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LG NOI BDAU

Sach “Bai tdp Toan Cao Cdp danh cho khsi nganh
Thirong Mai, Kinh t&” s& cung cap mot nén tang Toan hoc cho
sinh vién ciia khdi nganh thwong mai — kinh té — quan tri — tai
chinh, nham phuc vu cho ca&c mén chuyén nganh. Cudn sach
nay gilp céc sinh vién biét cach van dung kién thic da hoc dé
giai cc bai tap, gilp cac sinh vién nam vimg hon mét s kién
thirc vé ma tran, dinh thtic, hé phuong trinh tuyén tinh, ham mot
bién, ham nhiéu bién, tich phén, phuong trinh vi phan va cac
g dung cua dao ham trong kinh té va doi séng, ...

M6n Toan gilp ngudi hoc c6 nhitng céng cu dé tinh toén.
Tur cac két qua tinh toan, ngudi hoc s& phan tich, tong hop, két
luan va dua ra quyét dinh. Ngoai ra, mén Toan con gilp nguoi
hoc c6 mot kha nang tu duy t6t, biét cach ly luan chat chg, co
nhitng phuong phap quan sat toan dién va tinh té. Nang lyc
Toan hoc 1a mot kha niang can thiét dé nghién ciru sau hon cac
nganh khoa hoc khac, dic biét 1a trong kinh té. Do do, viéc hoc
toan ciing gitp cac sinh vién ciia khdi nganh thuong mai — kinh
té — quan tri — tai chinh nang cao ning luc canh tranh va hoi
nhap. Trong vai chuc giai Nobel vé Kinh té gan day, da co
khoang 10 giai Nobel Kinh té dugc trao cho nhitng nha Kinh té
hoc ma xuét than cuaa ho 1a nhitng nha Toan hoc.

Vi thoi gian danh cho mén hoc nay trong nha truong la
qué it, nén dé hoc tbt mdn hoc nay, cac sinh vién can phai danh
nhiéu thoi gian dé tu hoc, doc that ky tai liéu va hoc theo nhém.
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Du di cb géng, nhung van khong tranh khoi nhiéu thiéu
s6t. Ching toi thanh that mong mudn su gép y caa quy doc gia.

Nhom bién sogn, ndam 2018
(Nguyén Thanh Van — Pao Bio Diing)
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Chuong I
MA TRAN VA BINH THUC

A. TOM TAT LY THUYET
I. Pinh nghia ma trin & cac phép toan co ban ciia ma tran
1. Pinh nghia ma tran

Ma tran A c6 cdp (con goi 1a kich thwde) mxn 1a mot
bang so cac so thyc, xép thanh m dong va n cot co6 dang

all alZ L aln
A= Ay Ay aon |
- _(aij)mxn
L L L L

Cho ma tran A = (aij )mxn ,B= (bij )mxn . Khi d6:

Amxn = Bm><n <3a—ij :bij, Vi :].,_m va VJZH

2. Cac loai ma tran
- Matran O, 1a ma trdn gom toan so 0.
- Ma tran vuéng: 1a ma tran ma s6 dong bang so cdt. Ta
thuong goi s6 dong cuia ma tran vudng la cdp cua ma
tran ay. Khi do, duong chéo noi cac phan tu a,,, a,,,

.., a,, duoc goi la dwong chéo chinh ciua ma tran
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vuong. Khi do, vét ciia ma tran vudng la tong cua tat ca
cac phan tr cia duong chéo chinh.

Ma tran tam giac trén: 1a ma tran vudng ma cac phan
tor & dudi duong chéo chinh déu bang0.

Ma tran tam giac dwoi: 1a ma tran vuéng ma cac phan
tu ¢ trén duong chéo chinh déu bang0.

Ma trdn dwong chéo: 13 ma tran vudng ma cac phan tir
khong thudc dudng chéo chinh déu bang0.

Ma trdn don vi: 1a ma tran duong chéo ma céc phén tr
thudc duong chéo chinh déu bangl.

Ma tran chuyén vi ciia A = (aij) la AT = (aji )

mxn nxm

3. Phép cfng hai ma tran

A=(a;) .B=(by)

A+B:(aij+bij)

mxn

4. Phép nhan ma trin véi mot s6 thue

kA=(ka;) ~ (kej)

Tinh chit: Cho A, B, Clacic matrin cdp mxn Va o, P e

Khi do:

A+B=B+A
(A+B)+C=A+(B+C)

A+0=0+A voi O=(0)

mxn
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V. A+(-A)=0 v6i —A=(-3;),,, (con goi la ma tran
doi cua A)

V. o(A+B)=aA+oB

mxn

Vi. (a+B)A=0A+pA

vii. (o)A =0a(BA)

viii. LA=A

ix. (aA+pB) =aA” +BB’
5. Phép nhén hai ma trian

Cho cac ma tran
A=(a )mxp B= (bii)pxn
Thi: AB=(c;) véic,= Zp:aikbkj, vi=1m, vj=1n.
k=1

Tinh chét: Cho D, A, Bo.or Chp - Khi d6

kxm ?

i. (DB)C=D(BC)

mxn? mxn?

ii. (A+B)C=AC+BC
iii. D(A+B)=DA+DB
iv. 1A =A

m mxn

v. A .l =A

mxn-n

vi. (BC)'=C'B’



Bai tap Toan Cao c&p danh cho kh&i nganh Thuong Mai, Kinh t&

IL. Pinh thirc

Cho ma tran vudng cap n:

all a‘12 L aln

A — aZl a22 L a2r‘| — (ai_)nxn
L L L L !
a a L a

n2 nn

Dinh thirc cua ma tran A dugc ky hiéu la |A| hay det(A)
duoc xac dinh nhu sau:

(i) n=1, ta dinh nghia: |A| = |a11| =a,

(i) vn>2, dat A, =(-1)".M,, goi 1a phdn bi dai s6

cua a; trong |A

, trong d6 M la dinh thirc con bu cua a; trong
|A] (cht ¥ ring M, 1a dinh thirc cap n—1 c6 duoc tir |A| bing
cach bo di dong thur i va cot thir j cua |A|).

Khi do:

Al = a,A, +a,A, +L +a, A, (khai trién theo dong i)
= a,A; +a,A, +L +a A, (khai trién theo cdt j)
Mt s6 tinh chit thuong ding:
I. |A| z‘AT‘ v6i A 1a ma tran vudng

ii. Dinh thirc s& d6i ddu néu d6i chd hai dong v6i nhau
trong dinh thue.

10
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iii. Néu cac phan tir cia mot dong déu c6 thira sé chung 1a
sO o thi ta cé thé rut o ra ngoai khdi dau dinh thue.

iv. Dinh thirc co gid tri bang khong néu co hai dong ty 16
nhau.

v. Dinh thic s& khong d6i néu bién doi dong i thanh
dong i cong véi k 1an dong j (véi ke , i#j)

vi. Dinh thirc ciia ma tran tam giac bang tich cac phan tir
nam trén duong chéo chinh.

vii. |AB| :|A|.|B| voi A, B la cac ma trdn vudng cung
cap
Cha y: Céc tinh chat ii, iii, iv, v van con ding khi ta thay
dong bang cot.
Quy tic SARIUS (tinh dinh thirc cip 3):

duong chéo chinh  duong chéo phu

[ /

a;; 4, adg
|A| =lay a, Ayl =(+) (=)
a3 a5 dg

Hinh 1.a Hinh 1.b

=8,,8,,8535 +8,,8,385 +8,38,85 —8338;; —8;;8385 —8x8;,85
Gia tri ctia dinh thire cdp 3 bang tong dai s6 ctia hai nhom:

v/ Nhém thir nhat mang dau + 1a: Tich ctia cac phan tir nam
trén dudng chéo chinh, tich cic phan to song song voi
duong chéo chinh véi phan tir & goc ddi dién. (hinh 1.a)

11
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v' Nhom thir hai mang ddu — 1a: Tich cta cac phan tir nim
trén dudng chéo phu, tich cic phan tir song song voi
duong chéo phu v6i phan tir & goc ddi dién. (hinh 1.b)

I11. Ma tran nghich dao

Cho A= (aij )n - Ma tran B 1a ma tran nghich dao cua A

AB=BA=1

va B duoc ky hiéu 1a A™. Khi gé A dugc goi la ma tran kha
nghich hay ma tran khong suy bien.
All A21 L Anl
A12 A22 L
M M O
A, A, L A

va M |a dinh thirc con bii cua a; trong |A| (1a dinh thie con

Ta ky hiéu A" =

cua |A| sau khi bd di dong i ¢t j), ta thuong goi A™ 1a ma
trdn phu hop ciia ma tran A ( d6i khi A" con duge ky hiéu 1a
A hoic P,)

1.Ménh dé: Véimatrin A, taco AA =A"A=|All,

nxn !

2. Ménh dé: |A|#0 < A, c6 ma tran nghich ddo. Khi d6

Atz I
A

12
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3. Tim ma trin nghich dio bing phép bién doi theo dong:
(thwong diing cho ma trdn cé cdp kha 1om)
Céc phép bién ddi so cip trén dong:
i.  Dai chd hai dong cho nhau.
ii. Liy mot dong nhan véi mot s6 khac 0.

iii. Thay mot dong bang dong d6 cong véi k 1an dong
khéac.

Bién d6i cung mat lac hai ma tran Ava | (ma tran don vi)
cung cap bang cac phép bién doi so cap trén dong, theo so do
nhu sau:

(Al)——(1lA%)

ChU y: Trong qud trinh bién doi, néu xudt hién mét dong
c6 cdc phan tir déu bang 0 thi ta két lugn khéng c6 ma trdn
nghich dao.

Tinh chét: Cho A, B 14 cac ma tran vudng kha nghich va
cung cap. Khi do:

i. A laduy nhat.
i. (A7) =(A?)
ii. (AB) =B'A™
iv.  (aA) =LA voi a0

o

13
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4. Giai phwong trinh ma trin:
Xét phuong trinh ma tran A X=B_ (1)

e Cach 1: Dua vao kich thudc cua cac ma tran A va B, ta
dat ma tran:

X= (xij )nxp
v6i N 1a sé cot ciia ma tran A va p 1a sb cot ciia ma tran B. Dung
phép nhan ma tran va cho hai ma tran béng nhau ta dugc mot hé
phuong trinh tuyén tinh. Giai hé phuong trinh d6, ta s& tim
dugc cac phan tir X;;-
e Cach 2: (chi dugc ap dung khi A 1a mét ma tran vudng)
i.  Néu |A|=0, khi d6 phuong trinh (1) c6 nghiém duy
nhitla X =A"'B
ii. Néu |A|=0, B 1a ma trdn vudng va |B|0=> khong
c6 ma tran X (theo dinh 1y vé phép nhan dinh thirc).
iii. Néu |A| =0, B la ma tran vudng va |B| =0 thi s
dung cach 1.

IV. Hang ciia ma tran

Cho A=(a;) . Matran A co:
= mdong {A{,A],... A}

" nct {A]AS,.L A

14
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Hon nita: Rank {A}, AJ, ..., Af 1 = Rank {A}, A, AL

Hang cia m dong trong ma tran A dugc goi 1a hang cia
ma tran A va dugc ky hi¢u la R(A) hay r(A) hay Rank(A).

Mgénh dé: Cho ma trin A=(a;) ¢ it nhit mot dinh
mxn

thirc con cp k khac 0 va moi dinh thirc con cip k+1 déu bang
0 thi hang cia ma tran A bang k.

Ménh dé: Néu dung cac phép bién doi so cap theo dong
(hay theo cot) thi hang cua ma tran s& khong thay d6i. Nhac lai
céc phép bién d6i so cip theo dong:

- Pbi chd hai dong cho nhau.

- Nhan mot dong voi mét sé khéc 0.

- Thay dong i bang dong i cong véi k 1an dong j véi

kej vai#j.

Chu y: Ta dung cic phép bién ddi so cdp trong ménh dé
trén dé bién d6i ma tran A ban dau vé ma trin B ¢ dang bdc
thang nhu sau

bll blZ L blr L bln
0O b, L b, L b,
L L L L L L
B,,=|0 0 L b, L b,
0O 0L 0L O
L L L L O L
0O 0L 0L O

15
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trong do b, b,,, ..., b, #0.

bll b12 L blr
; 0 b, L b
va R(A)=R(B) =r vi ton tai % 10
L L O L
0 0 L b,
B. BAI TAP
Bai 1: Tinh cac dinh thic sau:
1 2 2 3
a. D= , D, =
-1 3 1 -1
1 -2 3
b. D,=[3 1
-2
m -1 1 m 1 -1
c. bp={1 m -1,D,=m-11 O
-1 1 m 1 1 m+2
Giai:

a. D, =5 D,=-5
b. D, =42

c. D,=m*+3m va D, =4

16
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a+b ¢ 1
Bai 2: Tinh dinhthuc D=|b+c a 1
c+a b 1
Giai:
Cong cot 2 vao cot 1, ta co:
a+b+c ¢ 1

D=|la+b+c a 1
a+b+c b 1

Rt thira s6 chung (a+b+c) o cot 1 thi

1 ¢ 1
D=(a+b+c)l a 1
1 b

Vi cot 1 va cot 3 gidng nhau nén ta c6: D=0

Bai 3: Ching minh rang

a2

D=1 b b*=(b-a)(c—a)(c—h)
c ¢
Tu d6 tim diéu kiéncua a, b, c @& D=0
Giai:
Thay dong 2 bang cach liy dong 2 trir dong 1 va thay
dong 3 bang cach lay dong 3 trir dong 1 thi

17
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1 a a% |1 a a’

D=1 b b?=|0 b-a b*>-a?
1 ¢ ¢’ [0 c-a c?-a?

Rut thira sd (b—a) ¢ dong 2 va thirasd (c—a) & dong 3 thi

1 a a?
=D=(b-a)(c-a)j0 1 b+a
0 1 a+c

1 a a°

Vi[0 1 b+al=c-bnén=D=(b-a)(c—a)(c—b)
0 1 a+c

Vay, D=0<a=bvb=cva=c

Bai 4: Tinh dinh thtrc sau day bang céch khai trién theo dong 3

2 -3 41
4 -2 3 2
la b ¢ d
3 -1 4 3

Giai:
Khai trién dinh thuac D theo dong 3 ta co:
D=aA,, +bA,, +CcA, +dA,,

18
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Ta tinh cac phan bu dai s6:
-3 4 1
A,=(-1)"|-2 3 2/=8
-1 4 3
2
3+2
A, =(—1) 4 3 2/=15
3 4

N

31
A, =(-1"l4 2 2/=12
-1 3
2 -3 4
A, =(-1)""]4 2 3=-19
3 -1 4

w

Vay: D=8a+15b+12c-19d

Bai 5: Tinh dinh thuc sau day

51111
15111
D=1 1511
11151
11115

19
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Giai:
Cong cot 2, 3,4, 5vao cot 1, tacd
91111
9 5111
D=9 1 5 1 1
9 1151
9 1 115

RGt thira sb 9 ¢ cot 1, thi: D=9

F = = = B
N N
S B N
A e
[ =

Ap duyng tinh chat thay dong k bang cach lay dong K trir dong 1
(voi k=2,3,4,5)taco

11111
0 4000
D=90 0 4 0 O
0 00 40
0 00 O 4

Nhu vay D=9x1x4x4x4x4=2304

20
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Bai 6: Tinh dinh thtc cip n sau day

1 2 3 L n
-1 0 3 L n
D=-1 -2 0 L n
M M MO n
-1 -2 3L 0

Giai:

Ky hi¢u d. ladong thtr i.

Thay d, boi d,+d,, d, bséi d;+d,,..., dong d, bai
d, +d, thi ta co:

1 2 3 L n
0 2 6 L 2n
D=0 0 3 L 2n
MMMO M
0 00OL n
Nén D=1x2x3x...xn=nl
Bai 7: Cho cac ma tran sau
2 5 7 1 2 -3
A=/6 3 4|vaB=|3 2 -4
5 -2 -3 3 -1 0

a. Haytinh 3A+2B.

b. Timmatran X sao cho A+X=B.

21
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c. Tinh ABva BA.

d. Kiém tra lai ba cau hoi trén véi

) 2 5 7)) . 1 2 3
i. A= va B =

6 3 2 3 2 -4
1

.. 2 5 7)) .
. A= va B=| 3
(6 3 4j

Giai:

5 2 -1 0

-6
+/6 4 8
-2 0

6 15
=118 9

2 5
a 3A+2B =36 3 J+23 2 -4
15 —6 J

8 19 15
=124 13 4
21 -8 -9

b. T phuong trinh A+ X=B=X=B-A

1 2 -3 2 5 7 -1 3 -10
Nén X={3 2 —4|-|6 3 4| =-3 -1 -8
3 -1 0 5 -2 3 -2 1 3

22
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2 5 7 2 -3 38 7 -26
c. AB=|6 3 4 2 4 27 14 -30
5 -2 -3 -1 0 -10 9 -7
1 -3 5 7 -1 17 24
BA=|3 -4 3 4 -2 29 41
3 -1 0 -2 -3 0 12 17
d. Huéng dan:
i. Cau c khong thuc hién dugc.
ii. Chi thuc hién dugc A.B va B.A
2 -1
.. . -1 2 1) |
Bai 8: Cho cac matran A = 2 01 vaB=|-1 2
0 1

a. Tinh AT, B", (AB)' va B'A",

b. Hay kiém tra (AB)" =B'A"

Giai:
12 2 10
a. A' = 0|vaB'=
-1 2 1
2 -1
-1 2 1 -4 6
A.B= —1 =
2 1 4 -1
0 1

23
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ey <o)

2
2 -1 0 4 4
BTAT = 2 0|=
12 1 ) le

b. Theo cAu a, ta co: (A.B)T =BTAT

x 1Y .
Bai 9: Tinh Anz(o j véi X e va n laso tu nhién
X
Giai:

Bang phuong phéap quy nap:

. , x 1
+ Vo1 n=1, taco: Al:(o XJ.

+Vé6i n=2, tacé:

S (9 M

+Giasi A, dung voi n=Kk, tac la:
x 1) (x¢ kxkt
Ak = =
0 x 0 x*

24
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Ta phai chitng minh A dung véi n=k+1, nghia la:

Akﬂ =(X 1Jkﬂ Z[Xkﬂ (k+k];)lxkj (l)

0 x 0 X

o x 1Y (x 1) (x 1
Thatvay: A, = o x| “lo x| 1o x

(xRN (x 1Y) (XMt (k+D)x
- O Xk 0 X - O Xk+l
Vay (1) ding.

n

n-1
Do dé: A, =[X ™ ]
0 X"

a, 0 L O
.. . 0 a, L O L .
Bai 10: Cho matran A= . Hay tinh A
L L L L
0 0 L a,
ay 0 L 0
. 0 a5 L 0
Ddp so: A* = 2
L L L L
0 0 L a

25
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2 7 3
Bai 11: Choma tran A=|3 9 4. Hay tim ma tran nghich
1 5 3

dao cia A bang hai céch: s dung ma tran A", sir dung phép
bién ddi so cip theo dong.

Giai:

*

Céch 1: Dung cbng thirc A™ = LA

A
+Taco |A|=-3+0 dodo A khong suy bien3 A™,

+ Tim cac phan bu dai s6 A,

9 4 3 4 3 9
A11=5 3:7 12:_l 3:_5 13:1 5=6
7 3 2 3 2 7
An=rlg =70 A2zl g=3 5= g
7 3 2 3 2 7
Aa=lg 471 Ae=rly 47t Ae=lp g=73
. 7 -6 1
Vay, ta co: A’l:—g 5 3 1
6 -3 -3

26
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Céach 2: Dung phép bién d6i so cap theo dong

2 73100
(Al)=[3 9 40 1 0
15300 1

2 7 3|1 0O

d,—>2d,-3d,
W) 0 3 -11-3 2 0
0 3 3|-1 0 2

2 7 3/1 00
bt 410 -3 113 2 0
0 0 2[4 22

2 7 3/1 0
dy—>=dy
— 2750 -3 -1-3

0 0 1]-2

2 7 007 3 -3
e 50 3 05 3 1

00 12 1 1

6 0 0-14 12 -2
%0—30—5 3 1
00 12 1 1

27
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10 0-7/3 2 -1/3
—te—0 1 05/3 -1 —1/3|=(I]A")
001 -2 1 1

o, 1

3 i . 7 6 1
vayAatizl 2 o il s o5 g

3 37 3

PP 6 -3 -3

Cha y: Nguoi ta thuong ding cach 2 d6i véi ma tran vudng cap
4tré18nvaco |A|=0.

