII.Dao ham riéng va cuc tri cia ham nhiéu
bién

1. Mién xac dinh cua ham nhiéu bién.

Khoéng gian: R? ={(x,y):xe R,y e R}.
Khéng gian: R®={(x,y,z):xeR,yeR,zeR}.
Khéng gian: R" ={(X;,X,,....x,): X, e R,X, eR,...,x, e R}.

Cho tap khac rong D  R". M6t anh xa f di tr D vao R duoc goi la ham n bién.
Ky hiéu:

f: D — R v6i (X, X,00X, ) €D u=F (X, X,,...x, ) eR.
Tap D duoc goi la #tdp xdc dinh cua ham f.
Thong thuong, ham n bién duoc cho bing cong thirc u = f(x1, Xz, ..., Xn). Khi do,
tap xac dinh cia ham s6 nay la

D= {(xl,xz,...,xn)eR” 1 (Xy, X5, X, ) €O nghia}.

Vidu 8.1: 1. Him s6 z = f(x, y) = x? + 2xy — y? + 1 ¢6 tip xac dinh D = R?.

2. Him s u =f(x, y, 2) = \/1—x2 —y?—7% ¢0 tap xac dinh la

D= {(x,y,2) eR*x*+y* +2° <1,

3. Ham doanh thu R =(Q , Q ) = 100Q_ +50Q , véi Q va Q_lan luot I

san pham loai | va loai 1, c6 tap xac dinh

D= {(Q.Q,)eR*:Q,20,Q,>0}.

2. Pao ham riéng.

e Dinh nghia: Cho ham sb z = f(x, y) xac dinh tai moi (x, y) gn diém cé dinh (a, b).



+ Dao ham riéng ciia ham sé z = T(X, y) theo bién X tgi (a, b), ky hiéu f_(a,b), duoc xac
dinh boi gidi han hitu han sau day:

£ (ab)=lim XP)=f@b) _ ;. f@+Axb)-f(ab)
x—a X—a Ax—0 AX

+ Dao ham riéng ciia ham sé z = T(X, y) theo bién y tgi (a, b), ky hiéu f;, (a,b), duoc xac
dinh boi gidi han hitu han sau day:

: _nmf@y)-f(ab) . f(ab+Ay)-f(ab)
i L v e VA

Mot s6 ky hiéu khac dé chi f,(a,b): z (a,b), g—i(a, b), g—)z((a, b).

Dé chi f)'( (X,y), tacod thé dung mot trong cac ky hiéu: f)'(, ﬂ - oz

v 2y
OX OX

e Nhan xét: Dé tinh f)'( . ta xem y nhu hing sb va tinh dao ham theo bién x nhu binh thudng.

Dé tinh f;, . ta xem x nhu hing sb va tinh dao ham theo bién vy nhu binh thudneg.

Vi du 8.2: Cho ham f(x, y) = 3y — 2x%?2 + xy*. Tinh f,, f,, f,(1,2) va f (2,-1).
Ta co:
f, = 3x%y —dxy? + V5,
f,=x® - 4x%y + 3xy?,
f(1,2)=3.122 4122+ 28=-2,

f,(2,-1) =28~ 422.(~1)+3.2.(~1)2 = 30.

e Mot cach tuong tu, ta c6 thé mé rong khai niém dao ham riéng cho cac ham sb c6 nhiéu
hon hai bién.

Vi du 8.3: Cho ham u = 2x%yz — xy?z® + 3yz2. Tinh 4, QU OU s U o g gy,
x' oy oz oy

Ta co:



0
8_[;/ = 2%z — 2xyz> + 3722,

ou

= 2x%y — 3xy%z? + 6yz,
82 y = 3XYy y

a—u(z’l’ ~1) =2.22(-1)=2.2.1.(-1)3 + 3(-1)2=—1.

3. Pao ham riéng cap cao.

e Dinh nghia: Cho ham s6z= f(x, y) c6 cac dao ham riéng cép mot: Z'X va Z'y . Khi d6, cac

dao ham riéng cia z, va Z'y duoc goi la cac dao ham riéng cap hai ctia ham z. Ky hi¢u:

'y 0z _0(oz) - _, .\ 0’z o (éoz
Z,x :(Zx)x hay _=_(—], Zyy :(Zy)y hay —zz—[_]’

ox*  ox| ox oy’ oyl oy
_ 0’z ooz _ 0’z ooz
=z, hay oo = 6y[6xj =(2,)hay oo ax(ayj

Tuong tu, ta c¢6 thé dinh nghia cic dao ham riéng cdp cao hon cdp hai ciia ham z.
Vi du 8.4: Cho ham z = 2x?y + xy® — e¥. Tinh cac dao ham riéng cip hai cua z.
Ta co:
Z, = 4xy + Y3 —ye9, [giai thich: (€"), = (Xy),€¥ =y.e?]
z, = 2x%+3xy?—xe¥,  [gth: (e¥), =(xy),e¥ =xe¥]
Zy = (Zo)x =4y —y.ye¥ = 4y —y%e9, [gth: (ye™), =Y.(e¥), =y.y£e”]
z,, = (z,), = 6xy — x.xe% = 6y — X%, [gth: (xe*), =x.(¥), =x.x¥]
Z,y = (2,), = 4x + 3y’ —e¥ —y.xe¥ = 4x + 3y? — (1 + xy)eY,
[oth: (ye), =1e¥ +y.(e¥), =¥ +y.xe¥]
Z, = (2,), =4x+3y?—eY - x.ye¥ = 4x + 3y? — (1 + xy)e".



[gth: (xe¥), =167 +x.(e¥), =e¥ +x.y.e¥]

Do d6 z,, = z,,.

Vi du 8.5: Cho ham u = z2(3x? — 4xy®). Tinh u_,(1,2,3).

XyzZ
Ta co: u = 3x%z% - 4xy3z2. Do do:
u, =6xz2-4y%2?,
(U'x)' = - 12y%7?,
xyz [(ux) ]z - 24y22’
' (1,2,3) =-24.22.3 = — 288.

xyz
e Pinh ly: Néu ham f theo n bién c6 cac dao ham riéng dén cap n lién tuc trong mét Ian can
ctia diém M thi dao ham hdn hop cip n tly y tai diém M khéng phu thudc vao tha tu cua
cac bién duoc ldy dao ham riéng.

4. Dao ham riéng cua ham hop.

e Cho ham sé z = f(x, y) c6 cac dao ham riéng lién tuc theo bién x va y; x = x(r, s) vay =
y(r, 5) 1a cac ham s6 c6 cac dao ham riéng lién tuc theo bién r va s. Khi d6, ham sb hop z =
f(x(r, s), y(r, 8)) = z(r, s) ¢ cac dao ham riéng theo bién r va s. Hon nita, ta co:

0z 0z Q oz oy
ar ox or 6y or’
oz_oz ox o1y
ds Ox s oy &s’

e Diac biét, vai z = (X, y) sao cho x = x(t) vay = y(t) ta cé z = f(x(t), y(t)) = z(t) va

dz oz d_x oz dy
dt ox dt 6y dt



Vidu 8.6: Cho ham z = 2x3y? + xy3, x = r’s va'y = rs. Tinh 0z/or va 0z/0s.
Vidu 8.7: Cho ham z = In(x + 2y), x = 3t? — t va y = t%2. Tinh dz/dt.

Bai tap 8.1: Tinh cac dao ham riéng cip hai ctia ham sb:
1. f(x, y) = In(2x% + y?),
2. f(x,y)= e,

£ (2x*+ y*), _ 4

X 2 2 2 2
2X°+y 2X°+y

Yo 2xP+yr 2xP+ y?

f" = (fI )‘ — 4X _ 4(2X2 + yz)_4X4X _ _8X2 +4y2
XX x/x 2%2 + y2 N (2X2+ y2)2 (2X2+ y2)2 )
fio=(f) = ax ) _0.(2x%+ y*)-4x2y  —8xy .
Xy Vol 2x2+ y? , (2x2+ y2)2 (2X2+ y2)2 yx = Txy
f. =) = 2y | :2.(2x2+ y2)_2y_2y: 4X2—2y2
vy (y)y 2x2 2 ’ 22 , v

X"+ y° ), (2 + y?) (2 + y?)

¢

y

2. f, (ezxy)'x=(2xy)'x.ezxy:2ye2"y,
(

e )y = (2xy), %Y =2xe®,

f. = (fx)x = (2y62xy )X — 2y.(62xy)‘x _ 2y.2ye2xy _ 4y2egxy’

XX

fy=(F), =(2ye™ )y = 2679 +2y.(6%Y), = 267V + 2y.2x£%Y = (2+4xy)e?V

—h

yX = ny !

f, =(f,), = (2xe2xy )y = 2x.(6%Y), = 2x.2xe™Y = 4x%e?Y .

5. Vi phdn cdp mét va cdp hai.

e Cho ham sb z = f(x, y) ¢6 cac dao ham riéng cip mét lién tuc. Khi do, vi phan (toan
phan) cap mgt cua ham z la:



dz =f,dx+f dy.

e Cho ham z = f(x, y) c¢6 cac dao ham riéng cip hai lién tuc. Khi 40, vi phdn cdp hai cua
ham z la:

d?z =f,dx* + 2 dxdy +f dy?.

Vi du 8.8: Cho ham z = 4x?y + xy® — 3xy. Tinh dz va d?z.
Ta co:
Z,=8xy +y°® -3y,
z, = 4x% + 3xy? - 3x,
Zy = (Z,)x =8Y,
2y = @), = 6%,
Z,, = (2,), = 8x +3y?-3.
Do d6: dz = z,dx + z,dy = (8xy +y* — 3y)dx + (4x? + 3xy? — 3x)dy,
d’z = z,, dx® + 2z, dxdy + z,, dy?

= 8ydx? + 2(8x + 3y? — 3)dxdy + 6xydy?.

Bai tap 8.2: Tim vi phan toan phan ciia ham sb: f(x,y) = In(5+ x%y?).

Ta Cé' f — (5+ X8y3)lx — 8X7y3
Y 54 xByd 54 xByR

.5+ XYY, 3xPy?

f = = )
Y 54 x%y? 54 x%yP
) . ) B 8X7y3 3X8y2
Do do: df = f,dx + f, dy = 51 XY dx + 51 Xy dy.

Bai tap 8.3: Tim vi phan cip mot va cip hai cia ham s6: z = x%¥.