Bai 12: Tim hang cta cac ma tran sau day

1 2 3
a. A=|2 3 4
3 5 7

17
10
1

N W 2
N BN
w &~ P w

Giai:
Ta bién doi ma tran A thanh ma tran c6 dang bac thang,
khi d6 sé dong khéac khong cua ma tran cd dang bac thang la

28
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hang cua ma tran A.

12 3 1 2 3
aTacs: A=|2 3 4| —=5i>(0 -1 -2
357 0 -1 -2
1 2 3
d;—d;—d, 0 -1 -2
00 O
= Rank(A)=2
17 17 3 37 17 1
a 410 1| ... |1 4 10 a
b. A= _GoG
31 1 4 41 1 3
2 2 3 32 4 2
3 7 17 1
d, —(-3)d,+d; 0 -5 -13 1-3a
P T 10 25 65 5
0 5 13 -1
3 7 17 1
_oaecsp, |0 5 13 1-3a
d3—>d4+d2 O O 0 153.
0 0 0 -3
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3 7 17 1

sowsw, |0 -5 -13 1-3a
d,—5d,+d, 0 O O a

0O 0 O 0
3 7 1 17
oo 0 5 1-3a -13
3 4 )
0 O a 0
0 O 0 0
Bién luan:

> Néu a=0= hang Abang 2.
> Néu a=0= hang Abang 3.

1 2 .
Bai 13: Cho matran A= [3 4). Tim tat ca cac matran B

vudng cap 2 sao cho AB=BA.
Giai:

b
d

. 1 2)a b a+2c b+2d
3 4)lc d 3a+4c 3b+4d

BA- a b1l 2 B a+3b 2a+4b
" le d)\3 4) \c+3d 2c+4d

a
Ma tran B c6 dang B:(C
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a+2c=a+3b 0a—-3b+2c=0
b+2d=2a+4b —2a-3b-0c+2d=0
3a+4c=c+3d < 3a+0b+3c-3d=0
3b+4d=2c+4d 0a+3b-2c+0d=0

AB=BA <

Giai hé phuong trinh cudi, ta dugc:

a:—§b,c:§b,d=0
2 2

3b

-= b

A 2 b3 -2} . o

Vay, B= =—= bt

ay B 2(_3 oJ (voi b tay y)
2

Bai 14: Tim tat ca cac ma tran X, Y thoa mdn AX=B va
Y.A" =B, biét ring

1 2 0 1 2
a. A= , B=
-1 2 1 -1 2

1 2 -3 1 30
b. A=|3 2 -4|,B=|10 2 7
2 -1 0 10 7 8

Giai:
¢ Tim matran X,

a. Vi Acocap (2 x3) vaB cocap (2 x 2) nén X c6 cap (3 x 2)
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X1 Y
bat X=X, vy, |.
X3 Ys
X
. 12 0\ M| (1 2
Taco: AX=B < X, Y, |=
-1 21 -1 2
X3 Ys
- X, +2X, Y, +2Y, _ 1 2
=X, +2X, +X; =Y, +2Y,+Y, -1 2
X, +2%X, =1
Y, +2y,=2
=
X, +2X,+X;=-1
Y1 +2y,+Y;=2
X, =1-2X,
e . Z. .| Xy =-4X,
Giai hé phuong trinh cuoi, ta cd
Y, =2-2y,
Y, =4-4y,
1-2x, 2-2y,
Vay, X=| X, Y, |V6iVX,,Y, €]
-4x, 4-4y,

b. Cach 1: Giai tvong tu nhu trén

Céach 2: Vi |[A|=1+0 néncé A™ .Vay:
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-4 3 -2)(1 -3 0 6 4 5
X=A"B=|-8 6 5|10 2 7|=(2 1 2
-7 5 -4){10 7 8 3 3 3

¢ Timmatrany.

i 1 2 0 T
a. Taco A= = A' =
-1 2 1

-1
2
1

o N

Taco AT lamatran cap 3x2, B l[amatran cip 2x2 dodo Y
phai 1a ma tran cap 2x3.

X, X X
DétY:( 1 2 3}

Yi Y2 Vs
X, X, X L 1 2
Taco: Y,.,Al,=B,, @( v 3] 2 =( ) 2}
yl y2 y3 O 1
(leFZX2 —xl+2x2+x3j (1 ZJ
Rt =
Yit2Y, —Yi+2¥,+y;) (-1 2
X, +2x, =1
- —X; +2X, +X; =2
Y, +2y,=-1

=Y, +2Y,+Y;=2

Giai hé phuong trinh cudi, ta ¢6 x,, X, dugc tinh theo x, =a
va y,, Y, dugc tinh theo y, =.

33
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b. Vi |A|=|AT|=1. vay o (A7)

Taco: YA" =B
13 26 -22

= Y=B(A") =| 48 -103 -88|vsi (AT) =(A?)
35 -78 -67

Bai 15: Tim tit ca cic ma tran X sao cho AX=B

1 0 1 -1 1 2 0 3
-1 1 0 1 2 01 3
a. A= , B=
0 1 -1 0 01 3 2
-1 2 -1 1 3210
1 01 2 11
b. A={0 1 1(,B=|-1 0
11 2 1 1
Giai:
1 0 1 -
i -1 1 0 1
a. Taco: |A|= =L =0
0 1 -1 0
-1 2 -1 1

Vi |A|=0 nénmatran A khong kha nghich.
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Bai tap Toan Cao cdp danh cho khéi nganh Thuong Mai, Kinh t&

1 2 0 3
L 2 01 3

Ta lai co: ||3|=0 L 3 2:K=78¢0
3210

Nén ta c6 diéu vo Iy: AX=B=|A||X|=|B|=0.|X|=78
Vay, khong ton tai ma tran X
b. Tuong tu: |A|=0= matran A khdng kha nghich
Vi |B|=0. Tacé: AX=B=|A||X|=|B=0.|X|=0
X Xip o Xig
Vi A, X=B,, nén X, .. Tadat X=| X,; X, Xy
X1 Xgp Xgg

1 0 1Y) Xy X, Xg 2 1
AX=B<|0 1 1|X, X, Xyu|=[-10
1 1 2)\Xy X Xgg 1 1

Xy +Xg Xpp + X3 Xiz + Xgq 2 11

o X,y + Xy Xy + X3, Xy + X =-1 0 2

X+ X5 +2Xg Xpp + X5 +2X5  Xpg+ X5 +2X5, 1 1 3

Tir 6, ta thu duoc mot hé phuong trinh tuyén tinh chtza 9
an so nhu sau

Xy + Xy =2 Xip + X3 =1 Xy3 1 Xq5 =1
Xy + Xy =—1 va <X, +X5,=0 Va { Xpg +Xgy =2
Xy + Xy +2X5 =1 Xy + X5 +2X, =1 X3+ Xp3 +2X55 =3

Giai hé phuong trinh trén, ta c6 s& két qua vé ma tran X.
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Bai 16: Cho ma tran A=(a;)  Véi |[A|#0. Tim ma tran
nghich dao ciia A biét rang
A2 +3A-21 =0
Giai:
Taco: AZ+3A=21 < AA+3l A=AA+3Al =21

= (A+31)A=A(A+31,)=2I,
1 1
& J(A+31,)A=—A(A+3I,) =1,

Theo dinh nghia ma tran X théa man: AX=XA=1_ thi
X=A". Do dé:

Al:%(maun)

Bai 17: Cho cac ma tran sau day

110 2 31
A=/2 2 1|vaB=4 1 3
1 01 2 0 2

a. Timmatran A" (néu co)
A(X+Y)=B

b. Tim X, Y dé
{(X—Y)AT =B
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Giai:
1 10
a.Tact: |Al=2 2 1|=3-2=1£0=3A"
1 01

Tim ma tran phu hgp P, (hay con goi IaA™)

2 1 ] 10 ) 1 0
A11:0 1:2 ! A21=_0 1=_17A31:2 1:1

21 _ 1 0 _ 10
A12:_1 1:_1 , A22:1 1:1 ; Ay = =-1

2 2 _ 11 _ 11

2 2
2 -1 1
Matran phuhopcuaAla: P, = -1 1 -1
-2 1 0
. 2 -1 1
Vay: A'=—P,=|-1 1 -1
A
-2 1 0

Céch khéac: Tim A™ bang phuong phéap bién do6i so cap theo
dong nhu sau

110100
(Al)=]2 2 10 1 ©
1010 0 1
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1 1 01 00
—s|0 0 12 10
0 -1 1-1 0 1

11 0l1 0 O
_ %o g 1 11 0 -1
00 1/-2 1 0

1101 0 O
d2—>d2+d3 0 1 0_1
0 0

[N
|
-

[EY
|

N

o

=
o
[
[EEY
|
[
|
—_
~—~—

d, —d;-d, 0
—ne

o
o
I
-
(@)

Vay: At=| -1 1
2 1

(X-Y)AT = X-Y=B( AT)

lB+BT(A )1]

{A(X+Y {X+Y AB
b.

‘lB B (AT) 1}
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2 -1 -2 2 4 2
Vi (AT)’lz(Afl)Tz 1 1 1|vaB™=[3 1 0
1 -1 0 1 3 2
4 5 1
A 17, 4 Tty 1
Vay: xz—[A B+BT(A") ]:- 5 -4 -5
2 2
1 5 2
. . 0 5
va Y:—[A‘lB—BT(AT)l}ZE 5 0
1 50

Bai 18: Tim tat ca cAc ma tran vudng cip 2 ma binh phuong
cua no la ma tran khong.

Giai:
a b 2 00
Gia sit A= L oazo|@rbe ab+b? _
c d ac+cd cd+d 00
a’+bc=0
ab+bd=0
Tu do, ta co:
ac+cd=0
cd+d*=0

Giai hé trén ta c6: d =—a, bc=-a’
. a b . )
Vay: A= ¢ _a véi bc=-a“ (a,b,ce;j )
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Bai 19: (Tro choi ma héa va gidi ma tin nhén - ing dung cria
ma tr@n nghich ddo): Ta xét mot bang ma don gian nhu sau

Ch# | Trong |a | b |c|d|e]| f|lg|h

Ma 11234 |5|6|7]8

Chiz | i J Kk I m n 0 p q

Ma | 9] 10 | 11 | 12 | 13 | 14 | 15 | 16 | 17

Char r S t u vV | w | X y z

Ma | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26

Gia su ta c0 noi dung 1a “good luck”. Ta ma hoa ndi dung
nay theo bang ma da noi ¢ trén, thi cd cac so6 nhu sau

7,15, 15, 4,0, 12, 21, 3, 11 (*)
011
Gia sirma trgn ma héa lamatranvuéng E=|1 0 1| cap.
110

3. Ta s& sap céac sb trong phan (*) thanh ma tran A ¢6 3 cot
(bang cap cua ma tran E) nhu sau

7 15 15
A= 4 0 12
21 3 11
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30 22 22
Thyc hién phép tinh B=AC=|12 16 4
14 32 24

Diéu d6 twong dwong

30 22 22 -1 1 1 7 15 15
A=BC'=|12 16 4 % 1 -1 1|={4 0 12
14 32 24 1 1 -1 21 3 11

Tro choi nhu sau: ¢6 hai ngudi M va N, ngam st dung ma
tran ma hoa E.

e M viét noi dung tin nhan “good luck”, dung bang ma
don gian néi trén dé chuyén thanh ma tran A. Sau do,
M s tinh ma tran B=AE

e M gui matran B cho N. Khi nhan dugc ma tran B, N
sé tinh ma tran B.E™ (thi BE™ chinh la matran A).

e Sau d06, N sé& dwa vao bang ma dé viét lai noi dung tin
nhin tir ma tran B.E™, noi dung s& 1a “good luck”.

Ap dung: V&i ma tran ma hda E, hay giai ma noi dung khi ban

21 33 14

nhan dugc ma tran B = 18 21 13 . Dap sb: “mathematics”
' ' ' 29 10 21
19 6 25
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BAI TAP PE NGHI
1. Tinh cac dinh thtc sau day

6 2 2 a c b

D,=|4 5 4 D,=|b a c

-3 11 c b a
X+a a a sino. 1 cos’a
D,=| a y+a a D, =[sin’B 1 cos’P
a a z+a siny 1 cos’y

2. Chiring minh rang

b+c c+a a+b a b ¢

a. |b,+c, c,+a, a,+b|=2la, b, c
b,+c, c,+a, a,+b, a, b, c,
1 1 1

b. [a b c|=(a+b+c)(b-a)(c—-a)(c—b)
a’ b ¢
(b+c) b2 c?

c a> (c+a)’ ¢ |=2abc(a+b+c)
a’ b2 (a+b)’
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3. Tinh cac dinh thirc sau day

3211 1 2 al
2 1 2 . 2 3 b0
a. D, = va D, =
3121 3 5 c¢c1
4 2 0 3 01 d 2
2 1111 56 000
1 2111 1 56 00
b. D=1 1 2 1 14vaD,=0 1 5 6 0
111 21 0 0156
11112 0 00 15
A 2 . .
4. Cho so thuc kzg va cac ma tran
311 1 1 -1
A=|2 1 2|,B=|2 -1 1
1 3 3 1 2 0
Hay tinh A+B, AA, AB, AB, A%, B?
010
5.Chomatran A=|0 0 1|.Tinh AAT, ATA, A?, A°.
0 0O
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6. Tinh
1 2 -2 5\/(1 2 0 1
a0435—1—5311
|12 4 0 4|16 0 8 -8
76 -4 7/{0 16 0 -16

0 2 -1)(70 34 -107)\(27 -18 10
b. |-2 -1 2|52 26 -68 ||-46 31 -17
3 -2 -1){101 50 -104 3 2 1

7. Tinh cac liy thira sau day

1 -2\’
a.

3 -4

2 -1y
b

)

m

o [cose —sina)’

" {sina  cosa
0
0
M

r o r r

0

7\‘2
M
0

ozo,?)

A

n
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8. Tim ma tran X thoa man A.X =B vdi

2 1) . 2 5
a. A= va B=
3 4 5 2

0 1 2 1
b. A=-1 -1 2|vaB=|2
1 1 1 3

coso. —Sina

9. Cho ma tran A(a):(s'n cos
inao o

j . Chting minh rang

A(a)A(B)=A(a+p)
10.

a. Cho A va B la hai ma tran vudng clng cép va
AB =BA. Ching minh rang;

(A+B)" =A’+2AB+B’ va (A+B)(A-B)=A?-B?

b. Cho Az(aij) _thoa a; =0, Vi j. Ching minh rang:

A" =(0)  (matrankhong cip nxn)

11. Tim tat ca c4c ma tran giao hoan dwoc véi cac ma tran sau

10 . 21
A= va B=
L o)we(y ]

12. Tim ma tran vudng cap hai sao cho binh phuong cta nd
bing ma tran don vi.
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13. Tim ma tran nghich dao cta cac ma tran sau day

2 5 0
a A=|6 3 4
5 -2 -3
11 1 1
11 -1 -1
c. A=
1 -1 1 -1
1 -1 -1 1
1 11L
101L
d A =
L
1 1 1L O

14. Tim ma tran X biét rang

1 2 -3 1 30
a. |3 2 —-4|X=/10 2 7
2 -1 0 10 7 8

2 31 1 30 2 0 -2
b. |4 -5 2|X|10 2 7|=|18 12 9
5 -7 3 10 7 8 23 15 11

1 2 -1 1
15.Cho A=|3 1 1|,B=|0 vaC=(1 2 —1)
1 3 m -2
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a. Tim m dé A la matran suy bién

b. V6i m=2, tim ma tran X sao cho AX =B va tim ma
tran Y sao cho YA=C

16.
a. Chang minh ring néu AB=BA thi A'B=BA™
b. Cho A, B la hai ma tran khong suy bién, ching minh:
(AB)" =B7A " va (A1) =(A")"

17. Tim hang ctia cac ma tran sau day

0 -2 -1 1
3 -1 2 0
a. A=
4 2 6 -2
4 3 1 1
2 1 3 -1
0 21 2
b. A=
1 3 4 2
k 1 2 1
1 2 -1 0
. N 2 1 0 A y
18. Tim m thimatran A= khong suy bien
3 m -5 -3
3 3 -1 1

1 2
19. Cho ma tran A:(S 4} va B=A—-3A". Tim ma tran B™
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Bai tap Toan Cao c&p danh cho kh&i nganh Thuong Mai, Kinh t&
20. Cho A la ma tran vudng cap 3 c6 |A|=2 va B=-2A. Khi
do6 hay tinh
a A%, ]a7
b. |B|, |2A+B] va |AB|
22. Cho matran A=(a, )SX3 ¢6 det(A) =3 va dat ma tran

a‘ll alZ 3a13
B=|a, a, 3a, |.Chingminh ring: ‘ATB‘ =27.

a31 a32 3a33
12 -1 0
2 3 -2 2
21. Chomatran A= . Tinh |A].
12 0 1
11 -1 m

23. Cho A la ma tran vudng cap 4 c6|A|=-2. Tinh ‘3AT‘ .

24. Cho A 1a ma tran vudng cap n (n >2). Ménh dé nao sau
day 14 sai. Néu sai, hily cho mot phan vi du.

a. |A| khong doi khi ta doi chd 2 dong bét ky trong |A|.

b. |A| khong d6i khi ta bién doi cot 1 thanh cot 1 cong

véi cot 2 trong |A| .
c. [2A]=2/A
d. |-Al=|A
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e. |A| khong d6i khi ta nhan cac phan tir cua cot 2 trong
|A|véi 3.

f. A’-B*=(A+B)(A-B),VAB la cac ma tran
vudng cip n

g. (CB) =B'C" wsi C,,.B

mxk ! =—kxn

h. (ABT )71 - (B‘l)T A véi VA, B vudng cip n, kha
nghich

i (A%) =(AT)
25. Cho phuong trinh ma train A" X.BC=D véi A, B, C,D la
Ccac ma tran vudng clng cap va cac ma tran A, B, C déu kha
nghich. Ching minh rang: X = (AT )71 DC*'B™

i 1 -1) | 1 2 O .
26. Cho cac matran A = va B= . Timma
2 3 1 -1 2

tran X sao cho AX=B.
27. Cho A, B la cac ma tran vudng cip n théa AB =3l . Chiing
minh rang:

a. BA=3I,
b. (A-B)" =A?-2AB+B?

(A+B)" =A?+2AB +B?

o

o

. A’-B?=(A+B)(A-B)
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28. Cho matran A, , c6 mot dinh thac con cap 3 khac 0. Ménh

d8é nao sau day 1a sai. Néu sai, hiy cho mot phan vi du.
a. R(A)<3
b. R(A)=3
c. R(A)=4
d R(A)=3

29. Cho A, c6 mot dinh thac con cap 3 khac 0. Ménh dé nao

sau day 1a sai. Néu sai, hdy cho mot phan vi du.
a. R(aA)=3 aej
b. R(2A)=3
c. R(aA)>3,aej
d. R(A")=4
30. Cho A la ma tran vudng cap 3 c6 |[A|=3 vamatran B thoa

min A= 1 B. Hay tinh |B?|.

A
31. Cho A,,, B,, la cac ma tran vudng cip 4 c6 |A|=3,
|B| = 2va thoa man (AB) " = 1c
A8

a. Hay tinh |C|
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b. Hay tinh |P,|, |Pg| Va |Psg]|.
C. Hay tinh |P,,| va |Py].
32.Cho A la ma tran vudng cip 3 thoa man A? —3A+21=0
a. Chang minh: A kha nghich
b. Tim A™ theo A va |
c. Néu |A|=k =0, hay tinh [2A-3I| theo k.