Ta co:



Z,=4x%%,
z, = 2x*e?,
z,, = (z,), =12x%%,
z,, = (z,), = 4x%e?,
Z,y = (z,), = 8x%?.
Do do: dz= z, dx + z,dy = 4x%dx + 2x*edy,
d’z = z,, dx? + 2z, dxdy + z,, dy?
= 12x%e¥dx? + 16x3e¥dxdy + 4x*e?Vdy?.
Bai tap 8.4: Tim vi phan toan phan cua ham sé:
1. f(x,y) = x+y—3¥xy tai (1, 8),
2. f(x,y) = x¥ tai (1, 4).
Bai tap 8.5: Tinh cac dao ham riéng cap hai cua ham sé:
1. f(x,y) = In(2x? + 3y?),
2. f(x,y) =e¥,
6. Cuc tri ciia ham hai bién.
6.1 Cuec tri (dia phwong).
Cho ham z = f(x, y) x4c dinh tai moi (x, y) gan (a, b). Ta ndi:
+ ham f dat cwe dai (dia phwong) tai (a, b) néu véi moi (x, y) dit gn (a, b) ta co:
f(x, y) < f(a, b),
+ ham f dat cwe tiéu (dia phwong) tai (a, b) néu v6i moi (x, y) du gan (a, b) ta co:

f(x, y) 2 f(a, b).



Cuc dai va cuc tiéu duogc goi chung 1a cuwe tri.

Vidu 8.9: 1. Ham z = x2 + 2y2 dat cuc tiéu tai (0, 0).

2. Ham z = xy khong dat cuc tiéu va khong dat cuc dai tai (0, 0).

e Dinh [y (diéu kién cin cia cwe tri): Néu ham sb z = f(x, y) dat cyc tri tai (a, b) va f co
cac dao ham riéng tai (a, b) thi

f.(a,b)=0 va f;(a, b)=0.
Diém (a, b) sao cho f,(a,b) = f;, (a,b) =0 duoc goi 1a diém dirng cia ham z = f(x, y).

e Dinh Iy (diéu kién da cia cwe tri): Cho ham z = f(x, y) c¢6 cac dao ham riéng cip hai
lién tuc tai moi diém (x, y) gan diém dung (a, b). Xét ma trdn Hesse:

(e b) = [fxx (ab) f,(a, b)]

f:(ab) f(ab)

va dit Hi = f,.(a,b) va Hz = |H(a, b)|. Khi 6, ta c6:

néu Hi < 0 va Hz > 0 thi f dat cuc dai tai (a, b),
néu Hi > 0 va H > 0 thi f dat cuec tiéu tai (a, b),

néu Hy < 0 thi f khong dat cwe tri tai (a, b) (ta n6i (a, b) 12 diém yén ngwa cua f),

el A

néu Hz = 0 thi ta chwa thé két luan dwgc gi vé cure tri tai (a, b) ma can phai xét
thém.

Vi du 8.10: Tim cuyc trj ciia cac ham s6 sau:
1. z=—x>=-2y? +4x + 1,
2. z=x3+y3-3xy,

2
3.z2= x+y—+l+2.
4x 'y

1l.z=—x>-2y?> +4x + 1.



. |2z =0 {—2x+4:0 {x:z
: = = .
z, =0 —4y =0 y=0

Do d6, ham sb c6 mot diém dung: (2, 0).

=0, 2., =—4.

* - "
Z 2,2 vy

XX Xy

-2 0
+ Tai (2, 0), taco: H= :
0 -4

Hl :—2 < O
H, =|H|=(-2).(-4)-0.0=8>0

= ham sé dat cuc dai tai (2, 0).
2.2=x3+y3—3xy.

L]2x=0  [3x?-3y=0 |Y=X
A 2
3y2—3x:0 3(x2) -3x=0

= =
3x*-3x=0  |3x(x®-1)=0

y:x2 {XZO {XZl
= = Vv .
x=0vx=1 y=0 |y=1

Do d6, ham sb c6 hai diém dirng: (0, 0) va (1, 1).

* Zy =6X, Zyy =3, 2,y = 6y.

0 -3
+ Tai (0, 0), taco: H= ,
-3 0
Ho=H/=-9<0

= ham sd khong dat cyc trj tai (0, 0).



6 -3
+ Tai (1, 1),taco: H= ,
-3 6
H,=6>0
H, = |H| =6.6—(-3).(-3)=27>0

= ham sé dat cuc tiéu tai (1, 1).

2
3.z= X+Z_x+%+2' Piéu kién: x #0vay £0.)

_d _p

* ZX:O@ 4x2 {y2:4x2

z,=0 2y 1 4 2y = 4x
4x y2

2
v’ =4(y*12) {yz =y* {yz(y“l)—o
e f—

x:y3/2 x:y3/2 x:y3/2
y=%1 {x=1/2 {x:—llz

= = v .
Xx=y3/2 y=1 y=-1

Do d6, ham sb c6 hai diém dung: (1/2, 1) va (—1/2, —1).

2 2
. _ w2y y
w2 3 1 2
e A Ve

4 -2
+ Tai (1/2,1),tacé: H= ,
-2 3

H,=4>0
H, =|H|=12-4=8>0

= ham sé dat cuc tiéu tai (1/2, 1).



-4 2
+ Tai (—1/2,-1),taco: H =( 5 3)’

H;=-4<0
H, =|H|=12-4=8>0

= ham sb dat cuc dai tai (—1/2, —1).

Bai tap 8.6: Tim cyc tri cua cac ham so sau:

1.