33. Cho A va B la cac ma tran vudng cip n thoa man
A’B-AB? = . Chon két luan sai

a. Cacmatran A, B va A—B kha nghich
b. Matran A—B kha nghich va (A- B)_1 =BA
c. AB(A-B)=1,

d A-B=A"'B*
34. Cho A, B va X la cac ma tran vudng cap n théa méan
AX=B va X* =1 trong d6 X =1 _. Chon phat biéu sai
a. Néu A kha nghich thi B kha nghich
b. BX=A
c. A—B lama tran suy bién
d. det(X)=1
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35. Cho A= (aij )nxn la ma tran c6 a; =0 véi Vi>j va thoa
man AT +2A=1_. Chon phét biéu sai

a. A=AT

b, |A[=3"

c. A+2AT =1
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Chuong II
HE PHUONG TRINH TUYEN TiNH

& UNG DUNG TRONG PHAN TIiCH
KINH TE

A.TOM TAT LY THUYET
I. Hé phwong trinh tuyén tinh tong quat
Hé phuong trinh tuyén tinh ¢6 n an sd va c6mphuong
trinh 1a h¢ phuong trinh c6 dang nhu sau
a, X, +a,x, +K +a, x, =b,

In“*n

a,X, +a,,X, +K +a, X, =b,

2n“*n

(1): (aij,bi €i )

a X, +a.,X, +K +a, X, =b_

Cac ma tran

all al2 L a‘ln all a12 L a‘1n bl
a a,, L a . — |a a, L a,l|b
A — 21 22 2n va A — 21 22 2n 2
L L L L L L L
aml am2 L amn aml amz L amn bm

dugc goi lan Iuot 1a ma trdan hé s6 va ma tran hé 56 mé rong
(hay con goi 1a ma trdn b6 sung) cia hé (I). Ma tran A con
duoc ky higu la (A | B).
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Xy b,
A - XZ Y b2 \ A
Neéu ta dat X = va B= thi hé (I) < AX=B

X b

n m
MGibo n s6 X =(X,,X,,...,X,) théa man

> a;x;=b,Vi=1lm
j=1
duogc goi la mot nghiém riéng cia hé.
« Hé () ¢é nghigm < R(A)=R(A)
« Hai hé phuong trinh dugc goi 14 fwong dwong néu hai
tap nghiém cua ching trung nhau.
I1. Phwong phap giai mgt hé phwong trinh tuyén tinh
1. Phuong phap khir an lién tiép (phwong phdp Gauss)

Ta biét rang mdi hé phuong trinh tuyén tinh c6 duy nhat
mot ma tran hé s mé rong va nguoc lai khi da c6 ma tran hé sé
mo rong thi ta luén viét dugce hé phuong trinh tuyén tinh, vi thé
khi giai phuong trinh tuyén tinh bang phuong phéap khir an lién
tiép (phuwong phdp Gauss), ta st dung cac phép bién doi so cap
theo dong cua ma trén trén ma tran hé s6 mo rong cua no (néu
d6i cét trong n cdt dau thi phai doi thir i ciia dn so).

Trong qué trinh bién ddi, néu xuit hién mot dong cua ma
tran hé s6 mo rong c6 dang (0, o,..., b) v6i b0 thi ta két luan

ngay h¢ vo nghiém. Trai lai, hé s€ c6 nghiém va khi d6 bao gio
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cling dua dugc ma tran hé s6 mo rong vé dang hinh thang chuin
(sau khi di d6i n cot dau)

1 00L O cy, L c,ld
01 0L 0 cy, L c,|d
0 01 L 0 cy, L cgld
MMMO M M O M| M
00O0L 1c,, L c,ld

Khong giam tinh téng quat ta c6 thé coi cot thir j 13 cot
biéu dién céc hé sb an X; (j =1..., n). Khi d6 nghiém téng quat
cua hé la:

X, = d1 - (C1k+17\'k+1 +ot C1n7\‘n )

kn“¥n

Xy =0y = (Cyaahyss T+ Chy )
Xk+l = 7\‘k+l

VGi Ay qyees A, 12 nhitng sb thuc tiy .

Ta g0i X;, Xp,..., X, |4 CAC dn chinh VA X, X .preer X
la c&c dn phu.

n

Chu y: Trong thuc hanh, dé tranh sy nhdm 14n thi chi nén
d6i chd cac dong (ma khong nén doi chd cac cot).
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2. Pinh ly Kronecker-Capelli

Xét hé phuong trinh tuyén tinh
a, X, +apX, +K +a,x, =h,

Ay X, +a,X, +K +a, X, =D, '
(abiei)

(1):
a. X, +a,,X, +K +a_ X, =b,
Goi A 1a ma tran hé sb, A lama tran hé s6 ma rong.
Khi dé:
> Néu R(A) <R(A): hé (I) vo nghiém.
» Néu R(A) =R(A): hé (I) c6 nghiém.

Tir d6, Gauss dua ra phuong phéap tong quat dé giai hé

phuong trinh tuyén tinh (I) nhu sau.

Bang céc phép bién doi so cap trén ma tran, ta bién doi

ma trin hé s6 m& rong (A | B) vé dang béc thang (A"] B).

56

Tinh R(A | B) va R(A).

+ R(A)<R(A | B) : hé (I) vd nghiém.

+ R(A)=R(A | B)=n : hé (I) c¢6 duy nhét nghiém.
+ R(A)=R(A | B)=k<n :h&(I)covod sO nghiém

Khi (1) c6 nghiém, ta co: (I) & AX=B
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I11. H¢ Cramer

Cho hé phuong trinh tuyén tinh:

a, X, +a,x, +K +a, x, =b,

In“*n

a,X, +a,X, +K +a, X, =hb, _
(abiei)

a, X, +a,X,+K +a_ X, =b,
H¢ trén dugc goi 1a hé Cramer néu

all a12 L a'1n

M MO M
anl anZ L ann

¢ Do D#0 nén A:(aij)n ) 1 ma tran khong suy bién
vi thé nén ton tai A™. Ta viét hé dudi dang AX=B.
Hé c6 dung mot nghiém X =A"B.

¢ Ngoai phuong phap giai trén, ta con cé thé sir dung
cong thire sau day (con goi la cong thirc Cramer):

D
X, =—
D

D
XZ:E2
M

Dn
X, =—L

D
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trong d6 D, (jzl,_n ) 14 dinh thirc ciia ma tran c6 duoc bing

cach thay cdt j cua ma tran A bdi ma tran B.
IV. Hé phwong trinh tuyén tinh thuin nhit

Hé phuong trinh tuyén tinh thudn nhdt 1a hé phuong trinh
tuyén tinh c6 dang biéu dién nhu sau:

a, X, +a,X, +K +a, x, =0

1In“*n

a, X, +a,X, +K +a, X, =0 b e
(aij’ i €1 )

(m:
a,. X, +a,,X,+K +a_ X, =0
Nghia la (II) & AX=0.
Chu y rang hé (IT) ludn c6 nghiém X =0.
V. Mot vai irng dung trong phan tich kinh té
1. M6 hinh cén bang thi treong

Xét mot thi truong ¢ n loai hang hoa vai gia ban 1an luot
la P,P,,K,P,. Gia sir, cic ham cung Qs =Qq (P, P,,K ,P,)

va cac ham chu Q, =Q, (R.P,K,P,) V,=Ln la cac ham
bdc nhdt cia céc gia P,P,,K ,P, .

Pé tim diém can bang thi truong, ta giai hé phuong trinh
tuyén tinh Qs =Qp, (Vi =1n ), nghia la giai hé phuong trinh

tuyén tinh sau day
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El(Pl,PZ,K ,Pn):O

E,(P,P,,K,P,)=0
2(1 2 ) (1)

E,(P.P,K,P,)=0
Do dic diém cua cac ham cung, ham cau va y nghia cua
cac hé sb cua gia P, trong cac ham Q, va Q, , nén hé phuong
trinh tuyén tinh (1) dugc dua vé dang nhu sau
Py =by
P =b,

2n" n

a,,P,—a,P,+K —-a
-a,,P, +a,,P, +K —a
K

-a,P,—-a,P,-K +a, P =b,

()

trong do a; >0, b, >0, Vi,j=1,_n

Pé tim gia cua cac loai hang tai diém can béng thi truong,
ta phai giai hé phuong trinh tuyén tinh (2).

Loi giai cua (2) co ¥ nghia kinh té khi cac thanh phan cia
nghiém phai duong va khi thay nhiing gi4 tri do vao cac ham
cung va cau, gia tri cac ham d6 ciing phai duong.

Ky hi¢u céc ma tran cua h¢ (2):

ay —a; L -,
A= —a, dy L —a,,
M M O M

—a nl —a n2 L ann
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P b,
p— P, . B= b,
M M
Pn bn

Khi @0, hé (2) dugc viét dudi dang: AP =B (2°)

Va ta giai hé (2°) bang mot trong hai phuong phap di néu
& phan hé phuong trinh tuyén tinh.

2. M6 hinh Input — Output M¢é Leontief:

Mo hinh ndy nham xé4c dinh dau ra cua moi nganh trong
n nganh sao cho vira du dé¢ théa man toan b nhu cau cua ca
nén kinh t€ d6 (k€ ca du trir va xuat khau).

- Céc don vi dugc st dung trong mo hinh dugc quy
thanh don vi tién.

- Ky hi€u a; 1a gia tri cia lugng nguyén li€u ma nganh j

nhan dugc tir nganh 1 dé san xuat ra mot lugng san
pham co gia tri mot don vi tién.

- Gid st rang:
v Moi nganh chi san xuat mot loai san pham.

v/ Céac nganh st dung mot ty 1& ¢6 dinh nguyén liéu
dau vao tir cac nganh khac.

v/ Néu luong dau vao tang 1én k lan thi dau ra ciing
tang thém k lan.
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all alz K aln
a21 a22 K a‘2n

M M O M
anl a‘n2 K ann

- Ma tran A= duoc goi 1a ma tran

hé s6 dau vao hay con goi 1a ma tran hé so ky thuat.

Bén canh n nganh, m6 hinh con cé mot nganh dac biét
khac duoc goi 1a nganh mo, cung ing nhirng dau vao thiét yéu
(vi du nhu lao dong, dich vu) cho n nganh trén. Nguoc lai, san
lugng cua cac nganh dugc xac dinh bdi yéu cau nguyén liéu cua
cac nganh trong nén kinh t€ va yéu cau cuoi (yéu cau dy tri,
xuat khau). Luong yéu cau cudi nay dugc xem la yéu td dé lap
ké hoach cho toan b nén kinh te.

- Goi luong dau ra cia n nganh lan luot 1a X, X,,K , X, ;

yéu cau cudi cung cho dau ra ctia nganh thir i (con goi la
Yéu cau cuoi cung cia nganh mo doi voi nganh thir i) 1a
d, voii=1n.

- (Gia sir nganh thtr 1 san xuat mot luong dau ra X; vua

du dé dap ung nhirng diéu kién dau vao cua n nganh

va dép tng yéu cau cudi cung cua nganh mo. Khi do,
ta co:

(In —A).X =D (¥
trong d6 |, 1a ma trdn don vi cép n, A la ma tran cic hé s

dau vao, X 1a vécto cot cua luong dau ra, D 1a vecto cot bicu
thi cac yéu cau cudi cung cia nganh md.
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Tir (¥), ta tim dwoc nghiém X =(1, —A)".D

Cha y: ta c6 thé tim X tir (*) bang phwong phap Cramer.
B. BAI TAP
Bai 1: Giai hé phuong trinh sau day bang phuong phap Cramer

X, =X, +X; =6
2X, + X, +X; =3
X, +X,+2X; =5

Giai:
1 -1 1
Tinh D=2 1 1|=5%=0 nénhé co nghiém duy nhat.
1 1 2
Tacé
6 -1 1
D,=[3 1 1]=5
5

D,=[2 3 1/=-10

62



Bai tap Toan Cao cdp danh cho khéi nganh Thuong Mai, Kinh t&

1 -16
D,=[2 1 3=15
1 1 5

Ap dung cong thirc Cramer, ta tinh dugc nghiém cua hé la

Céch khac: Hé phuong trinh dugc viét dudi dang

AX=B< X=A"B

1 3 2
Vi A‘lz1 -3 1 1
1 -2 3
1 3 -2)\6 1
nén X:A’lB:l -3 1 1/|3|=-2
1 -2 3|5 3
X, 1
Vay nghiémcuahé la X=| x, |=| -2
X, 3
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Bai 2: Giai hé phuong trinh tuyén tinh sau day

X, +3X, —4x, =11

2X; =X, +3X; =—3

—2X, + X, +X;=-1
Giai:

Céach 1: Bién doi ma tran:

1 3 411 1 2 41
A=l 2 -1 3|3|—2i|0 7 11)-25
2 1 11 0 0 4|4

Ta c6 h¢ phuong trinh trong duong:

X, +3X, —4x,; =11 X, =1

=X, +11X, =-25 & < X, =2

4x, =—4 X,=-1
X, =1
Vay, nghiém duy nhat 1a { x, =2
X;=-1

Céch 2: Dung phuong phap Cramer

1 3 4
D=2 -1 3|=-28=0
-2 1 1

Nén hé phuong trinh da cho l1a hé Cramer, do d6 hé co
nghiém duy nhét.
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11
D, =|-3
-1
1
D,=|2
)
1
D, =|2
)

Nghiém duy nhét caa hé la: x, =

Céch 3: Dung phuong phap tinh ma tran nghich dao.

(1)

Hé da cho duoc viét dudi dang: AX =B

trong do A=

3 -4
1 3|=-28
1 1
11 -4
~3 3|=-56
-1 1
3 11
-1 -3=28
|

1 3 4
2 -1 3
-2 1 1

Taco: |A|=—28+0

Xl
, X=|X,1[, B
XS

D
Xl:E
D,
D
D3
X —_—
D
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4 -7 5
Ta tinh dugc A™ = S -8 -7 -11
lo -7 7

-4 -7 5 )\(11 -1
Tir (1) chota:szle—zi -8 -7 -11|-3|=| 2
0 -7 -7)l-1) |11
Bai 3: Giai h¢ phuong trinh tuyén tinh sau day
2X, +TX,+3X,+X, =6
3%, +5%, +2x;+2x, =4 (1)
OX, +4X, + X, +7X, =2
2 7 3 1|6
Giai: Xétmatranhé sé morong A=[3 5 2 2|4
9 4 1 7|2

Bang kién thirc trong cac phan trude, ta tinh dugc

r(A)=2var(A)=2

Vir(A)= r(K) =2 % 56 4n = hé c6 vd sb nghiém va nghiém
ctia hé phu thudc vao hai tham sé.
Néu chon x, va x, lam cac tham sé thi ta c6 hé phuong trinh
tuyén tinh sau day:
2X, +TX, =6—-3X; —X,
{3x1+5x2 =4-2X,-2X,

(r)
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Ta giai h¢ (') nhu sau (véi X, va X, 1a cac an so).

Ta co:
2 7
D= =-11
3 5
6-3x;-X, 7
= =—X;+9X,+2
4-2x,-2%x, 5
2 6-3X,—X,
, = =5%,-X,-10
3 4-2%x,-2X,
Vay nghiém cua (1') la:
X _ Dy _X=9%,-2
"D 11
X =&=—5x3+x4+10
* D 11

Két luan: hé (1) c6 vo sé nghiém, cac nghiém 4y phu thugc vao
hai tham s6 X, X, . Nghiém tong quat caa hé (1) la

Xy, —9X, —2
11
—5X, +X, +10

X= T VOi VX3,X4€[

X3

X,
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Bai 4: Giai hé phuong trinh tuyén tinh sau day bing phuong
phép Gauss
3X, +4X, +5X, + 7%, =1
2X, +6X, —3X, +4x, =2
4x, +2X, +13x,+10x, =0
oX, +21x, +13x, =1
Giai: Xét ma tran hé s6 mé rong
34 5 7|1
2 6 -3 4|2

4 2 13 10|0
5 0 21 131

>|

Bing cac phép bién ddi so cip cuia ma tran, ta bién déi nhu sau
1 -2 8 3|-1
2 6 -3 4| 2
4 2 13 10| O
5 0 21 13| 1

K d, —d;-d,

1 -2 8 3|-1
4o oa |0 10 —10 -2| 2
$o¢sr |0 10 19 -2 O
0 10 -19 -2| 1
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ds—dy—d,
d,—d,—d,

dy;>d,

s

1

1 -2 8 3|1

0 10 -19 -2
0O 0 0 O
0O 0 0 O

0 10 -19 2| 4
0 0 0 0 2
0O 0 0 0| O0

4
0
2
-2 8 31}

= r(A)=3%r(A)=2

Do d6, hé da cho vd nghiém.

Bai 5: Giai va bién luan hé phuong trinh tuyén tinh sau day
theo tham s6 m

mx+y+z=1
X+my+z=m

X+y+mz=m

2

Giai: Xét dinh thuc cia ma tran hé sb

m 1 1
D=|1 m 1|=(m-1)’(m+2)
1 1 m

Truong hop D=0 < m=1, m=-2 : hé¢ da cho 1a hé
Cramer nén cd nghiém duy nhat
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X—DX y—& Z—&
i) Dl

D D
1 1 1
Taco Dx= m m 1 =—(1—m)2(1+m)
m> 1 m
m 1 1
D,=[1 m 1|=(1-m)
1 m m
m 1 1
D,=[1 m m|=(m-1)"(m+1)’
1 m?
2
Vay, nghiém duy nhat 1a {x:-mﬂ, __1 ’Z:(m+1) ]
m+2 m+2 m+2

* Truong hop D=0 < m=1hay m=-2
v Néu m=1: ta c6 hé phuong trinh tuyén tinh
X+y+z=1
X+y+z=1
X+y+z=1
H¢ tuong duong v6i phuong trinh X+y+z=1

Hé c6 vo sé nghiém phu thudc vao hai tham sé. Nghiém
tong quat la

X=(1—y—z,y,z)T Vi VX, Y €
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v Néu m=-2:

Khi d6 ma tran hé s6 mo rong cua hé phwong trinh c6
dang nhu sau

2 1 1] 1
A=l1 —2 1]|=2
1 1 =2 4

Bing cac phép bién doi so cip ciia ma tran, ta c6

1 1 -2 4
Aot 5l 1 -2 1|2
-2 1 1] 1

1 1 -2 4
—saaolo 3 3|6
0 3 -3 9

1 1 -2 4

d;—d;+d, O _3 3 _6
0 0 0] 3

Tathdy r(A) =3 #r(A) =2 nén hé vo nghiém.

Két luan:

. m+1)*
e m=1m=-2:nghiém duy nhat _m+1, L ( )
m+2 m+2 m+2

e m=1: nghiém tong quat (1-y—z,y,z) Véi VX,y €
e m=-2:v0 nghiém.
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Bai 6: Giai va bién luan hé phuong trinh tuyén tinh sau day
theo tham sé m

MX+y+z=m
2x+(m+1)y+(m+1)z=m+1
X+y+mz=1
Giai:
Goi A l1a ma tran hé sb thi ta co
D=|A|=(m-1)°(m+2)’

Giai twong tu bai trén, ta co

em=1l, m=-2:c6 nghiémduynhét(mﬂ m+1 -1 )

m+2 m+2 m+2
e m=1: c6 nghiém tong quat (-y—z+1y,z) Véi X,y €|

e m=-2:v0 nghiém.

Bai 7: Giai va bién luan hé phuong trinh sau day theo cac tham
séavab

bx+ay+z=1
(2b-1)x+ay+3z=1
bx+ay+(b+3)z=1
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Giai:
Goi A 1a ma tran hé s thi ta co
D=|Al=a(b+2)(1-b)
e Truong hop D=0 < a=0vab=lLb=-2:

Ldc nay, hé ¢ nghiém duy nhét 1a

(x,y,z):(x:o, yzi, z:Oj

e Truong hop D=0 < a=0vb=-2vb=1
v a=0,b#-2,b=1:v0nghiém

\

a=0,b=1:nghiém tong quét 1a (Ly,0), ye;

\

a=0,b=-2: nghiém tong quat 1a (1 y,3), y

\

a=0,b=1:nghiém tong quét la (1-ay,y,0), y e

<\

a=0,b=-2: nghiém tong quat (%%zj L Z€]

Bai 8: Cho hé phurong trinh tuyén tinh
X+y+mz=1
X+my+z=a
X+(m+1)y+(m+1)z=b

a. Vi gia tri nao cua m thi h¢ phuong trinh trén c6
nghiém duy nhat.

b. Tim a, b dé hé di cho c6 nghiém véi moi gié tri ciia m.
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Giai:
(a.) Vi hé phuong trinh c6 S6 phwong trinh bang sé an,

nén mudn hé phuong trinh c6 nghiém duy nhat thi hé phai la hé
Cramer, nghia la:

1 1 m
D=1l m 1 |=m°-1#0 & m=+1
1 m+1 m+
Vay, hé c6 nghiém duy nhat < m=+1
(b.) Tacé:

e Truong hop D=0 < m=+1 : hé da cho 1a hé Cramer nén hé
¢6 nghiém duy nhat véi moi a, b

e Truonghop D=0 < m=+1:

11 1|1
® m=1:Matranhésdmorongla A=|1 1 1]a
1 2 2|b

1 11 1

L—-|0 1 1({b-1

0 0 0ja-1

v azl bej:r(A)=2=r(A)=3
va=1bei : r(A)=r(A)=2= sban

Nén hé co nghiém khi a=1, be;
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1 1 1|1
® m=-1:Matran A=1 -1 1 |a
1 0 01|b

1 1 -1 1
L >0 -2 -2 a-1
0 0 0 |-a+2b-1
v —a+2b-1#0: r(A)=2=r(A)=3
v —a+2b-1=0:r(A)=r(A)=2= sban
Nén hé c6 nghiém khi —a+2b—-1=0
a=1 {azl

Vay, hé c6 nghiém véi Vv
&Y, Tie €o ngniem vo mc}{—a+2b—1:0® b=1

Bai 9: Tim m dé hé sau ¢ nghiém

X, +2X, =X, +4X, =2

2X, =X, +X;+X, =1
X, +7X, —4X, +11X, =m

Giai: Matranhésémarongla A=| 2 -1 1 11

A—%2%20 1 g 5 3 _7 -3

dy—>d,—d;
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1 2 -1 4 2
— %2 ) g 5 3 7| -3
0 0 O O0lm-5
Taco
em=5:r(A)=3%r(A)=2
em=5:r(A)=r(A)=2
Vay, hé co nghiém < r(A)=r(A)
S m=5

Bai 10. Giai va bién luan phuong trinh hé phuong trinh tuyén
tinh sau day bang phuong phap Gauss theo tham sé m

mx+y+z=1
X+my+z=m

X+Yy+mz=m?

Giai: Dung céc phép bién doi Gauss trén ma tran hé sé ma rong.

m 1 1|1 1 1 1m
A={1 m 1|lm| 224 3m 1 1|1
1 1 mm? 1 1 mjm?
1 m 1 m
—e | 0 1-m® 1-m|1-m?
0 1-m m-1m*-m
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1 m 1 m
d, >dy

—5e—>|0 m-1 1-mim-m?
0 1-m?> 1-m|1-m?

1 m 1 m
d;—d;+(m+1)d, N O m—l 1_m m_mZ

0 0 (@-m(m+2)|@+m)*’(L-m)

Bién luan:

¢ m=1 m=-2:héco nghiém duy nhat

. m+1
T me2
1
y:m+2
Z=(m+1)2
m+2
1 1 11
e m=1:tac6 A—>|0 0 0|0
0 0 0|0

= R(A)=R(A) =1 = s6 an, nén hé c6 vo nghiém va nghiém
l1-y-z
tongquat X= 'y | Véiy,zej
z
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0 2 1|-2
e m=-2:taco: A>|0 -3 3|-6
0 0 o 3

= R(A)=3#R(A)=2 nén h¢ vo nghi¢m.

Bai 11: Hay tim nghiém tong quét cua hé phuong trinh tuyén
tinh sau day

X, =X, +5X; =X, =0

X, +X, —2X;+3X, =0

3X, =X, +8X;+X%, =0

Giai: Pay 1a hé phuong trinh tuyén tinh thudn nhat.

1 -1 5 -1
Matranhéséla A= 1 1 -2 3
3 -1 8 1

Duing cac phép bién dbi so cap trén ma tran, ta co

1 -1 5 -1
Ao 0 2 T
0 2 -7 4
1 -1 5 -1
— b 5l 0 2 -7 4
0 0 0 O
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= R(A)=2< sb 4n
= hé da cho c6 v sb nghiém.
Chon x, va x, lam an ty do, ta giai dwoc:

3
X ==X =X,

X, :%xs—Zx4

Vay nghiém tong quat 1a

3x X
Xl 2 3 4
X2 s

X: = _X3_2X4 VOl X3,X4€i
X3
X, 3
4
Bai 12: Mot nha budn ca phé tron 3 loai ca phé I, 11, 1 véi

nhau, c6 gi4 lan lugt 1 2, 3, 6 (don vi tinh 12 $) cho mot kg,
dé c6 duoc 100 kg loai ca phé c6 gia 1a 4% / kg. Nguoi nay sir
dung mot luong ca phé gidng nhau cho hai loai ca phé 11 va 111,
Hay xac dinh luong ca phé (tinh bang kg) cho mdi loai ca phé
can st dung dé pha tron.

Giai: Goi x, y, z lan luot 14 lwong ca phé loai I, 11, 111.

Tir d¢ bai, ta lap dugc mot hé phuong trinh tuyén tinh sau day
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X+Yy+2z=100
2X+3y+6z2=400 (*)
y-z=0
x=20
Giai hé (*) bang phuong phap Cramer, ta thu dugc: {y = 40
z=40

Vay, can phai c6 20kg ca phé loai 1, 40kg ca phé loai 11 va 40kg
ca phé loai IlI.

Bai 13: M6t bénh nhéan duoc chi dinh phai ung ba loai vitamin
A, B, C véi ham luong la 7, 4, 18. C6 ba loai thudc bo nhén
hiéu X, Y, Z ma mdi loai thudc déu chaa céc loai vitamin trén.
Biét rang mdi vién thudc X chira ham luong vitamin A, B, C lan
lwot 12 1, 1, 3; mdi vién thudc Y chira ham luong vitamin A, B,
C lan luot 12 1, 2, 4; mdi vién thudc Z chira ham luong vitamin
A, B,Clanluotlal, 0, 2.

a. Tim tat ca cach két hop s vién thudc X, Y, Z can mua
thoa chi dinh.

b. Cho biét don gia cho mdi vién thuéc X, Y, Z lan luot la
6, 5, 4 (don vi tién). Tim céach két hop s vién thudc X,
Y, Z can mua thoa chi dinh sao cho chi phi bé nhit.

Giai:
(a) Goi x, y, z lan luot 1a s vién thudc loai X, Y, Z.
Luu yrang X, y, z la cac sé nguyén khong am.
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Tir gia thiét, ta lap dugc hé phuong trinh sau day
X+y+z=17
X+2y=4 ™
3X+4y+2z=18
Ta giai hé (*) bang phuong phap Gauss.

Ma tran hé sé6 mé rong cua hé (*):

11 1|7 11 1]7
A=|1 2 0|4 | <=0 1 -1|-3
3 4 2|18 01 -2|-3
11 17
— %2t 510 1 -1]-3
00 0]0

Ta thdy: R(A)=R(A)=2= s 4n. Nén hé (*) c6 vo sb
nghiém, va nghiém téng quat la
X :10— 22 > 0 4 A ~ A
véi la so nguyén khong am
y=2-320
Vi x=10-2z>0va y=z-3>0néntacd 3<z<5.Do
do, ze{3,4,5}
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Do vay, céc cach két hop tim duoc 12

X|y |z
Cachkéthop 1 : 41013
Cach két hop 2 : 2|14
Céach két hop 3 : 01215

(b.) Taco chiphila f(x,y,z) =6x+5y+4z

v Véicach kéthop 1 (x=4,y=0,z=23) thi f =36
v Véicach kéthop 2 (x=2,y=1z=4) thi f =33
v Vi cach kéthop 3 (x=4,y=0,z=3) thi f =30
Vay, ta chon cach két hop 3 dé c6 chi phi thip nhat.

Mt cach gidi tham khdo khac:

Ham chi phi la f(x,y,z) =6x+5y+4z trongdo6 X, y, z
thoa h¢ phuong trinh (*).

Taco:

f(x,y,2)=6(x+y+2z)—(y—2)—-3z2=45-3z

Vi x, y, z thoa mén h¢ phuong trinh (*) nén
X+y+z=7vay—-z=-3nénsuyra: f(x,y,z)=45-3z

Theo céu (a.),tacd 3<z<5 nén —15<-3z2<-9. Do do6:

f>45-15=30
Vay, f,, =30 & (x=4,y=0,z=3)
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Bai 14: Thi trudng cd ba loai hang hda. Ham cung va ham cau
cua ba loai hang trén lan luot la

Qs =18P, —P,—P, 45 ; Qp, =—6P, +2P, +130
Qs, =—P,+13P, -P,-10 ; Qp, =2P, —7P,+P;+220
Qs, =—P,—P,+10P,-15 ; Qp, =3P, —5P, +215
Tim diém can bang thi truong.
Giai: Xét hé phuong trinh
E, =Q,-Qy =0 24P, —3P, —P, =175
E,=Q,,-Qp, =0 < {-3P,+20P, - 2P, =230 (*)
E,=Q;—Qp; =0 —P, —4P, +15P, = 230
Giai hé phuong trinh (*) bang phuong phap Cramer. Ta co:
24 -3 -1
D=|-3 20 -2|=6835=0
-1 -4 15
175 -3 -1
D,=/230 20 -2|=68350
230 -4 230

24 175 -1
D,=|-3 230 -2/=102525
-1 230 15
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24 -3 175
D,=-3 20 230[=136700
-1 -4 230

Vay nghiém cua hé la

Pl:&=10>0
D

P2=&=15>0
D

P3:&:20>0
D

Vi P,>0, P,>0, P,>0 va ta thay P, =10, P, =15,
P,=20 vao Q, , Qp,, Qp, taco:

Qp, =100>0, Q, =155>0, Q, =145>0
nén gia can bang la: P, =10, P, =15, P, =20.

Do d¢ diém can bang thi truong la (10,15,20).

Bai 15: Trong md hinh Input — Output Mé Leontief, biét ma
tran dau vao
0,3 01 01
A=01 02 0,3]|=(a)
0,2 0,3 0,2

3x3

a. Noi y nghia kinh té ciia h¢ sb a,, .

b. Tinh va n6i y nghia kinh té cua hé sd A -
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c. Tim gia tri san lwong ctia ba nganh, biét rang nganh
mé& yéu cau ba nganh trén phai cung cp cho n6 nhiing
lwong san pham tri gia teong tng 70, 100, 30.
Giai:

a. Y nghia kinh té caa hé s6 a,, =0,3 1a can mot lugng
hang hoa thi 2 (nguyén liéu thi 2) tri gia 0,3 (don vi tién) dé
san xuat mot lugng hang héa thir 3 tri gia 1 (don vi tién).

b. Ta co: a,=1—(a,+a,+ay,)=0,4, nghia 1 nganh
m& dong gop 0,4 (don vi tién) cho nganh 3 dé nganh 3 san xuat
mét lwong hang tri gia 1 (don vi tién).

c. Tagoi I, 1a ma tran don vi cap 3, A la ma tran h¢ s6
dau vao va D 1a nhu cau cudi cing cua nganh ma d6i véi ba
nganh, X 1a vecto & dang cot biéu thi gié tri san luong cua ba
nganh.

Taco: (I,—-A)X=D

0,7 -01 -01)(x, 70
<|-01 08 -03| x,[=[100]| (*)
0,2 -0,3 0,8 )| x, 30

Ta giai hé phuong trinh (*) bang phuong phap Cramer.

0,7 -01 01
A=|-0,1 0,8 -0,3=0,352%0
-0,2 -0,3 0,8
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70 -01 -01
A,=[100 0,8 -0,3=528

30 -03 08

0,7 70 -01
A,=|-01 100 -0,3=70,4

0,2 30 08

0,7 -01 -01
A,=|-01 08 -03=528

0,2 -0,3 0,8

Vay, gia tri san lugng cua ba nganh la

Bai 16: Xét mo hinh Input — Output Mo Leontief, gdm ba
nganh véi ma tran hé sé dau vao la
01 0,3 0,2
A=|0,4 0,2 01
0,2 0,3 0,3
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a. Tim gia tri san luong cua ba nganh, biét rang nhu cau
cia nganh mé déi véi ba nganh 1a (75, 90, 81).
b. Tim gi4 tri san lugng cta ba nganh voi diéu kién b
sung: do cai tién ky thuat & nganh 1 tiét kiém duoc
25% nguyén liéu caa nganh 2, con nhu cau cudi cuing
ctia nganh mo déi véi ba nganh 1a van 1a (75, 90, 81).
Giai:
(&) Goi X 1a vecto biéu thi gi4 tri san luong cua ba
nganh, ta co:
(I,—A)X=D
09 -0,3 -0,2)(x,) (75
e|-04 08 -01]x,|=|9]
-0,2 -0,3 0,7 ){ X, 81
Giai hé (*) bang phuong phap Cramer, ta tim dugc gia tri
san lugng cua ba nganh 1a
X, = 240
x, = 270
X, =300
(b.) Do cai tién k¥ thuat nganh 1 nén nguyén liéu nganh

thir 2 cing cip cho nganh 1 dwoc giam 25%. Nhu vdy, luc dau
chua cai tién thi a,, = 0,4, sau khi cai tién ky thuat thi a,, =0,3.

Ta c6 ma tran cac hé sb dau vao moi nhu sau (sau khi da
cai tien k¥ thuat)
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0,1 0,3 0,2
A=/0,3 0,2 01
0,2 0,3 0,3

Taco: (I,-A)X=D

09 -0,3 -0,2)(x, 75
<|-0,3 08 01| x,[=90|(*
-0,2 -0,3 0,7 )\ x, 81
Giai hé (**) bang phuwong phap Cramer, ta tim duoc gi&
tri san lugng cua ba nganh la

X, = 221,899

X, ~ 230,477

X, ~ 277,877

Bai 17: Trong md hinh Input — Output Mé Leontief, biét ma
tran du vao

0,3 01 0,2
A=102 02 03|=(q;)
0,2 0,4 03

a. Khi nganh 3 phai cung cidp 600 (don vi tién) cho
nganh 2 thi gia tri san lugng ctia nganh 2 1a bao nhiéu?

b. Hay tinh matran (1-A)™

c. Gia s nhu cau cudi cung cua nganh m¢ ddi voi ba
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nganh lan luot 12 d,, d,, d,. Néu d, ting 2 (don vi
tién), d, giam 1 (don vi tién), d, giam 1 (don vi tién)
thi gié tri san luong cia ba nganh thay d6i thé nao?
Giai:
(@) x, :@ =1500
a32
. 0,44 0,15 0,19
(b.) Pap sb: (1-A)" = 552|020 0,45 0,25
'“"10,24 0,30 0,54

(c.) Tagoi
AX,
= Sy thay do6i ciia ba nganh l1a AX =| Ax,
AX,
= Sy thay ddi cua nhu cau cudi cing caa nganh mo 1a
Ad) (2
AD=| Ad, |=| -1
Ad,) | -1
2,25
Thi AX=(1-A)".AD=|-1,25
-1,50
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BAI TAP PE NGHI
1. Cho hé phuong trinh tuyén tinh
2X+3y+2z=9
—X+2y+3z=14
3X+4y+z=16
a. Tim nghich dao cua ma tran hé sé.
b. Giai hé¢ phuong trinh trén.
2. Xét xem h¢ phuong trinh sau c6 nghiém hay khong?
4%, +3X, +3X;— X, =4
3X, =X, +3X;-2%, =1
3X; +X,=X, =0
SX; +4X, =2X,+ X, =1
3. Tim m dé hé phuong trinh sau c6 nghiém
2%, +3X, + X, =X, =1
X, + X, —=2X,+ X, =2
X, —2X, +X;+2%X, =1
4X, =X, = X5 +3X, =m
4. Giai cac h¢ phuong trinh tuyén tinh sau day
X+3y—-2z=1
a IX—-2y+z=-2
X—7y+4z=-5
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X, +5X, =X, =1
b. <-2X, +X,+X;=2
X, +16X, +X, =4
2X,; +3X, +11X, +5x, =0
X, +2X, +6X; +X, =1

C.
2X, + X, +3X;+2X, =-3
3X, +2X, +6X, +6X, =—6
3X, —6X, +X;-3x, =1
q X, —2X, =2X; =X, =—2
2X, —4X, +TX;=2X, =1
4x, —8X, —3X, —4x, =3
3X; +3X, +7X; —6X, +6X, =3
. 2X, +2X, +4X; =X, +3X, =2

X + X, + X, +3x, =-1
2X, +2X, +8X; —3X, +9X, =2

5. Giai va bién luan hé phuong trinh tuyén tinh sau day

X+y+mz=1
a. <X+my+z=m
MmX+y+z=m

ax+by+z=1
b. {x+aby+z=6

X+by+az=1
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X+2by+z=4
C. 12Xx+3by+2z=7
ax+y+z=4

X+ay+a’z=a’

2 3
d. {Xx+a,y+a,z=a,
X +a,y+aiz=a;

6. Tim nghiém tong quat cua hé phuong trinh tuyén tinh thuan
nhat sau day
X, —2X, +3X; =X, +2X; =0
=X, +2X, =X+ X, —X; =0
2X, —4X, +6X; —2X, +4X, =0
—2X, —4X, =2X;+2X, —2X; =0
7. Tim diéu kién ciia m dé hé phuong trinh tuyén tinh thuan
nhét sau day c6 vo s6 nghiém
3X; =X, —4x,-3X, =0
—5X, +2X, +6X,+9%, =0
2X, —X, —2X,—6x, =0
4x, —X, —6X; +mx, =0

8. Cho h¢ phuong trinh tuyén tinh

X+y+2z=1
2X+(Mm+2)y+5z=1
X+(M+)y+(M+2)z=m’-m+1
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a. Tim m dé hé d3 cho 1a hé Cramer. Tim nghiém trong
treong hop do.

b. Tim m dé hé di cho v6 nghiém.
9. Cho hé phuong trinh tuyén tinh
X—-2y+3z2=0
2x+(m—-4)y+7z=0
—X+(m+2)y+(m-1)z=0
a. Tim m dé h¢ da cho c6 nghiém duy nhat.
b. V&i m=0, hdy tim hé nghiém co ban cta hé da cho.
10. Cho hé phuong trinh tuyén tinh
X+2y-z=1
2x+(m+5)y-2z=4
X+(m+3)y+(m-1)z=m+3
a. Tim m dé h¢ da cho vo nghiém.

b. Tim m dé hé da cho c6 vo s nghiém. Hay nghiém
téng quat trong trudng hop doé.

11. Cho h¢ phuong trinh:
X+2y+3z=1
2x+(m+3)y+7z=2
X+(m+1)y+(m+1)z=m-2
Tim m dé hé c6 vo sé nghiém va tim nghiém tong quat trong

treong hop do.
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12. Cho h¢ phuong trinh:

X-y+2z=1
2x+(m-1)y+5z=3

X+my+(m+3)z=2m+2

Tim m dé hé c6 vo sé nghiém va tim nghiém téng quat
trong truong hop do.

X+y+2z=0
13. Cho hé phuong trinh tuyén tinh Jax+y+2z=1 (l). Khi
X+y+az=2
do, hé (1) 1a hé Cramer khi va chi khi
a. a=l
b. a=2
c. a=lhoiaca=2
d az#lvaa=2
2X+3y =5

14. Cho h¢ phuong trinh tuyén tinh {x+2y=3  (I). Khi

a’x+3ay =4

do, hé (I) c6 dang mot nghiém khi va chi khi

a.
b.

C.
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15. Cho hé phuong trinh tuyén tinh

X + 2y + mz = 3+4m
2Xx + my — 3z = m-=-1 (I
2X — my + 2mz = -2

Cho biét (x =1, y = 1, z = 1) théa hé (1). Chon ménh dé ding
a. m=—4vahé(I) co vd sé nghiém
b. m=—4vahé (I) c6 nghiém duy nhat
c. m=—2vahé(I) co vo s nghiem
d. m=—4vaheé (1) c6 nghiém duy nhat

16. Xét thi truong c6 ba loai hang. Biét ham cung va ham cau
cua ba loai hang trén lan luot la

Qs =6P,—2P,~60  ; Q, =120-5P,+P,
Qs =P, +9P,~P,~30; Q, =160+P,—6P, +P,
Q, =—2P,+8P,~20 ; Q, =140+P, 4P,

Tim gia ban tai diém can bang thi trudng.

17. Xét thi truong ¢ ba loai hang. Biét ham cung va ham cau
ba loai hang trén lan luot 14

Qs =9P, P, 170 ; Qp, =1880—8P, +P, +P,
Q,, =12P, —P, ~500 ; Qp, =2070+P, ~10P, +P,
Qs =P, P, +10P,~510 ; Q, =2140+P, 8P,

Tim diém can bang thi truong.
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18. Trong md hinh Input — Output M& Leontief, biét ma tran
dau vao nhu sau

01 02 03
A=/03 01 01]|=(a)
0,2 03 0,2

3x3

a. Noi y nghia kinh té cua h¢ s6 a,, =0,3.

b. Biét san luong cua nganh 2 1a 100, tinh gia tri cua
lurong nguyén liéu ma cac nganh cung cap cho né.

c. Tim ma tran nghich dao cua 1, —-A.

d. Tim muc san luong cia ba nganh, néu nganh mé yéu
cau ba nganh trén phai cung cap cho né nhiing lugng
san pham trj gia twong tng (39,49,16).

e. Néu yéu cau xuit khau du trir thay d6i ddi véi cac
nganh lan luot 1a AD=(3,-2,0), hdy tinh mac thay
d6i san lugng caa cac nganh.