2.

z=—x3+8y* + 6xy,

z = x%+y% - 6xy,
z=xy’(1 = x—y) voiy #0,
z=xe¥ + X3 +2y% — 4y,
z=—3x?+2eY -2y +3,

z = In(2xy) + 2y? — 2xy — 6y.
z=—x%+8y% + 6xy.

. 2
*{ZX=O {—3x2+6y=0 y=x"/2
O<:> =

2
v 24y> +6x =0 | 24(x*/2) +6x=0

y=x2/2 y=x2/2 {y:lez
= = =
6x*+6x=0 |[6x(x*+1)=0 [x=0vx=-1
x=0 [x=-1
= Vv .
y=0 |y=1/2
Do d6, ham sb c6 hai diém dirng: (0, 0) va (-1, 1/2).
* 2, == 6X, 2,y =6, 2, =48y.

0 6
+ Tai1 (0,0): H= ,
6 0



H2 = [H| = — 36 < 0 = ham s6 khong dat cuec tri tai (0, 0).

+T.g;i(—1,1/2):H=(6 6}
6 24

H1:6>0
H, =|H|=6.24-6.6>0

— ham sd dat cuc tiéu tai (-1, 1/2).

2. Z=X2+y> - 6xy.
z'X=O 2x—-6y=0 X =3y
T a2 Va2
z,=0 3y--6x=0 3y“-6.3y=0
X =3y X =3y x=0 |[x=18
= = = v .
y(y-6)=0 [(y=0vy=6 (y=0 [y=6

Do d6, ham sb c6 hai diém dung: (0, 0) va (18, 6).

* Zy =2, Zyy =6, 2, = 6y.
2 -6
+Tai(0,0):H:( . oj’

H, = |H| = — 36 < 0 = ham sb khong dat cuc tri tai (0, 0).

2 —6
+ Tai (18, 6): H= ,
—6 36

H1:2>0
Hy =|H|=2.36-6.6 >0
— ham sb dat cuc tiéu tai (18, 6).
3. z=xy(1 —x—y)=xy? —x%? —xy> véiy # 0.

. {zx —OQ{yZ—nyz—y3:0 @{yz(l—ZX—y):O
' 0

z,=0 |2xy—2x%y-3xy’= Xy(2-2x-3y)=0



1-2x-y=0 1-2x-y=0
& &
x(2-2x-3y)=0 X=0v2-2x-3y=0

1-2x-y=0 [1-2x-y=0
& Y%
x=0 2-2x-3y=0

x=0 ([x=1/4
= \V4 .
y=1 |y=1/2
Do d6, ham sb c6 hai diém dung: (0, 1) va (1/4, 1/2).

* Zy == 2¥% Z;(y =2y — 4xy - 3y?, z;,y = 2X — 2X2 — BXy.

-2 -1
+Tai (0, 1): H= :
-1 0
H2=|H| = — 1 <0 = ham s6 khong dat cuc tri tai (0, 1).
~1/2 -1/4
+ Tai (1/4, 1/2): H = :
-1/4 -3/8
H, =-1/2<0
H, =|H|=3/16-1/16>0
= ham s6 dat cuc dai tai (1/4, 1/2).

4. z=xe¥+x3+2y?—4y.

L |2=0_ [ e3xt=0
z'y:O xe¥ +4y—4=0
Véimoix,y eR, tacé:
e¥>0va3x?>0=e¥+3x>>0.

Do d6, hpt trén v6 nghiém. Vay, ham sb da cho khong c6 cuec tri.

5. z=—3x2+2e¥ -2y +3.



z,=0 [-6x=0 {x=0
e = =N :
z,=0 2 -2=0 y=0

y
Do d6, ham sb c6 mot diém dung: (0, 0).

* Zyy =76, Zyy =0, 2, = 2¢V.

-6 0
+ Tai (0, 0), tacod: H= :
0 2
Ho=H|=-12<0

= ham s khong dat cyc trj tai (0, 0).

6. z = In(2xy) + 2y?2 — 2xy — 6y. Diéu kién: xy > 0.

: ﬂ—Zy:O
{ZXO 2xy
1, < 2X
zg=0 12X L4y 2x-6=0
2Xy
1 1
—-2y=0 X=_-
X Y 2y
1 1 1
—+4y-2x-6=0 —+4y—-—-6=0
y y y
1
X=— =1/3
< 2y @{X_;’/z.
ay-6-0 =Y

Do d6, ham sb c6 mot diém dung: (1/3, 3/2).

! 1 " -- 1
Zyy=——, 2y, =—2, 2y, =——+4.
XX N X vy yz

9 2
+ Tai (1/3, 3/2),taco: H= :
-2 32/9

Hy=[H|=-36<0



— ham s6 khong dat cuc tri tai (1/3, 3/2).

Bai tap 8.7: Tim cuc tri ctia c4c ham sé sau:

1. f(x,y) =x+y+ (1/xy),
2. f(x,y) =x3-12xy + 8y?,

3. f(x,y)=x*+y*-2x2 -4y +5vsi x>0,y > 0.

6.2 Cuec tri toan cuc.
Cho ham z = f(x, y) xac dinh tai moi (x, y) thudc mién x. dinh D va (a, b) € D. Tanéi:
+ ham f dat cwe dai toan cuc (dat gid tri I6n nhdf) trén D tgi (a, b) néu
f(x, y) <f(a, b), véi moi (x, y) € D;
+ ham f dat cwc tiéu toan cuc (dat gid tri nhé nhat) trén D tai (a, b) néu
f(x, y) = f(a, b), véi moi (x, y) € D.
Cuc dai toan cuc va cuc tiéu toan cuc duogc goi chung 1a cwe tri toan cuc.

e Pinh Iy (diéu kién d ciia cwe tri toan cuc): Cho ham z = f(x, y) ¢ cac dao ham riéng
cap hai lién tuc trong mién D < R? x4c dinh béi:

D={(x,y)eR2:x>O,y>O}.

Gia st (a, b) 1a diém ding cua f. Xét ma trdn Hesse:

fo(xy) T (xy)
H(X’y):[f;x(x,y) f;'y(x,y>]

va dit Hi(x, y) = f (X,y) va Hz (X, y) = [H(X, y)|. Khi d6, ta co:

1. néu Hi(x,y) <0vaHax,y) >0V (x,y) € D thi f dat cwe dai toan cuc (dat gtln)
trén D tai (a, b),



2. néu Hi(x,y) >0 vaHx(x,y)>0V (x,y) e D thi f dat cuc tiéu toan cuc (dat gtnn)
trén D tai (a, b).

Vi du 8.11: Tim cuc tri toan cuc cta h. s6 z = 3x¥3y¥® —x—0,02y trén mién x >0,y > 0.

. 1 233 ,_
*{szog eyl {x2/3y“=1

2y =0 3x]/3-%Y‘2/3 ~002=0 Xy*E=002

x‘zy =1 y= x?
& &
xy~2 =0,023 x =0,02%y?

2
y=X y = x2 {x:50>0

& 5 & S :
x=0,02°(x°) x(0,02%x3-1)=0  |y=2500>0

Do d6, ham sb c6 mot diém dung: (50, 2500).

x 7 = —gx‘5/3y1/3, Z:(y _1 x23y~23 Z;/y _ 2 X3y 513
3 3 3
2 x5/3y¥3 1 X 2323
Taco: H= . 3 3 5 ,
—2/3,,-2/3 Y3, ,-5/3
=X Y
3 4 3 4

H, :_gx‘%y]/3 <0,vx>0,y>0

2 _ 2 _ 1 o3 931 53 _
H, :|H|:—§x 5/3y]/3.(—§x]/3y 5/3j—§x 2/3y 2/3.§x 2/3y 2/3

_ g x~43y~4/3 _ % X3y 413 _ % x~43y43 50, vx >0,y > 0.

Vay, ham sd dat cuc dai toan cuc (dat gtln) trén mién x > 0, y > 0 tai (50, 2500).

6.3 Cuec tri rang budc ciia ham sé theo hai bién sé thuec.



Xét bai toan tim cuc tri (hoac cuc tri toan cuc) cia ham z = f(x, y) véi rang budc:

a(x, y) = do.

Truéc hét, ta lap ham Lagrange:

L(X’ Y, }\') = f(X1 y) + }\[gO - g(X, y)]’
trong d6 A duoc goi la nhan t# Lagrange.
e Pinh ly (diéu kién can cia cwc tri co rang budc): Gia si ham sé z = f(x, y) dat cuc tri

véi rang buoc g(X, y) = go tai (a, b). Hon nira, cac ham f va g c6 cac dao ham riéng tai (a,
b). Khi do, tn tai Ao thoa cac diéu kién sau:

L, (a,b,A,)=0, L'y(a, b,A,)=0, L, (a,b,A,)=0.
Piém (a, b, Ao) thoa hé phwong trinh trén duoc goi la diém dirng cia ham Lagrange L.

e Pinh Iy (diéu kién da caa cwc tri co rang budc): Cho ham Lagrange L(X, y, A) c6 cac
dao ham riéng cap hai lién tuc tai moi diém (x, y, A) gan diém dung (a, b, Lo). Xét ma trgn
Hesse bao:

L Ly La
H=|L, L, Ly,
L .

AX ny LML

va dat

Khi d¢, ta co:



1.néu Hi <0 va H2 >0 tai (a, b, Ao) thi f dat cwe dai tai (a, b) véi r. budc g(x, y) = go,

2.néu Hi <0 va H2 <0 tai (a, b, Ado) thi f dat cuc tiéu tai (a, b) véi r.budc g(x, y) = go,

3.néu Hi <0 va Hz >0 tai moi (x,y) € D vamoi A € R thi f dat cuc dai toan cuc (dat
gtin) trén D tai (a, b) véi rang buéc g(x, y) = go.

4.néu Hi <0 va Hz <0 tai moi (x,y) e DvamoeiA e R thi f dat cuc tiéu toan cuc (dat

gtnn) trén D tai (a, b) véi rang buéc g(x, y) = go.
Vidu 8.12: Tim cuc tri caa:

1. ham sé z = 3x% - 5y véi rang budoc x +y = 1,
2. hamséz=1—-x -2y védi rang budc 2x2 +y2 = 1.
1. Céch 1: Phuong phap thé.
Turangbuocx +y=1,tasuyray =1-x.
Thay vao ham z, ta duoc z = 3x2 — 5(1 — X) = 3x? + 5x — 5.

* dz/dx = 6x + 5,
dz/dx = 0 < x = -5/6.

* d?z/dx? = 6.

dz (-5

Rl Ry
dx[ 6 )

d?z (-5
W(?}O

— ham sb z = 3x% + 5x — 5 dat cuc tiéu tai x = —5/6.
Do d6, h. sb z = 3x2 - By dat cuc tiéu tai (X, y) = (-5/6, 11/6) véi r.buoc x +y = 1.