19. Trong mé hinh Input — Output M¢ Leontief, biét ma tran hé
s6 dau vao nhu sau

01 03 0.2
A=04 02 03|=(q)
02 03 01

Yéu cau ciia nganh mé ddi vai ba nganh kinh té lan luot

la 118, 52, 96.
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b. Tim gia tri san lugng cua ba nganh dap ung dugc yéu
cau cua nganh m¢ da cho ¢ trén.
c. Khinganh 1 tiét kiém dwoc 25% nguyén liéu caa nganh
2, con yéu cau cua nganh mé ddi vai 3 nganh khang
thay déi, hdy tinh gi4 tri san lvong cua ba nganh.
20. Xét md hinh Input — Output m& Leontief gdm ba nganh voi
ma tran hé sé dau vao la
0,3 01 0,2
A=102 m 01|=(q)
0,3 0,2 0,3

a. Giai thich ¥ nghia kinh té ciia h¢ s6 a,,. Tir d6 tinh sb
tién ma nganh 2 phai dong gop cho nganh 3 khi gia tri
dau ra cia nganh 3 1a 200 (don vi tién).

b. Giai thich ¥ nghia kinh té cta h¢ s6 a,. Tir d6 suy ra
nganh m¢o phai dong gép bao nhiéu cho nganh 3 khi
gia tri san luong caa nganh 3 13 1000 (don vi tién).

c. Hay tim gia tri cia m, biét rang nganh nganh mo phai
dong goép 150 (don vi tién) cho nganh 2 khi gia tri san
lwong caa nganh 2 1a 500 (don vi tién).

d. V6i m=0,4 hdy tim gia tri san lugng cua ba nganh
néu biét yéu cau cua nganh mé ddi vaéi ba nganh lan
luot la 66, 124, 100.

21. Xét mo hinh Input — Output m¢ Leontief gdm ba nganh voi
ma tran hé s6 dau vao Ia
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0,3 0,3 0,2
A=|0,2 0,2 03
03 0,2 01

a. Timmatran (1-A)"

b. Hay giai thich ¥ nghia kinh té cua cac phan ti trong cot

1
th 1 ciama tran (1-A)". Hudng ddn: Xét AD=|0 |,
0

roi tir d6 suy ra dugc két qua.
c. Hay giai thich y nghia kinh té ctia cac phan tir trong cot
thtr 2, cot thir 3 ciama tran (1-A) ™.
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Chuong III

HAM MAT BIEN
GI181 HAN VA LIEN TUC

A. GIOI HAN CUA HAM MOT BIEN
Mgénh dé: Cho | la khoang mé chita x,. Ham s6 f xac
dinh trén | (hodc x4c dinh trén 1\{X,}). Gia su

limf(x)=L, limg(x)=M

Khi do:
i) lim[f(x)+g(x)]=L+M

ii) XlLrD[kf(x)]:kL
i) lim [f(x)g(x)]=LM
iv) Iimf—:ﬁ (diéu kién M =)

V) XlirIu/f(x):\/E (néu f(x) > VX € 1\{xo})

Ménh dé: Cho | 1a khoang mé chira X,. Ham s6 f, g xé&c
dinh trén | (hodc xac dinh trén 1\{X,}) va

f(X) >g(x), vx e 1\ {x,}

99



Bai tap Toan Cao c&p danh cho kh&i nganh Thuong Mai, Kinh t&

limf(x)=L
Néu "7 thiL>M
limg(x)=M

Ménh aé (dinh 1y kep):
Cho | 1a khoang m¢ chira X,. Ham $b6 f, g, h xac dinh trén |
(hodc xéc dinh trén 1\{x,}) va f(x) < g(x) < h(x), ¥x el\{x,}.
Néu lim f(x) = lim h(x) =L thi

limg(x)=L
Cha y: Cac ménh dé trén ciing dung khi thay X —x, bang
X = Xy, X = X, hay X —>+o0
Ménh dé:

f(x) = +oo, g(X) = +oo = [f(X) + g(X)] = +o0

T 2

f(X) > —o0, g(X) > —00 = [f(X) + g(X)] > —©

o

f(x) = +o0, g(X) = +0o = f(X).g(X) = +o0

o

f(X) — —o0, g(X) = —90 = f(X).g(X) — +o0
e. (x) = +o0, g(X) = —0 = f(x).g(x) > —o
f. f(x) > c>0,g(x) > +o = f(x).g(x) > +x

g. f(x) > c<0,g(x) > +oo = f(x).g(x) > —0

h. f(X) >two= fi—>0

(x)
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i f(X) >0 —

|f< -
Jo f(X) <g(x) vaf(x) > +oo = g(x) > +o
k. f(x) <g(x)vag(x) > —0=f(X) > -

Nhan xét: Ta khong c6 két ludn tong quat trong cac truong hop
sau day

f(x)+g(x) khi  f(x) > +oovag(x) > —o
f(x).g(x) khi  f(x) >0vag(x) >+

o) khi  f(x) >0vagx)—>0
9(x)
o) khi  f(X) > *oova g(x) > t
9(x)
Cac truong hop trén 1a cac dang vo dinh:
0 ;f ; 00 —00; 0.00
0

-----

n n-1
. oaX"+a, X"+ +aXx+a,

a) lim — —
x>y XM 4+a, X"+ +bX+D,

(giasr ab, #0)

QD

khi n=m

> |3

1
o T

khi m>n
+o0  khi n>m, ab, >0

—oo  khin>m,ab, <0
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: 1 : 1Y
b) IX|£rg(1+x)x =e, XILToo(lJr;j —e
X p
c) lim —=0 (néua>1)
X—>+o g
+ a>1
g lima=) © @Y
X+ 0 (0<a<l)
0 a>1
lim a* = (@>1)
X0 +o (0O<axl)
&)  limE -1
Xx—0 X
+ a>1
f) lim log, x = .
X0 —o O<axl
- a>1
lim log, X = ©  (a>))
x—0" +o  (a<l)
X—>+0 ¥ x—0 X
h  limIX g S [ L
x—>0 X x—0 X 2
o im P
x=0 X
) lim arctgx :g X lim arctgx:—g
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lim arccotgx=0 ; lim arccotgx =t

O Cach khir dang vé dinh 1*:

Xét gidi han lim [f (X)]g(x) trong do

limf(x)=1; lim|g(x)| =+
Cach 1:
L9 00-]
Tacé: [f(x)]"" = {[1+ (f(x) —1)]f(x)1}

i A A . lim g(x)[f(x)-1]
DO dO Ilm [f (X)]g(x) — Ilm eg(X)[f(X) 1] =g

X=X X=X

1 1
vi lim[1+(f(x)-D]o1 =e (do lim(l+u)* =e )

Céch 2: pat y=[f(x)]"" >0
= Iny=g(x).In[f(x)] = 9(x).In[1+f (x) 1]

In[1+f(x) -1
Vi limf(x) =1 = jim ML FOO-1]
X—>Xq X—>Xo f (X) -1

A

1 nén

liminy = XILrg(g(x)%[f(x)—l])

= lim (g(Lf () 1)

S limy = lim 00w = exgn;ﬂg(x)[f(x)-ﬂ

X—>Xg X—>Xg
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O Cac dai lwgng twong duwong:

Dinh nghia:

i) Cho | 1a khoang m¢ chira x,,. Cac ham f, g xac dinh trén

| (hodc xac dinh trén 1\{X,}). Ta néi: f tuwong duong vdi g

khi x tién vé x, néu Iimmzl.
=% g(X)

Khi do, ta ky hi¢u: f : g khi x > Xx,.

ii) Cho f va g xédc dinh trén I=(o,+00). Ta néi: f tuong
duong v6i g khi X—+00 néu JL@%zl' Khi d6, ta ky hiéu
f: g khi x—>+o.

iii) Cho f va g xac dinh trén I:(—oo,a). Ta noi: f tuong
duong v6i g khi x——o0 néu XIL@@%zl. Khi d6, ta ky hiéu
f: g khi x—>—o0.

Hé qua: Cho f: f vag: g, khi x—X,

(hoac f: f, va g: g, khi x—>+o0 hoac f: f va g: g, khi
X—>—0)

Khi do, ta co :
1) lim f(x).9(x) = lim f,(x).g,(x)
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f(x) m

i) lim—==1im
X—Xg g(X) X—Xq gl(x)

(hodc thay X — X, bdi X -+, X —>—0)
+ Chu ¥ rang c6 khi
lim [f(x) £g(x)] = lim [f,(x) £g(X)]
+ Cho f:f va g:g, khi x—>x, va cac ham f, g cung
duong hodc cung am trong l1an cén cua X,. Khi do, ta co:
tim [£ 0+ 0] = 1im [£,) +,09)]
> Mot so két qua thwong dung:

1) sinx: x khi x—0

XZ
i) 1-cosx: > khi x—0
i) InQ+x) : x khi x—0

iv) € —1: x khi x—0

V) Yrx-1: 2 khi x—0
n
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Q BAI TAP

=2 2 2
Bai1: Tinh L= lim>n X=X €OS X (0)

X0 x%sin? x 0
Giai:
=2 2 2
, . SIN“ X —X"Ccos° X
Ta co: L =1Ilim 7
Xx—0 X

l (sin X 4+ XxcosXx) (sin X —X cos X)
im -

x—0 X X
. SINnX—XCcosX
=2lim—————
x—0 X
. COSX—COSX+ XSin X . sinx
= 21lim : = 2lim——
x—0 3x x-0 3x
2
Cach lam SAI:
. sin®x —x%cos® x . X*—x%cos*x
lim 3 = lim———————
x—0 X“SIN° X Xx—0 X
. 1-cos®*x . sin?x
=lim——s— = lim—— =1
Xx—0 X x—0 X

(sai vi sir dung dinh 1y twong duong vé giéi han & tong sd)
Dau “ =" trong dang thiic
sin® X —x* cos® x x% —x% cos® x

lim = lim
x—0 X2 Sin2 X x—0 X4
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1a sai vi trén tir s6 12 mot tong sd nén khong thé thay sin?x
thanh x* dugc. Dudi mau thay x°sin®x =x"* 1a ding.

In|1+sin®(3x
41 2: Tinh L= lim "L sin( ) [9J
x>0 tg”(5x) 0

Giai:

- )
Taco: L= |imsmz—(3X) = Iim% = i
x=>0 tg°(5x) x>0 (5X) 25

Chii y vé vo cing bé — vé cung lén:
Ta co khi x—>+oo thi
f=x>+5:f =x*
vag=-x*+3:¢g,=-x°

Nhung
lim (f+g)= lim (x2+5—x2+3)=8

X—>too X—>too

= lim (x*=x*) = lim (f,+g,)=0

X—>Fo0 X—>to0
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BAI TAP PE NGHI
1. Tim gidi han sau
. =2XP+x-1
a. lim———
x> 3X° +7X+5

AP+ x+1
b. lim > tX*2
x>0 X* 4+ TX+5

(‘/x_3+1

xowe X+ 4x +1

. X+\/X+\/X
d. lim Y————
X—>+00 /X_l_l

2. Tim céc gidi han sau

o fim cos(a+x)—cos(a—x)
x—0 X

J2 —=A+cosx
X2

b. lim

X—0

. Sinbx —sin3x
c. im————
x—0 sin X

. sinx—sina
d lim———
X—a X_a

. cotgx—cotga
e. ||mM
X—>a X—a
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. 2arcsinx
f. lim———
x—0 3x

3. Tim céc gidi han sau
2 X
. X=2x+1
a. lim| ———
xoo| XT—4X+2
1

b. lim(cosx)*
Xx—0

c Iim(1+ xz)COthX

x—0
1

. 1+tgx \sinx

d. lim| =2

x-0\ 14sin X

4. Tim céac gidi han sau

In(a+x)—Ina

a. lim

x—0

(@a>0)

. Inx-1
b. lim
X—e X_e

.o x* -1
c. lim
x-1 xInx

5. Tim céac gidi han sau

. 3x+sin®x
a. ||m—2
x-0 §jn 2X — X
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1-c0s 2X + tg*x
m

b. i _
X0 X sin X
. In(1+3xsinx
c. lim ( 5 )
x—0 tgx
d. |im—"1+2X_1
X0 tg3x

6. Tinh cac gidi han sau

XA -1
a. lim——
x=0 2X° —x -1

2
b. lim——2 1
X0 2X° =X -1

c. lim (1+ X)(l"' 2X)(l+3x)_1

Xx—0 X

(1+x)° —(1+5x)

d. i X% +x°
e (CD(x-2)(x-3) (x—4)(x-5)
o (5x-1)°

(2 -3)" (3x+2)”
X0 (2x +1)50
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7. Tinh céc gidi han sau

tgx —sin x

a. lim .

Xx—0 X

. 1-2cosx
b. im—————

(Tcx)
COS| —
C. Iim—2
x—1 1_,[)(

_In(2+e%)
d lim——~2
x> In(3+e2x)

e. lim x[In(1+x)-Inx]

X—>+0

£ 1-5
x—>01_ex
g II 8X_7X
| x50 §X 5
sin 2x
h.
x>0 In (1+ X))
ax+h_i_ax—h zax
i lim 2 (a>0)

8. Tinh cac gidi han sau
1

a. lim10x-®

X—5-
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9 X241
. X +1
b. lim >
X—>+0 X
X+C
. X+a
c. lim|——
x—>+o\ X + D

1
. (sinX x-a
d. ||m e
x—a* | sina
1

e. lim(1-2x)x

x—0"

g. lim [1+sin(x2 —x)]i

x—0"

9. Tinh cac gidi han sau

. x2-1
a. lim
x-1 x |n x
b. Iim\/1+2x -1
X0 tg3x
. Y+x-1
c. lim———=
x>01 {1+ X
d sin3x

al In(1+2x)
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| In(3-2x)
1 In(2-x)

. Incosx
f. |||T]—2
X0 In(1+x )

5/(1— 3
o fim I 1

-1
x—0 3'(1+ X)5 _1

. ¥Y8+3x-2
h. lim ——
X0 {16 + 4x —2

10. Tinh cac gi6i han sau

et
a. lim
x—1 |n X

2X
b. “me——l
x>0 In (1-4x)

B. TINH LIEN TUC CUA HAM MOQT BIEN
1. Pinh nghia:

e Ham s6 T duogc goi 1a lién tuc tai x, néu lim f(x) =f(x,)
X=X,

e Néu c6 dang thirc

£(x;) = lim £(x) = (x,) (hay f(x; )= lim f(x) =F (x,))
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thi ta n6i f lién tuc trdi (hay lién tuc phai) tai diém Xq-

e Ham s f duoc goi 1a lién tyc trong (a,b) khi f lién tuc tai
moi X €(a,h).

e Ham s6 f duoc goi 1a lién tuc trén [a, b] khi f lién tuc trong
(a,b), lién tuc bén phai tai a, lién tuc bén trai tai b.

e Néu f khong lién tuc tai diém X, thi x, duoc goi la diém
gian dogn cua f .

2. Pinh Iy:

a. Diéu kién can va da dé ham f lién tuc tai x, &
F(x)=f(x)=f(x.)
b. Néu ham f va ham g lién tuc tai x, thi cac ham:
f n .
f+g; f.9; — (9(x,)#0) ciing lién tuc tai X,.
g
c. Néu ham f lién tuc tai X, va g lién tuc tai y, =f(X,)
thi ham gof ciing lién tuc tai X,.

Pac biét: Cac ham so so cap s€ lién tuc trén khodng mé ma no
xac dinh.

3. Céc tinh chit ciia ham lién tuc:

Cho ham f lién tuc trén doan [a,b], tacd:

a. Ham f dat gia tri 16n nhat va nho nhat trén [a, b].
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b. Ham f nhzi/n moi gia tri trung gian giita gi4 tri 16n nhat
va nho nhat. Pac biét, néu f(a).f(b) < 0 thi ta tim
dugc gia tri ce(a,b) sao cho f(c)=0 hay phwong
trinh f(x) =0 c6 nghiém ce(a,b).

Chu y:

Dé chiing minh f lién tuc tai x,, ta ching minh :

lim f(x)="f(x,)

X—Xo

e Néu lim f(x)=f(x,) thi f lién tuc bén phai tai x,.

+
X=X,

e Néu lim f(x)=f(x,) thi f lién tuc bén tréi tai X, .

X=X,
o f lintuctai x, < f lién tuc phai va lién tuc trai tai X,

o lim f(x) = lim f() =F (x,)

O BAI TAP

Bai 1: Xét tinh lién tuc tai x, =0 ctia cac ham sb sau day

sin X
a. yl:f(x):T

sin x )

—— khi x=0
b. y,=f(X)=9 x

0 khi x=0
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sin x
c. y;=f(x)=1 x
1 khi x=0

khi x =0

Giai:
) sinx . . .. . A .
a. Xeét y, =——, ham khong xac dinh tai x, =0 nén khong
X
lién tuc tai Xo = 0 = ham sb gian doan tai X, =0.

sin x .

—— kh 0
b. Xéty, =9 x b

0 khi x=0

Taco: limf(x)= Iirrngl;tf(O) 0
X—> X—> X

Vay y, gian doan tai x,=0.

sin X .
—— khi x#0
c.y,=f(X)=¢ x

1 khi x=0
Taco: limf(x) = lim212X —£(0) =0
X—0 Xx—0 X

Vay vy, lién tyc tai x,=0.
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Bai 2: Xét tinh lién tuc ctia ham s6 sau day tai diém x, =0

sin1 khi x#0
a y, = X

a khi x=0

xsin1 khi x=0
b. y,= X
0 khi x=0
Giai:

I 1 2
a.Giasu x,=—, X

— n:m (n=12..)

vikhin —> o, Xn—>, X, —> vaf (xn) —, f (X)) —> 1 nén gioi

. . l ~ X R N , N X ., .
han limsin = khéng ton tai. Tir d6 suy ra ham s6 gian doan tai

Xx—0 X
Xo:O.
.1 .1 ]
b. Do |xsin=|<|x|, ¥x#0=>xsin=—0 khi x—0
X X

Vay ham ys lién tuc tai xo = 0.

Bai 3 : Xét su lién tuc tai x, =1 cua ham

L khi x=1
V=100 =1, o0
a  khi x=1
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Giai:
Vi f(1)=limf(x)=1=f(1")=limf(x)=0

x—1*

x—1"

= ham f khong lién tuc tai x, =1.

SINTX hi x %1
Bai 4: Cho hamsb f(x) =1 x—1 . Chitng minh:
|’ khi x=1

ham f lién tuc trén ; .
Giai:
+Taco f 1a ham so cap khi x =1 = f lién tuc véi V x #1.
+Tai x=1:
f()=—mn

1 . sinmx
Xét limf(x) = Ilms T
x—1 x>l x—1

bat u=x-1 < x=u+1. Khi x -1 thi u—0.
Ldc 4y, taco:

. . | »
i S]] sinu £(1)
u—0 u u—0 u u—0 u

= f liéntyc tai x=1.

Vay, ham f liéntuc trén ; .
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g* khi x<0
a+Xx khi x>0

Bai 5 : Cho ham s6 f(x) :{ .Tim a dé

ham f lién tuc trén ; .

Giai:

Mién xac dinh cua f 1a VX e;

+ Néu x <0 = f(x) =e* 12 ham s6 so cdp nén lién tuc.
+Néu x>0 = f(x)=a+x 1aham sb so cap nén lién tyc.
+Néu x=0,taco:

f(0)=limf(x)=lime* =1

x—0" x—0"

£(0)=limf(x)=lim(a+x)=a

x—0" x—0"
f(0)=a
Nén ham s lién tuc tai x,=0 < f(0)=f(0")=(0")
< a=1

Vay ham sb lién tuc trén ;| < a=1

Bai 6: Xét su lién tuc cua cac ham sau day

x? khi 0<x<1

a. f(x)=
) {Z—XZ khi 1<x<2
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cos™ khi x| <1
b. g(x)= 2
Ix=1] khi |x|>1
Giai:
a. Xét ham f(x)
+Néu 0<x <1 = f(x)=x? 1a ham so c4p nén lién tuc.
+ Néu 1<x <2 = f(x)=2-x 1a ham so c4p nén lién tuc.
+ Tai x=1,taco:

f(l’):lisz =1

f(1)=limf(x)=lim(2-x*)=1

x—1* x—1*
f(1)=1
Vi f)=f@")=F() nénhamsé f lién tuc tai x, =1

Vay ham f lién tuc trén [0,2].

b. Xét ham g(x)

cosn—x khi -1<x<1

Taco: g(x)=41-x khi x<-1
x-1 khi x>1
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Céac ham cosn—zx; 1-x; X —1 1a cac ham so c4p nén lién tyc.
Vay ham g lién tuc vx ==+1
+Tai x,=1,taco: g)=g@")=9(1)=0
= g liéntuctaixo =1
+Tail x,=-1,taco: g(-1")=0= g(-1)=2
= ¢ gian doan tai x,=-1

Két luan : ham g lién tuc Wx =—1
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Chuong IV

PHEP TiNH VI PHAN
cUA HAM MAT BIEN

A.PAO HAM CUA HAM MOT BIEN
I. Cac dinh nghia co ban

Gia sa ham s6 y=f(x) xac dinh trén (a,b). Hiéu s6
AX=X-X, duoc goi la s6 gia cua dbi s6 x tai diém
X, €(a,b). Hidu so Af(x,)=f(x,+Ax)—f(x,) duoc goi la
s6 gia cua ham sb tai diém Xo.
Af(x,)

AX

Néu ton tai giéi han (hitu han) lim thi ham f dugc

AX—0
goi 1a c6 dao ham tai diém x_ va gisi han do dwoc goi la dao
ham tai diém x, cuaf.