Ta co:

Cach 2: Phuong phap nhan tir Lagrange.
* Ham Lagrange: L(X,y, A) = 3x? =5y + A(1 - x —-).



—= ham L ¢6 mot diém ding (X, y, 1) = (-5/6, 11/6, -5).
* Ly =6, Ly =0, Ly, =-1,

Ly =0, Ly, =0, Ly, =-1,

Lo =-1, Ly =-1, L;, =0.

Tai (X, y, &) = (=5/6, 11/6, =5), ta c0:

6 0 -1
H=|{0 0 -1},
1 -1 0

= h. s6 z = 3x? - By dat cuc tiéu tai (X, y) = (-5/6, 11/6) véi r. buoc x +y = 1.

2. *Ham Lagrange: L(X,y, A) =1 —x—2y + (1 -2x? - y?).

Ly=0  [-1-4xx=0 X =1/ 4\

*Ly =0 {-2-20y=0 < {y=-1/2
L, =0 (1-2x*-y*=0  [1-2(-1/41)* - (-1/1)* =0
x=_1/4n |x==/216 [x=+21/6

o dy=-1/r o {y=-242/3v{y=2J2/3
2A2=9/8 A=3/242 |[A=-3/22

— ham L c6 hai didm dimg (x, y, ) = (—/2 16, -24213, 3/ 24/2);
x,y, 1) =(~216, 24213, =3/ 24/2).



* Loy =—4h, Lyy =0, Ly, =—4x,

Ly =0, Ly =-2A, Ly, =-2y,

Ly =—4x, Lyy =-2y, Lj, =0.
+Tai (X, y, \) = (216, —2+/213, 3/2/2), ta co:

6/\2 0 24213
H=| 0 =3/\V2 4J2/3],
2213 4213 0

—6/2 24213
24213 0
ﬁ2=‘ﬁ‘:12\/§>0

=-8/9<0

— h. s6 z dat cuc dai tai (X, Y) = (—/2 /6, —2/2/3) véi 1. buoc 2x2 + y? = 1.

+Tai (X, y, &) = (216, 24/213, =3/ 2/2), ta c6:
6//2 0 -242/3
H=| 0 32 -4213],
—2\J213 4213 0

6/J2 24213
—2J213 0
H, =H:—12\/§<0

=-8/9<0

— h. 6 z dat cuc tidu tai (X, y) = (V2 /6, 24/2/3) véir. buoc 2x2 +y? = 1.

Vi du 8.13: Tim cuc tri toan cuc cua cac ham s6 z = x2 + y2 — xy + x + y — 4 trén mién R?
véirang bugc x +y + 3=0.

* Ham Lagrange: L(X,y, 1) = X2 +y2—xy + x +y — 4 + A(X + Y + 3).



Ly =0 2X—y+1+A=0 X=-3/2
* L'y:0<:> 2y —X+1+A=0 & Jy=-3/2
I_IK:O X+y+3=0 A=1/2

= ham L ¢6 mot diém dimg (X, y, 1) = (-3/2, -3/2, 1/2).
* Loy =2, L"Xy =—1, L, =1,

Lyx

Ly =1, Lyy =1, L, =0.

=-1, L, =2, Ly, =1,

Ta co:
2 -11
H=|-1 2 1},
1 1 0
— 21 )
H1=1 0=—1<0,V(x,y)eR , Vi eR

Hz=|H|=-6<0,%(x,y) e R? VA eR

= h. s6 z dat cuc tiéu toan cuc (dat gtnn) trén mién R? tai (X, y) = (-3/2, -3/2)
véirang buéc x +y + 3 =0.
6.4 Mot s6 bai toan cuc tri trong kinh té
Vi du 8.14: Mot cong ty keo san Xl;lét hai loai keo A va B, va c6 chi phi trung binh lan luot
1a2 USD va 3 USD trén mot kg. SO luong (tinh theo kg) ctia cac san pham loai A va B ban
dugc moi tuan lan luot 1a Q1 va Q2, va dugce cho boi

Q1 = 400(P2 - P1) va Qz = 400(9 + P1— 2P2),

trong d6 P1 va P2 lan lugt la gid ban (tinh theo USD trén mét kg) cua A va B. Hay xac dinh
gia ban ciia moi san pham dé toi1 da hoa lgi nhuéan P cua cong ty.

Ta can tim P1 > 0, P2 > 0 sao cho ham lgi nhuan

P=R-C=P1Q1+P20Q2-20Q1-3Q2
= P1.400(P2 — P1) + P2.400(9 + P1 — 2P>)



—2.400(P2 — P1) —3.400(9 + P1—2P>)

dat gia tri 16n nhat.

*

Po =0 (400(P,-2P,)+400P,.1-800.(~1)~1200.1=0
=
P, =0 |400P.1+400(9 +P; ~4P;) ~800.1-1200.(-2) =0

—800P; +800P, — 400 =0 P,=55>0
= .
800P, —1600P, +5200=0  |P, =6>0

* PP1P1 = —800, Pp1p2 = 800, Pp2p2 = —1600 .

, ~800 800
Taco: H= )
( 800 —1600)

H,=-800<0,vP, >0,P, >0
H, =|H| =800.1600-800° > 0,¥P, >0,P, >0

Vay, loi nhuan P dat gia tri 16n nhat trén mién P1 > 0, P2 > 0 tai (P1, P2) = (5,5; 6).