Ky hiéu
lim Af(Xx,) _lim A (X, +Ax)—f(x,) g

Ax—0  AX Ax—0 AX

Céc gidi han: f'(x,) = Img AfA(X o)
AX— X

F0c) = lim AT
Ax—0"  AX

(%)
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tuong ttng dugc goi la dgo ham bén phdi va dao ham bén trai
cua ham so f tai diém Xo.

Pinh ly: Ham s6 y =f(x) c6 dao ham tai diém x_ khi va
chi khi f c6 dao ham bén trai, dao ham bén phai tai diém x, va
f'(x5) =f'(x;)

Pao ham trong khoang (a,b): Ham sé f duoc goi 1a co
dao ham trén (a,b) néu f co dao ham tai moi diém trong (a, b).

Pao ham trén doan [a,b]: Ham f duoc goi la c6 dao
ham trén [a,b] néu f c6 dao ham trén (c,d) va [a,b] =(c,d)

II. Cac cong thirc tinh dao ham cia cac ham co ban

’ ! 1
1' Xm :mxm%l 2 ‘\/; =
) -
1y 1 N
5. (ax), —a*Ina 6. (Inx) 1
X
7. (log x)' L 8. (sin x), =C0S X
‘ xIna
9. =i 10. (tgx) =
(cosx) =-sinx (tgx) oo
11. (cotgx) = - L 12. (arcsinx) = L
sin® x %2
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' -1 ' 1
13. = 14. (arctgx) =
(arccos x) — (arctgx) v
15. (arccotgx)' _ 1
1+x°

I11. Cac quy tic liy dao ham co ban
Gia st o 1a hang s8, u=u(x), v=v(x) la cac ham co
dao ham.

Khi do:
1L.(uxv)=u=V 2. (al) =ol, aej
u) uv-vu
3. (uv) = uv+vu 4. | = | =———
Vv v

6. Néu y=Ff(u), u=u(x) trong d6 cic ham f va u(x) co
dao hamthi vy, =y, .u..

7. Ham f don diéu nghiém cach va lién tuc trén 1=(a,b),
c6 dao ham tai x e (a,b) va f'(x) = 0,khi d6 ham nguoc cua

flaham f=:f(I) >1 co dao ham tai y=f(x) va
1
£1) (y) = —— .

IV. Méi lién hé giira dao ham va lién tuc

Néu f c6 dao ham tai diém X, thi f lién tuc tai X, (d4o lai
khong dung).
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V. Pao ham cip cao
Pao ham cap n 12 dao ham caa dao ham cip (n — 1):

£ (x) =[£9 (x)]
O BAI TAP

Bai 1: Cho ham s6 f(x) = (x —1)(x —2)*(x —3)°. Hay tinh f'(1),
f'(2), f'(3) bang dinh nghia.

Giai:
Theo dinh nghia dao ham ta co:

m(x—l)(x—Z)z(x—3)3 _ 3

-1 X—=1

£/(1) = lim "X =T@

=i
x—1 X—-1 X

f'(2)= i@%: !(iLrZI (X—l)(XX—_Zg (x—3)
= lim(x-1)(x~-2)(x~3)’ =0

Tuong tu ta c6: f'(3)=0

Bai 2: Khao sat sy co dao ham cta ham sau tai x, =1
a. f(x)=(x-1)4/(x —1)2
sin? mx

b. f(x)=1 x-1
0 khi x =1

khi x=1
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Giai:
(x-1)"  khi x>1

a. Ta co: f(X)—(X_l)|X_1|_{(Xl)2 khi x<1

(1) = lim FOFD iy (D 20 iy 4

x—1" X — x—1" X — x—1"

f'(1)= jim 1= |imﬂ=—|im(x—1)=o

x—1 X—=1 x->1  X-=1 x—1"
Vay: f(1")=f(1)=0
Do d6 f co dao ham tai x,=1vaf'(l) = 0.

A2
b. Xét lim 1) TD _ i, Sin” 7
x—1 X -1 x—1 (X—l)

bit u=x-1=x=u+1,khi x -> 1thiu — 0.
Vay:
sin’ nx sin® (u+1)

lim > =lim > =lim
x—1 (X _1) u—0 u u—0 u

. . 2
. sin®mu . [(sinmu) )
=lim = lim o =7
u—0 u u—0 7Tu

Do d6 f c6 dao ham tai x, =1 vaf'(l) =2.

sin® (u+1)
= =7

126



Bai tap Toan Cao cdp danh cho khéi nganh Thuong Mai, Kinh t&

. X + LS

Bai 3: Choham so f(x) = X
1 khi x=0

khi x#0

Khao sat su lién tuc va c6 dao ham cua f tai X, = 0.
Giai:
Taco: f(0)=1

. x+m khi x#0
Theo dé bai thi f(x) = X

1 khi x=0

x+1 khi x>0

f(x)=
=) {x—l khi x <0

Taco: limf(x)=lim(x+1)=1=f(0)

x—0" x—0"

= f lién tyc phai tai x, =0.

Vi )!Lrglf(x) = )!LI’(T;I (x—1)=-1=f(0)

= f khong lién tuc bén trai tai x,=0.

Vay, f khong lién tyc tai x, =0 = f khong c6 dao ham tai.

Bai 4: Gia sty = @(x) 1a ham lién tuc tai a va ¢(a) # 0. Ching
minh rang ham s6 f (x)= [x —al.p(x) khong c6 dao ham tai a.
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Giai:

Theo gia thiét ta c6 ham f xac dinh tai a va trén 1an can cua a,
f(0)=0, 9(a) 0.

Az —a)l. Az —
XétlimAfa:hm|a+ z—alp a+Az —0

Az—0 ACB Az—0 A.’L'

_im |AX|.0(a+Ax)

Ax—0 AX
Do dotacod:
oy Axo(a+Ax) B
e f'(a )_AIXT}T_Alxlirg+(p(a+Ax)_(p(a)
o f'(@a’)= lim “Axo(arax) lim ¢(a+Ax)=-o(a)

AX—0" AX AX—0"
Vi g(a) = nén o(a) = -o(a) = f'(a*) = f'(a").

Vay, ham f khong co6 dao ham tai a.

.1 )
. . , x"sin= khi x#0
Bai5: Timn e Ndé f(x) = X i

0 khi x=0
a. Lién tuc tai.
b. C6 dao ham hiru han tai.

c. C6 dao ham lién tuc tai.
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Gidi:
a. Taco Ixim[x” sin ﬂ ton tai va bang 0 khi n > 0. Do d6 ham
lién tuc tai X, =0 khin>0.

b. Ham f c¢6 dao ham hitu han tai x, =0

m =T 450 tai hivu han
xao X
X" sin 1
< lim X 3 hitu han
x—0 X

. 4. 1 N
< limx™sin= 3 hitu han
X—0 X

{+oo khi n-1<0

ma fimp™ =30 s

Xx—0
A A LA ' n-1.: 1 <A A s
Viy dé ton tai Img X" sin=|,dieukiénlan-1> <n>1
X—>! X

Suy ravgin>1thi ham f c6 dao ham tai x, =0 va f'(0)=0.

c. Ham f co dao ham lién tuc tai x, =0 thi truéc hét ham f
phai c6 dao ham tai x, =0. Do diéu kién cua 2. Taco n > 1.

Khi d@6 ta co:

: S N Y G T DO O
f'(x) =|x"sin=| =nx""sin—+| —— |cOos —.X
X X X X

1 1
=nx"'sin=—-x"*cos = (Vx=0)
X X
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Vay:
, xsin L —x"2cos L khi x 20
£/(x) = X X
0 khi x=0

Do d6 f'(x) liéntuc x,=0 < Iirr(}x”'2 cos—==0
X—> X

en-2> on>2

Vay, dé ham f co dao ham lién tuc tai x, =0 ta phai con > 2.

Bai 6: Tinh dao ham ctia cac ham sau day

a. y=(sinx)’

b. y=x
c y—(ln X)2x2+1
Giai:

a. y=(sinx)" = Iny=xInsinx, diéu ki¢n sinx > 0.

Khi do: (In y)' =[xInsin x]'

y : | PINN
—=1.1 —
o y n(sinx)+x SinX(sm X)

=In(sin x)+x.C9ﬂ =In(sin x)+x.cotgx
sinx
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=y =y[In(sinx)+x.cotgx | =(sinx)*[ In(sin x)+x.cot gx |

b. Taco: Iny=Inx* =x*Inx, diéu kién x > 0.

Y (X)X x1
Z=(x*I = I = 1
= y (x nx) (x)nx+xx 1)
bity, =x*=Iny, =xInx = L:Inx+xlzlnx+l
Y1 X
=y, =Y, (Inx+1)=x*(Inx+1) 2)

Thay (2) vao (1) ta co:

!

lzxx(lnx+1)lnx+xxl:xx(ln2x+lnx+£]
X X

y
/ X 2 1 x* X 2 1
= y'=yx*|In x+|nx+; =x* x*| In x+|nx+;

C. Iny:(2x2 +1)In(|n X)=

y' 1 1
Z=4x.In(l 2 1
» x.In(Inx)+ (X+)Inxx
1 1
"=yl 4x.In(l 2 1)—.—
—vy y{x n(Inx)+(2x? +)Inx x}
2x% +1

=(In x)2x2+{4x.ln(ln X)+ } , diéu kién x > 1.

xInx
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Bai 7: Tinh dao ham cua cac ham sé sau day

a y=|(x-1)" (x+1)

b. y:‘sinsx‘
1-x khi -co<x<1
c. y=4(1-x)(2-x) khi 1<x<2
X—2 khi 2<X<+00
g y- (x—a)z(x—b)2 khi a<x<b
' 0 khi x ¢[a,b]
Giai:

a. Viét cac ham dudi dang y = (x-1) (x +1)’sgn(x +1) voi

1 khi x+1>0
sgn(x+1)=10 khi x+1=0
-1 khi x+1<0
Cacham (x-1)°, (x+1)’ c6 dao ham, ¥x. Ham Ham
sgn(x+1) c6 dao ham bang véi Vx = —1. Vay theo quy tac tinh
dao ham ta co: y' =(x* —1)|x+1|(x 1), vx =1

(x=1)" (x+1)]

f'(-17) = lim ‘ = lim (x-1)°(x+1)’ =0

X——1" X+1 X—-1
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N e R s
f(-1)= lim =i (x=1) (x+1) =0

Vay f'(-1)=f'(-1") =ham f c6 dao ham tai x=—1

=y = (x2 —1)|x +1J(x-1),vx
b. Tuong tu ta co: y' = gsin 2x.[sin x|

c. Cac ham 1-x, (1-x)(2—x), 2—x c6 cac dao ham trong
mién tuong tmg, do do:
-1 khi —0o<x<1
y'=42x-3 khi 1<x<2
1 khi  2<Xx<+w
Xét dao ham bén trai, phai tai cac diém: x = 1; x = 2.
Theo dinh nghia ta co6:

(1) = lim FOO=1M) _ jim1=x=0_
x—1 X-=1 x-»1 X—=1

-1

F(1)= tim fOTO _ iy 02)(2=2)=0_
X1 x—1 x—-1 Xx-1

vay: /(1) =f'(1") do d6 ham f co dao ham tai x =1, /(1) =1
Tuong tu:
f(27)=1, f'(2")=1

— ham f ¢6 dao ham tai x =2 va f'(2) =1
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Vay:
-1 khi —0o<x<1

y'=<2x-3 khi 1<x<2
1 khi 2<X<+o0

d. Tuong tu ta co:

|2(x-a)(2x-b)(2x-b-a) khi a<x<b
Y :{0 khi X ¢ [a,b]

tai cac diém x=a, x=b ta dung dao ham trai, dao ham phai:

Fa)= tim FO=T@ _ iy (x22) (x=B) 20 _,,
x—>a X—a X—a X—a

=0

F(a)= lim f0-f@ _ oo (x-a)’(x-b)" -0
x—a* X—a x—a* X—a

Vay f'(a”)=f'(a*)=0 = fc6 dao ham tai x=a.
Tuong tu:
f'(b")=f"(b")
= fcodaohamtai x=b.
Vay:

,_|2(x-a)(2x-b)(2x-b-a) khia<x<b
Y= 0 khix ¢ (a,b)
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B. VI PHAN CUA HAM MOT BIEN
I. Dinh nghia
Ham y=f(x) xac dinh trén khoang (a, b) dugc goi la kha
vi tai diém x, €(a,b) néu sb gia Af(x,) cua né tuong Gng Véi
s6 gia cua ddi s6 x, cd thé dugc biéu dién dudi dang:
AF(X,) = AAX+a(AX)
trong d6 A lamot s6 khong phu thuéc Ax, con oo 1a mot ham
cua doi so Ax va la vo cung bé khi Ax — 0.
Mgénh dé&: Ham y="f(x) kha vi tai diém x, thi diéu ki¢n can
va du laham f c6 dao ham hitu han tai diém do.
Phan tuyén tinh d6i voi Ax cua s6 gia Af(x) tai diém
X, €(a,b) duoc goi la vi phan cia ham s6 da cho tai diém do
va duoc ky hiéu la
df (x,) = AAX = F/(X,).AX

e Néu x 1a bién s6 doc lap thi Ax = dx. Trong trudng hop nay ta
co: df (x,) =f'(x,).dx
e Néu x =o(t) 12 mot ham kha vi theo t thi dx =¢'(t)dt. Do
do: df (x,) = F'(o(t,)).¢'(t,).dt = F'(x,).dx
II. Céc tinh chit co ban caa vi phan

1.dC =0 (C: hang sd)

2.d(C.u) =C.du

3.dutv)=dutdv
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4. d(u.v) = udv + vdu

5 d(E]: vdu-udv (v0)

v v2

6. df (u) = f'(u)du
Néu sé gia cua dbi s6 Ax c6 tri tuyét dbi bé, thi
Ay =dx va f(x,+Ax)=f(x,)+f'(X,).Ax

Nhu vay, vi phan ciia ham c6 thé sir dung dé tinh gan ding.

O BAI TAP
Bai 1: Tinh vi phan caa cac ham sb sau day

a. y(x)=arctan x
b. y(x):ln‘x+\/x2+a‘

c. s(t)=e"
Giai:
dx

+x?

a. Ta co: dy = (arctgx)’dx = 1

1+X

NG dx
b. dy=—YX *2 ogn(x+/x*+a |dx =
‘x+\/x2+a ( ) VX% +a

c.ds= (e‘3 )' dt =e" .3t%dt
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Bai 2: Hay tinh
d

d(x’)

a.

(x3 —2x° —x9)

Giai:
a. Ta co:
d s os o _d(x3—2x6—x9)
d(x3)(x 2X x) d(x3)
B (3x2—12x5—9x8)dx
- 3x2dx
= 1-4x3-3x%°
b. Ta co:
sin X
d (w] :_d(xj
d(xz) X d(xz)
] xcos>)<(2—smxdx
2xdx
_ XCOSX—SinX
e
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Bai 2: Dung vi phan dé tinh gan ding
a. 31,02

b. sin29°
Giai:

a. Xéthamy = /x, cory'(1) =

Wl

Theo cdng thirc s6 gia: Ay =f'(x, ) Ax+0(Ax), néu Ax kha be.

Do do: 31,02 =31+ Ax ~ §/i+%Ax =1,0066... (Ax=0,02)

b. Xét ham y = sinx, dao ham cua y tai X, :g biang g . Khi

d6 theo cong thuc s6 gia bé ta nhan duoc: [Ax = —&j

sin29° =sin| X -~ sinE——3i n\/_ ;0,484
6 180 6 2 180 2 180

C. PAO HAM CAP CAO VA VI PHAN CAP CAO CUA
HAM MOT BIEN

I. Pinh nghia
Pao ham cap hai cia ham y=f(x) la dao ham cua dao
ham cip mot. Dao ham céap hai caa ham f duoc ky hiéu la

y" hay j—y hay "(x)
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Téng quat, dao ham cép n cua ham f 1a dao ham cua dao
ham cap (n — 1):

y =(y*) hay S hay 10

Vi phan cap hai caa y="F(x) la vi phan cia vi phan cap

mot cua y=F(X):
d*y =d(dy)
Tong quét, vi phan cap ncaa y =f(x) 1
d"y =d(d™y)
Néu x 12 bién doc 1ap thi d°x =d*x =...=0. Do d6 ta co:
d"f =f® (dx)" =f"dx"

II. Mot s6 cong thire co ban

1. (ax)(n) =a*In"x (a>0)

2. (sin x)(”) =sin(x+n7nj

3. (cosx)(") :cos(x+n_2nj

4. (Xm)(n) =m(m-1)(m-2)..(m-n+1)x™"

5. (Inx)" = —(_1)H En b
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6. Cong thic Leibnitz: Néu u(x), v(x) la cac ham kha
vi n lan theo bién x thi ta c6

()™ =3 clu® v
k=0

Q BAI TAP
Bai 1:
a. y:x5+2x4—3x3—x2—%x+6, timy,y’, y",..
b. y=x+1+x*.Tim y".
c. y=x%" Tim y*®(0).
Giai:
/ 4 3 2 1
a. y =5x"+8x"-9x —2x—E
Do do: y"' = 203 +24x* —18x —2
y" = 60x? + 48x —18
y¥ =120x +48
y® =120;

y"=0, Vn>6
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2
b. y =141+X%* +X. 2x__ _1lrax
201+ %% J1+X°

4X A1+ X% — (1+ 2x2).27X

7 2 1+X2 _ 2X3+3X

a 1+x? (1+ ZXZ)\/1+x2

c.y=xebitu=x*=u=2x,u=2,u™=0 Vvn>3

v=e=Vv =¢*, vV =g

20 _ _
Taco: y*(0)=> Chu®"(0)v"(0)=C¥.2.1=380
i=0

Bai 2:
a. y=(2x-3)’. Tim dy, d?y, d’.

b. y=+1+x*.Timd%y.

c. y=u?. Timd™y, néu u la ham cua x kha vi dén 10

lan.
d. y=xcos2x.Timd" y.
Giai:
a. dy =3(2x-3)".2dx = 6(2x—3)" dx

= d’y =12(2x—3).2.dx* =24(2x —3)dx* = 24.2dx’ = 48dx°.
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b. dy:d(m)zJ%

JLex (dx)’ - Jf_‘?(dﬁ)

2

2y _
= d’y=d(dy)= (1+x2)
2
Vay: d’ G .
P ey

c. Ap dung cong thirc Leibnitz d6i véi tichy = u.v, ta co:
10 . . . 4 . . .
d%y =3 Ciod'ud®'v=2%"Cjd'ud®'v+Ci.(d )2
i=0 i=0

= 2u.d"v + 20du.d®v +90d°u.d®v + 240d°u.d"v +120d*u.d®v + 252 (dsu )2
d. Theo cdng thuc Leibnitz, ta co:

d%y = (—x.2lO cos 2x —Cy,.2°.sin 2x)(dx)lO

= 20" (xcos2x +5sin 2x)(dx)10

D. UNG DUNG CUA PAO HAM

I. Cong thirc khai trién Taylor:

Gia sir ham f xac dinh trong [a,b] c6 dao ham hitu han dén
cap (n+1) trong (a,b) vagia st x, € (a,b) . Khi do ta c6 cong
thtc khai trién Taylor cia f tai diém x:
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f(xyﬁ(m)+Fgka—xg+m+ﬁgg&%x—x0”+RA@ (1)

trong d6 ¢ nam gitra X va x_ va

f(n+1) (C)

n+l
R =— Y/ (x—
duoc goi la phan du bac n cua f.
e COng thwc Mac—-Laurin:

Trong cong thuc (1) cho x, =0, ta duogc

(0 (0 (1)
f(X):f(O)+—< )x+...+ ( )x"+]c (C)x'”l
1 n! (n+1)!
Khai trién Mac—Laurin cia mdt s6 ham thwong ding:
2 n n+l
i " :1+§+X—+...+X—+Rn V6i R, = e”
1 2! n! (n+1)!
3 5 7 2k-1
. sinx:x—x—+X——X—+...+(—1)kX—+R2k_1
3l 51 71 (2k-1)!

sin(Ox+km) ,,

voi R, | = (20!
2 4 6 2k
iii. cosx :1—X—+X——X—+...+(—1)k_1x—+ R,
21 41 6! (2K)!
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cos[ex+(2k+1)“}
i = 2k+1
YO Ra= (2K +1)!
i X3 X4 na X"
In(1 =X+t o+ (-1) —+R
v n(+x)x +3 4+ () - n(X)
_1\"
VGI R”(X): ( 1) X n+1
(n+1)(1+6x)
V. (1+x)" _,m  m(m-1) . m(m-1)(m-2) ,
1 2! 3!
-1)../m—-(n-1
+m(m ) [m (n )]x”+Rn(X)
n!
wii R, () = MDA g
(n+1)!