Nghia 12 v6i gid ban P1 = 5,5 va P2 = 6 cua keo loai A va B, 1gi nhuén P cua cong ty
dat gia tri to1 da.

Vi du 8.15: Gia sir mot cdng ty c6 mot don dat hang gdm 200 don vi san pham va mudn
phan phdi viéc san xuat giira hai nha may caa minh: nha may 1 va nha may 2. Goi Q1 va

Q2 lan Iuot 12 s6 san pham san xuat dugc cua nha may 1 va 2, va gia sir ham tong chi phi
duoc cho boi:

C(Q1, Q2) = 2Q7 +Q,Q, +Q; +200.
Tim san lugng dau ra Q1 va Q; dé tong chi phi nho nhét.

Ta can tim Q1 > 0, Q2 > 0 sao cho ham chi phi
C = 2Q7 +Q,Q, +Q3 +200

dat gia tri nho nhat voi rang bude Q1 + Q2 = 200.



* Ham Lagrange: L(Q1, Q2, 1) = 2Q? +Q,Q, +Q3 +200 + A(200 — Q1 — Qo).

Lo, =0 (4Q,+Q,-2=0 Q,=50>0
* Lo, =0 < {Q+2Q,-1=0 < {Q,=150>0
L, =0 200-Q,-Q, =0 A =350

= ham L ¢6 mét diém dirng (Q1, Q2, 1) = (50, 150, 350).
* LQ1Q1 - 4’ LQ1Q2 :1' LQ17L - _1'

LQle =1, LQzQz =2, LQz7L =-1
LKQl :—1, L7\«Q2 :—1, I_“}\’K :O.

Ta co:
4 1 -1
H=l1 2 -1|,
-1 -1 0

H1<0,vQ,>0,Q,>0,vAeR
Hz=|[H|=-4<0,vQ; >0,Q, >0,vA eR

— ham chi phi C dat cuc tiéu toan cuc (dat gtnn) trén mién Q1 > 0, Q1 > 0 tai
(Q1, Q2) = (50, 150) vai rang bugc Q1 + Q2 = 200.
Vay, véi san lugng dau ra Q: = 50 va Q; = 150 thi tong chi phi cua c. ty nhé nhit.
Bai tap 8.8: Gia sir mot xi nghiép san xuat mot loai san pham va ban tai hai thi trudng tach

bigt: thi truong 1 va 2. Gia sir don gia ban tai thi truong 1 va 2 1an lugt 1a Py =7 va P2 = 6,
va tong chi phi 1a

C(Qy, Q2) = Q7 +Q,Q, +Q; +Q, +3,

trong d6 Q1, Q2 lan lugt 1a lugng hang ban dugc ¢ thi truong 1 va 2. Tim Q1, Q2 dé xi
nghiép c6 lgi nhudn tot nhat.

Bai tap 8.9: Mot cong ty san xuat doc quyén mot loai san pham va tiéu thu trén hai thi
truong riéng biét: thi truong 1 va 2. Gia st cac ham cau trén hai thi truong 1 va 2 1. luot 1a



_ P _ P>
Qp, =80-2, Qp, =802

va ham tong chi phi 1a C(Q) = Q® + 30Q + 10, trong do6 Pi 1a don gia trén thj truong thi i (i
=1, 2) va Q la tong san luong. Tim khoi lugng san phdm cong ty cung cap cho cac thi
truong dé 191 nhuédn cao nhat.

Bai tap 8.10: Mot xi nghi€p san xuat hai loai san pham A va B v61i muc san lugng lan luot
14 Q1 va Q2. Goi P1 va P lan luot 1a gia ban mot don vi san pham A va B. Cho biét

Ham tong chi phi cta xi nghiép nay 12 C(Q1, Q2) = le +2Q,Q, + Q% +10Q, +10.
1. Tim doanh thu bién theo Q; khi (Q1, Q2) = (10, 15) va giai thich y nghia kinh té.
2. Hay tim Q1 va Q; dé xi nghiép nay c6 loi nhudn tot nhat.

Bai tap 8.11: Ham loi nhuan ctia mot cong ty d6i véi mot san pham 1a

n=R-C=P.Q-(wL +rK),

trong d6 R 12 doanh thu, C 1 chi phi, L 1 luong lao dong, w = 1 14 tién luong cua mét lao
dong, K 1a tién von, r = 0,03 1a I3 suat cua tién von, P = 9 1a don gia ban va Q 1 ham san
xuat véi Q = LY3KY3, Tim L va K sao cho cong ty dat loi nhuan tbi da.

Bai tap 8.12: Gia sir mot xi nghiép can xac dinh luong lao dong L va luong von K dé cuc
tiéu hoa chi phi C(K, L) = wL + rK, trong d6 w = 400 14 tién lwong cho mdi lao déng va r
= 0,01 Ia I4i suat cua von vay. Cho biét xi nghiép phai san xuat Qo = 1000 don vi san pham
va ham san pham 1a Q(L, K) = L¥2K!2, Hay giai quyét bai toan nay cua xi nghiép.

Bai tap 8.13: Mot xi nghiép co ning suét thoa phtr Q(x, y) = 3x¥2y¥ ysix >0vay >0
lan luot 12 lwong nguyén liéu thir nhat va thir hai. Khi x ting thém 1% thi ning suat caa xi
nghiép sé tang xap xi bao nhiéu %?