(trong tat ca cac cong thic trénta cd 0<0<1)

IL. Tinh giéi han dang vé dinh theo quy tic L’Hospital

¢ Quy tic L Hospital:

Gia str cac ham f va g kha vi trong 1an can nao d6 cua diém
X, VA co thé trir x_.

Néu limf(x)=limg(x)=0 hay lim

X—>Xq X—Xq X—Xq

f(x)[= lim

X=X

g(x)| =00

N . R A 7 0 N
tirc la tai diém X =X, thuong so6 co dang o hay 2 thi
o0
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jim £ _ i £ (%)
e g(x) oeg(x)
vé6i diéu Kién ton tai gioi han caa ty s6 cac dao ham.
f'(x)
g'(x)

dinh % hay 2 va cac dao hamf’(x), g'(x) thoa man
o0

e Néu thuong tai diém x =X, ciing co6 dang v0

cac diéu kién tuong tng, thi lai tim cac gisi han cua
cac dao ham bac 2,...

e Truong hop c6 dang vo dinh 0° hodc 1~ thi can lay
Logarit ham da cho va tim gidi han cua Logarit caa no.

III. Cuec tri dia phwong - Cue tri toan cuc
1. Cyuc tri dia phuong:
Cho ham f xac dinh trén [a,b].
> Ham f dat cuc dai (dia phuong) tai X, € [a, b] < ton
tai 1an c4n V cua X, va V c[a,b] sao cho
f(x) <f(X,), YxeV\{x,}
> Ham f dat cyc ticu (dia phuong) tai X, €[a,b] < ton

tai lan can V cua x, va V c[a,b] sao cho

f(x)>f(x,), YxeV\{x,}
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2. Cuc tri toan cuc:
Cho ham f xac dinh trén [a,b].

> Ham f dat cuc dai todn cuc (gi4 tri nho nhat) tai
X, €[a,b] & f(x)<f(x,) Vxe[a,b]

> Ham f dat cuc tiéu toan cuc (gia tri I6n nhat) tai
X, €[a,b] & f(x)>f(x,) Vxe[a,b]

e Dinh Iy: Néu ham f dat cuc tri tai x, va c6 dao ham tai x, thi
f'(x,) =0.

e Dinh ly: Cho ham f c6 dao ham trén [a,b] va x, (co thé ham
f khong c6 dao ham tai x, €[a,b]).

> Néu f'(x) doi du tir am sang dwong khi x di qua x, thi
ham f dat cuc tiéu (dia phuong) tai X -

> Néu f'(x) doi du tir duong sang am khi x di qua x, thi
ham f dat cuc dai (dia phuong) tai X, .

O BAI TAP
Bai 1: Tim gia trj 16n nhat va nho nhat cia ham trén D.

a. f(x)=x"—-4x>+3 trén [-1, 4].
b. f(x)=x*3/(x-1)* trén [-1, 1].

C. f(x):cosx+%0052x trén [0, 7]
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Giai: Mién xé4c dinh caa ham 1a [-1, 4]
Ay =4x*-12x*,y' =0 < 4x*(x-3)=0<=x=0hayx =3
Xét gia tri caa ham f(x) tai —1,0,3,4

f(-1)=1+4+3=8;f(0)=3,
f(3)=34-4.33+3=-24; f(4)=3

Vay n[1axf max{8,3,-24,3}=8

rp_m}f =min{8,3,-24,3}=—

b. f(x) =x*3(x-1)* trén doan [-1, 1]

2 X° ;= 2
':2X3 X_12+__3X—1= 4X2—3X
y'=23( 373 3\3/x—1( )
, 3
y:0<:>x:0hayx:z

Tinh gia tri caa ham tai -1, 0, % 1

3 9 L.
Taco: f(-1)=%/4, £(0) = 0f(4) m,f(1)_o

Vay: rrgaxf—max{\/_o?)g ,0}:3/2

minf = mln{\/_039 0}:0

[-11
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1 .
c. f(x)=cosx+ Ecos 2x trén doan [0, «t]

f'(X) =—sin x —sin 2x

Taco: f'(xX)=0 < —sinx(l+2cosx)=0

[sinx=0
=
| 1+2cosx =0
[x =kn
=
X:i2—3n+2kn

.o 2
Trén doan [0, 7], chi xét x, =0, X, =m, X, :?n.

Khid6:f(0) =14 ==, f(m)=—1, f(ﬁj:_ﬁ
2 2 2" 3 4
Vay: maxf(x):max{g_l,_é}:ﬁ
[0.%] 2 2 4] 2
minf(x):min{i_l,_ﬁ}:_ﬁ
[0.7] 2 2 4 4

Bai 2: Khai trién Taylor dén bac 5 ciia ham f(x) = ¥/x tai x =1
Giai:
Tinh gia tri cia ham f(x) =x"* va dao ham cua n6 dén bac 5

khi x=1:
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1 -2 2 5
f()=1;f (x)——x s, f(l)_— f"(x)= —§x s
2 10 -3 10
f”l — f'" X ——X 3. fml ==
@ ~g (X) > @ >
80 1 80 880 4
f@O(x)y==—2Z f(4) 1) = f(5) — 3 -
(%) @ = 81 (x)= 223~
880
fO@) =
@)= 243

Do d6 theo cong thuc Taylor, ta co:

2 ;10 ;80 . 880 :
14+ (x-1) === (x=1) + ——(x-1)’ ———(x-1)' + ——(x-1) +R
=t (X VoY Y Y sy R

trong d6

0y

véi l<c<Xx hay x<c<1
Bai 3: Bicu dién f(x)=a"(a>0) dudi dang da thirc bac 3 doi
Vai X.
Giai:
Taco
f(x)=a" = f(0)=1
f'(x)=a"Ina = f'(0)=Ina

f'(x)=a*(Ina)” =  f"(0)=(Ina)’
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f"(x)=a*(Ina)® =  f"(0)=(Ina)’
f9x)=a*(Ina)’ =  f9(0)=(Ina)’

Vay, theo cong thixc Mac—Laurin ta dugc

x*Ina  x*In*a
+ +
3!

a*=1+xlna+

RS

x*In*a

voi R, = a”, 0<06<1

Bai 4: Tinh /e chinh xac dén 0,0001

Giai:

Taco
X X2 n

e =1+—+—+..+—+R,
1 2! n!
eex
V6i R, = X" (0<0<1)
(n+1)!

Datx:l,tacé:\/gzljt L + 31 +.t +R,
2 211 22! 2°.3! 2"n!

6/2

voi R, = ' (0<6<1)

2" (n+1)
1/2

ViO<0<lva2<e<3nénR, <
2" (n+1)!
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<LK 1 \ . .
nhung €2 < 2, vi thé R, < ———— cén x4c dinh n dé co bat
2" (n+1)!

dang thac: R | <0,0001.

néu n=3thi R, <i:i
8.24 192

néu n=4thi R, <—— 1 1
16.120 1920

néu n=5thi R, L o R, <0,0001
37.720

Dé xdc dinh JE V6i do chinh x4c 0,0001 ta dung ding thirc gn ding;

1 1 1 1
1+ + + + + ~1.64869 ~1.6487
Jes 2 2721 2331 2441 2551

Bai 5: Tinh cac gidi han sau day

. xX?’=1+Inx
a. lim————

x—1 e¥—e

. X-sinx
b. lim .

Xx—0 X

Giai: bay la dang vo dinh % nén ta co

2X + 1
. X =1+Inx . x 3
a. lim =lim =—
x>l eX_pg x->1 X e
. X—-sinx ,. 1-cosx ,. sinx 1
b. im= 3 =lim > =lim ==
x—0 X x—0 3X x=>0 QX 6
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Bai 6: Tinh cac gidi han sau day

a Iim—X
X—>+ooe
. xeX?

b. lim
x>0 X 4+ @

ox" X" . n!
a. lim—=1Ilim ——=..=1lim—=0

X—>+0 e X—>+0 e

X—»00 eX
1
245 |2
—ll 2 lim 1 =0
= 2X|_|‘)TO']O ex/Z X—>+0 eX/Z
2
—00

Bai 7: Tim gidi han sau

a. lim (x2 In x)

x—0"

b. lim i— 1

=0l x (e -1)
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Giai:

a. Iim(x2 In X) (0.0) ta biéu dién tich cdc ham dusi dang

x—0

thvong dé dua vé dang vo dinh *

— va st dung c4c quy tic
o0

L’Hospital :
1
. o Inx .oy L 1
2 —lim—2 = limX_ = _Zx? | =
(o Inx) =l 5" =tim 2 =t~ |0
x? x°

b. Iim{l#] (s0—00) ta quy dong mau s6 dé dua vé
x-0| X (ex _1)

dang % va str dung quy tic L’Hospital :

im{ 2oL | jim& =X
x—>0[ X (ex _l) x—0 X(ex _1)
e -1

lim—m———
x->0e” —1+xe

X
- IX'LQ e*(2+x)

1
2
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Bai 8: Tim céc gidi han sau

a. limx*

x—0"

b. lim(sinx)"

x—0"

c. lim (1+x)'"x

x—0"
Giai:

a. lim x* (OO)

x—0"
bat y=x*=Iny=xInx

Dung quy tic L Hospital, ta duoc:

1
. : . Inx .y .
lim Iny = lim [x.Inx] = lim == = lim —%— = lim (-x)=0
x—0" x—0" x>0t 1 x—0" 1 x—0"
X x?

= limy=¢e’=1

x—0*

b. Ixigg(sin x)" (0%

. . Insin x
Dit y=(sinx) = Iny=xInsinx = 1 (fj
e 0]

X
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Vay:
COS X
) . Insinx . i . x%cosx
liminy = lim =lim3MX _ _|im>2—=—>=~
x—0 x>0 1 x-0 1 x-0 SN X
X x?

. X -
= —Ilm(xcosx._—J =0.Vay:limy=e® =1
X—0 SN X X—0

c. lim (1+x)™ (1)

x—0"

Pat y=(1+x)" = Iny=Inx.In(1+x)

Ta co:
1
. . . In(1+x .
I|mlny:I|mlnx.ln(1+x)=Ilmgz—llm“—x
x—0" x—0" x—0" 1 x—0" 1
In x xIn? x
2Inx
. x.In*x . In*x .y
=—1lim =—1lim =—1lim
x—=0" X +1 x—0" 1 x—0* 1
1+— -
X X
1
. Inx oy
=2lim—==21lim—X-=0
x—0" x—0" 1
X X2

vay: limy=e’=1

x—0"
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X

e J—
Bai 9 : Cho hamsé: f(x)=1 x
m  khi x=0

khi x=0

a. Timm déf liéntuctai x=0
b. Vé&i m vira tim dwoc hdy tinh f'(0).
Giai:
a. Ham £ lién tuc tai x=0 < limf(x) =f(0)=m
e* -1 (-1 ¢

lim——=1Iim =lim—=1.
x->0 X x—0 N x—0 1

Suyra m=1
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BAI TAP PE NGHI

1. Dung dinh nghia, tinh dao ham cua cac ham sé

1
V=F y=\/§

y=¢
2 H >
f(x): X° +2X khl. x>0
X khi x<0
2. Tinh dao ham caa cac ham s6 sau day
23)(
= 32X

ex25x
DY

a.y

C. y — 2COSX
d. y=x*

e. y — Xlnx

X+1
£ oy=In| 2=
Y (x—lj

g. y=log, (3x+2)
x2%™  khi x| <1
3. Chohamsé f(x) =11 . Tinh f'(1)

= khi X>1
€
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4. Tim céc gidi han sau

eX_e—X
. lim—
a XIL]gln(1+x)

2—(eX +e’x)cosx

b. lim

X—0 X4

. sin3x+1—e*
C. I|m_—2
x=0 5N X — X — 3X

__In(x-a)
d- i In(e*—e?)

Inx
x=01421Insin x
tg >
folim—2
-1 In(1-x)

g. “m—ln(x _1)
x>1 cot gmx

h. Ixiirg(x.cotgrcx)

i. IxiLr(')\(l—cos X ) cot gx
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K. Iim(iz—cotgzxj
x—=0\ X

L lim (- 2x)"™"

X——
2

m. lim(cos 2x)1lx2

Xx—0

n. lim x*In(2x)
x—0"

1/sin? x
. tan x
0. lim| —

X—0 X

5. Xét tinh lién tuc cta cac ham sb sau trén mién x4c dinh

LHCOSX i x %
2 fo=) (X7
L ki x=n
2
In(1+2
29 s o
b. f(x)= —126
— khi x<0
3
" —X
¢ f(x)= . khi x=#0
0 khi x =0
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et —x -2 .
6. Cho ham sé f(x) =1 x+1 khi x=-1-
m khi x=-1

a. Xacdinh m dé f lién tuc tai x=—1.
b. Tim f'(-1) &ng véi mvira tim dugc trong cau a.

2% +1-cosx

7. Cho ham s f(x) = X
m khi x=0

khi x=0

a. Xéc dinh m dé f lién tyc tai x, =0.

b. Tim f'(0) Gtng véi mvira tim dugc trong cau a.

. (x+a)e™ khi x<0 __ .
8. Cho hamso f(x) = .Timavab
ax’+bx+1  khi x>0
dé c6 f dao ham tai x, =0,
9. Chirng minh rang ham s6
x?sin 1 khi x =0
f(x)= X c6 dao ham gian doan.

0 khi x=0
10. C6 thé khang dinh duoc hay khong, rang F(x) = g(x) +f(x)
khong c6 dao ham tai diém xo néu:

a. Ham s6 f c6 dao ham tai diém Xo, con ham g khong c6
dao ham tai diém do.

b. Ca hai ham déu khong c6 dao ham tai diém Xo.

160



Bai tap Toan Cao cdp danh cho khéi nganh Thuong Mai, Kinh t&

11. Tinh dao ham cip 2 caa cac ham sb

a. y:%xz(Zlnx—S)

b. y=e*
c. y=sin(5x+2)

12. Tinh dao ham cap n cta cac ham sé
a. y=x"/x

b. y=5-3cos®x

o

y=2"+2"
d. y =sin2x.

13.Cho y = L T y
X

14. Cho f(x) =xsinx. Tinh f#(0).
15. Tim dy, d?y, d’y biét

a y=e"
b. y=In(cosx)

c y—|nx__6
' X+6

d. y=x(Inx-1)
16. Str dyng cong thic vi phan, tinh gan dung
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a. arctgl,05
b. In(1,03)
17. Cho a(x) la mot vo ciing bé cip cao hon x? khi x — 0. Tinh

In(1+3x) +a(x)

L=Ilim 5

x—0 X

18. Khai trién Mac—Laurin cta cic ham sau day

o

1
:f =
y=t()=1—

b. y=f(x)=cosx

c. y=Ff(X)=x++vx+1
d. y=f(x)=In(1-x)

19. Tim gié tri 16n nhét va nho nhat:

a. f(x)=x>—-4x*+5x—10 trén [-1,4]

b. f(x)=v4-x +/x—2 trén [2,4]

20. Cho ham sb f(x) =xsin(2x) . Trong khai trién Mac—Laurin
dén cip 4 cua f(X), hay tim hé sé cua x*.

21. Cho ham sb f(x)=x.cos2x. Trong khai trién Mac—Laurin
dén cap 3 cuia ham s f(x), hay tim hé s6 caa x°.

22. Trong khai trién Mac—Laurin dén cip 3 cua ham sé
f(x) =xIn(L+2x) , tim hé s6 cua x°.
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23. Cho f(x) =3x+/x? . Chimg minh ring f kha vi tai x =0.

x’ cosE khi x #0
24. Cho ham f(x) = X . Chimg minh ring;
0 khi x=0
a. Ham f lién tuc trén ;

b. Ham f c6 dao ham trén ;

_ f(x)
C. leﬁzo
e™ —cos X .
25 Cho f()={  x KNEX#0 i m dé ham
m? khi x=0
lién tuc tai x=0
sin X —Xx .
, kh 0
26. Cho ham sé F(X) =1 x? 'X#¥ Ham fc6 lién
0 khi x=0

tuc va c6 dao ham tai x =0 hay khéng?

27. Cho ham y(x) théa €™ +x.y(x) =e . Tim y'(0).
28. Cho ham s6 Q=30—4P—P?. Tinh &= P.% khi Q=9

29.Choham f, g la cac ham kha vi theo x thoa f(0) =1 va g(x) >0
Voi Wx e .Néu h(x) =F()g(x) va h'(x)=f(x).g'(x).

Chtng minh rang: f(x) =1, Vx e
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o X
30. Cho y(x) thoa man In[y(x)]+? =1. Tim y'(X) .
y(X

31. Cho ham f thoa médn f(6)=1, f'(6)=-2 va ham g thoa

man g(x) :%[xzf (3x) |. Tinh g(2).

e™ khi x>0
x+m khi x<0

32. Cho ham sb f(x) ={ . Tim m dé ham f

kha vi tai x=0.

1-In(2x +e) .1
, 22T khi = 0
33. Cho ham sé f(x) = X 'Y Hamf
1 khi x=0
c6 kha vi tai x = 0 hay khong?
34. Cho ham s6 f(x) =In(1-2x). Tinh f"(x)
1

35. Cho ham s f(x) =e*. Tinh d*f (x)

1-cos(2mx) .

—— 72 khi x>0 _. R
36. Cho ham f(x) = X >V Gia sir ham f

2sin(mx) khi x<0

kha vi tai 0. Khi d6, hay tinh f (mm).
37. Gia st ham f(x) kha vitrén ; thoa f(0)=0 va f'(x) >0,
vx. Pit g(x) =f(x?), ching minh rang:

a. Ham g(x) 1a dong bién trén (0,+x).
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b. Ham g(x) dat cuc tri tai x =0.
c. g(x)=0, vx
38. Gia str ham s6 @(x) co dao ham va ting nghiém ngat trén
i . Dat f(x)=¢(x* -12x) véi x e . Chon phat biéu diing
a. f dat cyc dai dia phuong tai -2, dat cuc tiéu dia phuong
tai 2

b. fdat cuc tiéu dia phuong tai -2, dat cuc dai dja phuong
tai 2

c. fkhong dat cuc tri tai -2 va khong dat cuc tri tai 2
d. Cac cau kia déu sai

39. Gia st ham s6 f(x) kha vi trén mot lan can cia 0 va

Iingf(x)=|ingf'(x)=0.Be_“1t L:Iirrgm,chfmg minh rang;
X—> X—> X—> X

a. L=0

b. f'(0)=0

c. f(0)=0

40. Cho ham f(x) =x.Inx—x, ching minh rang f dat cyc tiéu
toan cuc.

A1+2x" -1 :
. ——— khi x=#0 .
41. Cho ham f(x)=1 In(1+3x’ . Tim m dé f
m khi x=0

lién tyc tai tai x=0.
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42. Gia sir ham s6 y =f(x) c6 dao ham dén cip hai lién tuc tai
0 vathoa mén

166

£(0) =£'(0) =0, £'(0) =1
Khi d6, dat L:@g% thi
L=0
L=3
L=4
d. L=9

o o
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Chuong V
TiCH PHAN

¢ TICH PHAN BAT PINH
A.TOM TAT LY THUYET
1. Dinh nghia

+ Ham F duoc goi 1a nguyén ham caa ham f trén khoang
mo X, néu F(x) =f(x), VxeX

+ Tap hop moi nguyén ham cua f trén khoang m¢
X duoc goi la tich phan bdt dinh ciia ham f (trén khoang nay).
Ky hiéu:
j f(x)dx =F(x)+C (C la hing sé tiy )

trong d6 F'(x) =f(x), Vx e X
2. Cac tinh chit co ban ciia tich phan khong xac dinh

1. [dF(x)=F()+C

2. [af (x)dx =a[f(x)dx véi a I hang s6.