Bai tap 8.14: Cho ham z(x, y) = xe¥ + x® + 2y? — 4y. Chon ménh d dung:

A. ham z dat cyc tiéu tai M(0, 1);



B. ham z dat cuc dai tai M(0, 1);
C. ham z c6 diém dirng nhung khong dat cuc tri;
D. ham z khong c6 diém dung.

Bai tap 8.15: Cho ham f(x, y) = — 3x% + 2e¥ — 2y + 3. Chon két luan dtng:

A. ham f dat cyc tiéu tai M(0, 0);

B. ham f dat cuc dai tai M(0, 0);

C. ham f c6 diém dirng nhung khong dat cuc tri;
D. ham f khong co diém dung.

Bai tap 8.16: Cho biét ham f(x, y) = X2 + y3 — 6xy c6 hai diém dirng 1a A(0, 0) va B(18, 6).
Chon két luan dung:

A. ham f khong dat cuc tri dia phuong tai A va dat cuc dai dia phuong tai B;

B. ham f dat cuc tiéu dia phuong tai A va dat cuc dai dia phuong tai B;

C. ham fkhong dat cuc tri dia phuong tai A va dat cuc tiéu dia phuong tai B;

D. ham f dat cuc dai dia phuong tai A va dat cuc tiéu dia phuong tai B.

Bai tap 8.17: Xét ham f(x, y) = xy%(1 - x — y) va diém M(0, 1). Chon ménh dé dung:

A. ham f dat cyc tiéu tai M;

B. ham f dat cuc dai tai M;

C. M la diém dimg nhung khong phai cuc tri caa ham f;
D. M khéng phai 1a diém dirng caa ham f.

Bai tap 8.18: Cho ham f(x, y) = x+ y+i—;. Chon ménh dé& dung:

A. ham f dat cuc dai tai M(—3, —3);
B. ham f dat cuc dai tai M(3, 3);
C. ham f dat cuc tiéu tai M(3, 3);
D. ham f dat cuc tiéu tai M(-3, —3).



Bai tap 8.19: Mot xi nghiép san xuat hai loai san pham va ban véi gia P1 = 110 va P, =
100. Ham chi phi cho boi C = C(Q1, Q2), trong d6 Q1 va Q2 la san lugng cua hai loai san
pham. Khi loi nhuan caa xi nghiép 1a 16n nhat thi chi phi bién ddi véi san pham thir nhat
la:

A. khong xéc dinh B. 10 C. 110 D. 100.

Bai tap 8.20: Cho ham loi ich U(x, y) c6 cac dao ham riéng cap hai lién tuc trén R?. Gia
str ta c6 diéu kién x2 + 2y2 =T (1), trong d6 T 1a hang s6 duong cho trude. Diéu kién can
dé U dat cuc dai tai (x, y) thoa diéu kién (1) la:

A. yU, =2xU, B. 2yU, =xU, C. 2xU, =yU, D. xU, =2yU,.
e Y nghia kinh té ciia dao ham riéng: bién té riéng va hé sé co gian riéng

Vi dy 8.16: Cho ham chi phi C = 2x* + 2xy + 3y? véix vay 1an luot 1a lugng nguyén licu
thir nhat va thir hai.

1. Chi phi bién theo x: M,C=C,_ =4x+2y.

Chi phi bién theo x tai (10, 20): M, C(10,20) = C, (10,20) = 4.10+2.20=80.

Y nghia kinh té ciia M C(10,20) =80

tai (X, y) = (10, 20), néu ta giir nguyén y = 20 va tang x tir 10 thém 1 don vi nguyén ligu
thir nhat thi chi phi ting xap xi 80 don vi tién.

2. Chi phi bién theoy: M, C=C, =2x+6y.

Chi phi bién theo y tai (10, 20): M,C(10,20) = C, (10,20) = 2.10+6.20 =140 .
Y nghia kinh té ciia M, C(10,20) =140

tai (x, y) = (10, 20), néu ta gitr nguyén x = 10 va tang y tir 20 thém 1 don vi nguyén li¢u
thir hai thi chi phi tang xap xi 140 don vi tién.

X
2x2 + 2xy + 3y?

3. Hé s6 co gian ctia chi phi theo x: & C= Cxé = (4x +2y).

Hé sé co gidn cua chi phi theo x tai (10, 20):

£,C(10,20) = (4.10+ 2.20). —— 10 2:5.
2.10°+2.10.20+3.20° 9




Y nghia kinh té cia €,C(10,20) = g:

tai (x, y) = (10, 20), néu ta giir nguyén y = 20 va tang x tir 10 thém 1% thi chi phi ting thém
xap Xi (4/9)%.

y
2X2 +2xy +3y?

4. Heé sb co gi&n cia chi phi theo y: g,C= Cy% = (2X + 6Y).

Hé s co gidn cua chi phi theo y tai (10, 20):

20 14
€,C(10,20) =(2.10+6.20). =—.
yCl )=( )2.102+2.10.20+3.202 9

Y nghia kinh té cia ,C(10,20) = % ,

tai (x, y) = (10, 20), néu ta giir nguyén x = 10 va tang y tir 20 thém 1% thi chi phi tang thém
xap Xi (14/9)%.

* Bai tap lién quan dén dao ham riéng va cyc tri ham nhiéu bién trong sach Bai tdp Toan
Cao cap: cac trang tir 219 den 223 va tir 265 den 275.