3. [[f () £g(qldx = [f(x)dx + [ g(x)dx

4. Néu [f(x)dx =F(x)+C va u=u(x) kha vi lién tuc

thi [ f(u)du =F(u)+C
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3. Bang tich phén bt dinh ciia mdt s6 ham thwong gip
1. '[dx =x+C

- m+1

2. x"dx =
J m+1

+C khi m#-1

r

3. [Zomjx+c
J

X
R
4, =arctgx +C
J 1+ x? g
d
5. =arcsinx+C
J J1-x?
r X
6. a¥dx = a +C
) Ina

7. J'exdx =e*+C
8. '[sin xdx =—cosx+C

9. jcosxdx =sinx+C

10. d>2< =tgx+C
COs” X

11. _d>2< =—cotgx+C
sin® x
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12. j

13.

14.

15.

2
16. J\/xz +a’dx :%\/xz +a? +%In‘x+\/x2 +a?

~

r

r

J

:larctg§+c (@>0)

2

a’+x* a a
dx 1 a+X
——=—In——-+C (a>0)
a“—x 2a |a—X
dx . X
=arcsin—+C  (a>0)
a?—x* a

o :In‘x+\/x2+k‘+c (keR)
VX2 +k

2
17. J\/az—xzdx:éxlaz—x2 +%arcsin§+c (a>0)
a a

4. Phwong phap ddi bién s6 trong tich phan bat dinh

Khi gap bai toan tich phan ma ham sb du6i dau tich phan

S0 Vi dang co ban chi thiy khac nhau & chd: bién sé c6 nhan
thém hé sé hoidc sai khac hang s6, ta dung phuong phap doi
bién s6 sau day:

e Néu x=0q(t) trong d6 ham @(t)1a ham don diéu, kha

vi lién tyc theo bién t. Khi d6 cong thuc doi bién Ia:

[f00dx = [flo(®)] ()t

e Néu u=y(x) kha vi lién tuc thi:

J v COlw (x)dx = [ f(u)du
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5. Phuong phap tich phan ting phan trong tich phin bét dinh
Ap dung cong thic
judv= uv—jvdu
véi u=u(x), v=Vv(x) la cac ham kha vi lién tuc theo x.
Chuy:
+ Nho cong thac tinh tich phan timg phan, viéc lay tich
phan judv dugc dua vé tich phan khac j vdu, do d6 tich phan

sau phai don gian hon tich phan ban dau hozc ching cing dang
v6i nhau. Vi vay can phai chon ham u sao cho dao ham ciia n6
don gian hon, con dv 1a phan con lai cua biéu thirc dudi dau tich
phan ma tich phan cua phan nay hoic 1a da biét hoic co thé tim
duoc.

+ Ddi véi céc tich phan dang
[P(x)e™dx, [P(x)sinaxdx, [P(x)cosaxdx,
trong d6 P(x) la da thac caa x, thi nén chon u=P(x), con dv
tuong (g la cac biéu thuc e™dx, sin axdx, cosaxdx .
+ Pdi véi tich phan dang:
IP(X) In xdx, J P(x)arcsin xdx,
j P(x) arccos xdx, I P(x)arctgxdx

nén chon cac ham Inx, arcsinx, arccosX, arctgx lam u, con
dv la biéu thirc P(x)dx .
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B. BAI TAP
Bai 1: Tinh céc tich phan bét dinh sau day

a A = [(x+D(x-Vx+1)dx

r 1 2
b. A, = [&+—jdx
) Ix
r _ 34X 2
N i Xe X g
J X
rox*
A A= o™

Giai:
a. Khai trién (VX +1)(X =X +1) = x/X +1=x72 +1
Do do6:

A, = [ (WX +D(x—x +D)dx = [ (2 +1)dx

, 1Y X2 1
b. TaCO AZ :J('\/;ﬁ‘@j dX:JA(X—'_ZF—FWjdX

Nén A, :.[(x+2xl’6 +x‘2/3)dx
nghia la

A, = dex + ZI x"°dx + j X *dx
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X2 X716 Y3
= AZ —?‘FZT‘FT‘FC
6 3
2
A, :X—+%x7’6+3x“3+c

34X 2
. VX = X% + X i
c. Tacod A, :J - dx:f(x A
X

= A, = jx‘s’zdx—jexdxjtfédx

E -3/2

= A =- —e*+In|x|+C

x* x! ~D+1_ (x> =1)(x* +1) +1
X241 x2+1 x2+1

Do do6

4
A, = ?—dx:J{xz—H 21 }dx
X +1 X +1

3
X
= A, :?—x+arctgx+C

d. Vi

Bai 2: Tinh cac tich phan bat dinh sau day

sm«/_
e &

a. A=

172

+ —

:Xz

X

1jdx

-1+

1
x?+1




Giai:
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( [ X
b. A,=[X 2 dx voi a>0
J a—Xx
[ dx
c. A,=| ———
) Ix=4x
r 3
J X
[ dx
e. A= | ———
° ) xJ2x—9
(" xdx
f.f A.=|——
) x*+2x%+5

a. Dat t=3x ,taco x=t* = dx =3t%t

Tt d6 ta co:

2 -
A = f3t Slntdt = 3_[sintdt = —3cost+C

tZ
Vay A, =—3cos Ix +C

b. Dét X = 2aSin2 t thi dx =4acostsintdt. Ta nhﬁn dugc:
2
A, = 832]3”1" tdt = 8azj(#j dt

nghia la

A, = 2a2'[(1—2005 2t +cos’ 2t)dt
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J(l 9¢0 1+cos4t)dt

sin 4t

a’(3t—2sin 2t + )+C

3a’ arcsin X 3a+xw/x(2a x) +C

c. bat x=t* = dx =4t%dt. Tacé:

3 2
A3:J42t dt=4t—dt:4 (t+1+ijdt
t°—t t-1 t-1

2
= A, :4{%+t+ln|t—1|j+C

= A, :2\/;+4<‘/;+In<(‘/;—1)4+c

e.Dat u=2Inx+3 = du=2=dx. Taco:

(2Inx+3)
8

e. Pat u=v2x-9 = du=

u?+9

Do do: A, =

dx
nghia 12 dx =udu. Mat
J2x -9 8 ’

khac ta cling ¢c6 X =
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udu du
Vay: A, = =2
& 5 u2+9u u?+9
2
= Aszgarctg%JrC:%arctg '2);_9 +C

f. Tabién doi: x* +2x%+5=(x>+1)*+4.

bit u=x*+1 = du=2xdx = xdx:d?u

Vﬁ,y AG =f Ciu :l ZdU =llarctg£+c
2u“+4) 2 ) (u"+4) 22 2
2
= AG:%arcth +1+C

Bai 3: Tinh cac tich phan bat dinh sau day
a A = len xdx

b. A, = I arctgx.dx

134

A, = Ixz arccos xdx

o

DA, = j sin(In x)dx va A, = [ cos x(In x)dx
Giai:

1
a.bat u=Inx=du=-=-dx
X
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X2
dv =xdx chon v= >

2 2 2
Vay: Al:%lnx—%jxdx:%lnx—%+c

b. Pat u=arctgx = du= > dx

1+ X

dv=dx chon v=x

Vay: A, =Xxarctan x —J xdx

~ = Xarctan x—+ In(1+x*)+C
1+X 2

Nén A, = xarctan x —% InL+x*)+C

dx

1
c.bat u=arccosx = du =
V1+ X2
3

dv =x’dx chon v= J x2dx = X?

Vay. A, =— arccos X +

\/1 NG
3

= %arccos X+= I Q)

X3
Tatinh I, = dx = | x°
' Jxll—xz J
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Ta co: |1=JX2 X dx
1-x?

bit  u=x*> = du=2xdx

X 2

dx chon v=—-J1-X
J1-x2 '
—x%1-x? +j2x\/1—x2dx

x2\1-x? —I\/l—xzd(—xz)

dv =

Thi |,

—x?y1-X° —g\/(l—xz)3 +C

Thay vao (1) ta co:

_ X3 1 2 2 2 213
A, = ?arccosx—gx J1-x +§\/(1—x )°+C

d. Pat u=sin(Inx) = du=cos(In x)ldx
X

dv=dxchon v=X
Vay

A, = xsin(In x)—jcos(ln x)dx = xsin(Inx) —A,

Tatinh A, = Icos(ln x)dx,

bat  u=cos(Inx) = du=-sin(In x)%dx
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dv =dx chon v=Xx

Do do: A, =x.cos(Inx)+A,

Ta c0 hé phuong trinh:

A, =xsin(Inx) - A,
A, =xcos(Inx)+A,

Giai ra, ta duogc

A, = g[sin(ln x)—cos(Inx)]+C

A, = g[sin(ln x)+cos(Inx)]+C

BAI TAP PE NGHI
1. 1. Tinh céc tich phan bat dinh sau day

. * dx b J‘ dx
"J zlnzln Inz ) et -1
[ em 2 9 2
. * dx ; f sin 4xdx
) z+1 vz " J cor'2z + 4
" dx dx
9 | 5 == ol
J 2x+3 - —6x +18
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2. Tinh céc tich phan bét dinh sau day

a.fx%‘”dx b. fe“ cos zdzx
. 2
c fln.saznx d d fx c;rctgx i
sin” x z-+1
¢ TiCH PHAN XAC PINH
A.TOM TAT LY THUYET
1. Dinh nghia

Gia sir ham f(x) xac dinh trén doan [a, b]

+ Phan hoach [a, b] thanh n phan tly y bang cac diém chia
a=X, <X <.<X,,;<X,=Db

Trén ting doan [Xx,,,x,], ta chon mot diém & tly y va

tim chiéu dai cua timg doan d6 Ax, =x, —x_, (i=1n)

+ Tong tich phan ciia ham s f(x) trén doan [a,b] 14 tong c6
dang S, =D f(&)Ax, =F(&)Ax +F(&,)AX, +...+F(E,)Ax,
i=1

+ Néu ton tai gisi han hiru han

I=1imS, (x: max{Axi;i :1_n})

r—0

va gidgi han do khong phu thugc vao phép phéan hoach doan
[a,b] va cach chon diém & thi sé | duoc goi la tich phan xac
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b
dinh cua ham f trén doan [a,b] va ky hiéu la: Iz_[f(x)dx.

Néu f c6 tich phan xac dinh trén [a,b] thi ta néi f kha tich
trén [a, b]

b
+ Néu f(x)>0 trén [a,b] thi tich phan 1=[f(x)dx la

dién tich cua hinh phang gidi han béi cac duong:
y=f(X); x=a; x=b; y=0

2. Céc tinh chit co ban ciia tich phan xac dinh

1. j!f(x)dx.:—jf(x)dx
2. j.f(x)dx =0
3. jb.f(x)dx =j'f(x)dx+jb.f(x)dx

4. |[f(x)2g(x)]dx = Tf (X)dx + Tg(x)dx

D ey T

b b
5, j cf(X)dx =c j f(x)dx , trong d6 ¢ 1a hing sb

6. Néu f va g la nhitng ham lién tuc trén doan [a,b] thoa

man f(x) <g(x), Vx €[a,b] thi j{f(x)dxsj‘g(x)dx
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3. H¢ qua

+ Néu f 1a ham lién tyc trén doan [a,b], thi

fr(0q < o

+ Néu f lién tuc trén doan [a,b] va

m<f(x)<M, Vxe[a,b]
b
Thi: m(b-a)< J.f (x)dx<M(b-a)
4. Nhitng quy tic tinh tich phan xac dinh
e Dinh Iy (dao ham dwéi dau tich phan):
Néu ham sé f(x) lién tuc trén [a, b] thi ham sb
d(x) = J.f(t)dt, & mot nguyén ham cua f(x) trén [a,b]
Cha y: Theo dinh Iy trén thi ham dudi diu tich phan, phai
la mot ham lién tuc. Pac biét can chi y dén sy biéu dién cua

ham ¢, can dudi la hang sb, can trén 1a bién sb x

d(x) = If(t)dt =¢'(X)=F(x),Vxe(a,b)

o(x)

+ Truong hop ¢(x) = | F(t)dt thi ¢'(x) =Fle(x)]o'(x)

a
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e COng tharc Newton — Leibnitz:

Cho ham f(x) lién tuc trén doan [a,b] va c6 nguyén ham
F(x) ciing lién tuc trén doan [a,b]. Thi

[F()dx=F(x)|, =F(b)-F(a) (1)
e Phuwrong phap ddi bién sé:
b B
[f00dx = [f[o(t)]o'(t)dt

trong d6 X =¢(t) la ham kha vi trén doan [o,B] sao cho
a=o¢(a), b=0p) vaa<o(t)<b, Vte[a,p]

e Phwong phap tich phan tirng phan:
b b b
Iu.dv = uvL —Ivdu
a a

trong do: u=u(x), v=Vv(x) kha vi trén doan [a,b].

Néu ham f 12 ham I¢ trén [—a,a] nghia la:
f(x)=—f(X), Vxe[-a,a] thi j x)dx =0

Néu ham f(x) 1a ham chan trén [—a, a], nghia la:

f(=x) = f(x), vXe[aa]tmjf x)dx = 2jf
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e Ham kha tich:

- Biéu kién can: Ham f kha tich trén [a,b] thi bi chan trén
doan do.

- Piéu kién du:
+ Néu f lién tuc trén [a,b] thi f kha tich.

+ Néu f bj chan trén [a,b] va chi c6 mot s6 hitu han
diém gian doan thi f sé kha tich

cha y:
- C6 nhirng ham bi chan nhung khong kha tich.
- C6 nhitng ham kha tich nhung chua chéc lién tuc.

B. BAI TAP
Bai 1: Xét su kha tich caa ham sé dinh bai:
L kni xe (1]
f(X): X ’
0 khi x=0

Giai:
Khi x —0" = f (x) —+o0, vay ham f khong bi chan trén [0,1].
Do d6 f khong kha tich trén [0,1]

Bai 2: Xeét su kha tich cua ham sau day trén [0,1]:

1 néu xex N[0,1]
0 néu xe(j \=)n [0,1]
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Giai:

Mién gi4 tri caa f trén [0,1] chi c6 hai gi4 tri 0 va 1 nén f(x) bi

chan trén [0,1].

e Ta chia [0,1] b&i phép phan hoach déu:
O=Xo<xi<X2<..<xp=1

Trén mdi doan [x, ,,X;] néu chon & 1a sb hitu ti thi tong tich

phénla Sy =1.Do d6 limS, =1.

e Ta chia [0,1] boi n diém chia 0 = xo < X1< X2 < ...< Xn = 1.
Trén mdi doan [x, ,,x,] néu chon & la sb vo ti thi tong tich
phan 12 Sp = 0. Do d6 1imS, =0. Suy ra lim S, khong ton tai.

n—o n—o

Vay f(x) khong kha tich trén [0,1]

Bai 3: Xét sy kha tich cua f(x) trén [0,1] voi

f(x)=1-1 néu x=1

xIlnx »
néu 0<x<l1

1-x
Giai:

Xét ham f(x) = );'”X

= ham f lién tuc trong (0,1). Mat khéac

lim () =0=F(0) va limf (x) =-1=F(1)

nén ham f lién tuc trén [0,1]. Vay ham f kha tich trén [0,1].

184



Bai tap Toan Cao cdp danh cho khéi nganh Thuong Mai, Kinh t&
Bai 4: Tinh dao ham

b

a. d sin x2dx
dx s

d b
b. —J'sinxzdx
da<

d b
c. — |sinx?dx
db

a

Giai:

b
a. Vi Isin x%dx 1a mot hang s6, nén dao ham caa n6 bang 0.
a
d b
Vay —_[sin x’dx =0
dx s
. d &
b. Pao ham theo bién a, ta co: d—jsin x2dx = —sina®
a a

b
c. Tuong tu iIsin x%dx =sinb?
db

Bai 5: Tinh dao ham

a. iJ.\/1+t2dt
dx 5
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Giai:

Ap dung qui tic vi phan cua tich phan nhu mot ham hop ta co:
d P, (X)

— [ f(0dt=1[,(0]0%00~f[9,(0]-0',(x)

o1 (x)

(x)

— j f(t)dt = F[o(x)].o'(x)dx

2
a. %I\/H t2dx = 2x/1+x*
0

3x? 2X

- dx J. \/1+t \/1+ NN

Bai 6: Tim gidi han

X
J. cos t*dt

a. lim?
X—0 X
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Giai: Ap dung quy tic L Hospital.

j cos t?dt i([ j costzdtJ
a. Ta co: lime—— =lm—2 7/

Xx—0 X x—0

= limcos x®

Xx—0
d(% .. Y
| [eat
dx U ]
= |im0—

b. Taco: lim 1
jez‘zdt — I e?dt
0 dX 0

2exzje‘2dt
= lim———

2x?
X—00 e

2ex2jet2dt
= lim———

2
X—00 ex

cflJ‘etzdt
= 2lim o

X—>00 d 2
—> 7ex
dx
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Bai 7: Tinh céc tich phan xac dinh sau day

/4 dX
a. |1 = | ——
< COS° X
2
b. I, =_|.|1—x|dx
0
Giai: Ap dung cong thic Newton — Leibnitz
/4 T
a. Ta co: I d>2< —tgx|* =tg = = 3
< COS“ X 5 4 3

b. Chia tich phan ctia ham da cho trén [0,2] thanh tong cua cac
tich phan trén doan [0,1] va [1,2] trén mdi doan iy ham dudi
dau tich phan c6 dau khong doi .

.2[|1—x|dx = .l[(l—x)dx+j.(x—1)dx
_ a7 (x-1°[
2, 2 |
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Bai 8: Tinh cac tich phan xac dinh sau day

e 2

In° X

a. Ilz_[ dx
T X

0,75

b. I, = J _dx
o (X+D)Vx*+1

c. I3=J\/r2—x2dx v6ir>0
0

d. 1, = | sin” 2xdx
Giai: Str dung phuong phap doi bién sé.

a.batt=Inx = dtzldx
X
Néux=1thit=0,x =ethit=1.

Khi dé ta co:
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~N s

c. bat x =r.sint = dx =rcostdt
Néux=0thit=0,x=rthit= /2

nl2

Vay, l, = r? J. cos? tdt
0

nl2

1. I (1+cos 2t)dt
2 0

R /2
lrz[Hsm Zt}
2

2 0
= ;Kgmj—(moﬁ
4
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d. Ta co f(x)=sin’ 2x la ham sé I¢ vi vay theo tinh chét cua

tich phan xéc dinh thi: _[sin7 2xdx =0

Bai 9: Tinh cac tich phan xac dinh sau day

1
a. I jxe’xdx
0

No)
b. I,= Ixarctan xdx
0

n/3

c =]

—n/3

Xsinx

>— X
Cos” X

Giai: Sir dung phuong phap tich phan tirng phan.

a.Datu=x, dv=edx,trddétacédu=dx, v=—e€*.

1 & 1 e=2
Vay I, =-xe™* Jr.fe‘xdx:—e‘l—e‘X =—
0 0 0 e
< 1
b.Dat u=arctanx = du=——adx
X +1

X2
dv =xdx chon v= >
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Vay |1,

Dit

192

= —arctan x

2

BB
, 1

- x - dx
1+x

0

U=x = du=dx

dv =

sin x 1
dx chon v=———
cos? x COS X

g

e

T (X n)f‘
—Intan| =+ =
3cosE 2 4
3

COS X1o

0

E—Intan( j+|ntanE
3 6 4 4

2—n—lntanS—TcJ

3 12
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¢ TICH PHAN SUY RONG
A.TOM TAT LY THUYET
1. Tich phan suy rong cé can vé han

e Néu ham y = f(x) xac dinh khi a<x <+ va kha tich trén
mdi doan hitu han a<x <X, VX >a thi theo dinh nghia, tich
phan suy rong cia ham sé f trén [a, +oo] duoc xac dinh boi dang
thirc sau day:

+00 X
j f(x)dx = lim j f(x)dx (1)
, X
Néu khi X — 400, ham F(X) :If(x)dx cb gidi han hiru han,

thi ta goi | f(x)dx 1a hi tu. Néu [ f(x)dx khong hoi tu thi ta
goi tich phan suy rong trén la phan ky.
b b
e Tuong ty: j f(x)dx = lim j f(x)dx
—0 X
o0 0 X
jf(x)dx=X|me£f(x)dx+x|Lrpw£f(x)dx
2. Tich phan suy rong ciia nhirng ham s6 khong bi chin
e Néu ham sé f(x) gisi noi va kha tich trén mdi doan
[a+¢g,b], Ve>0 va IirT]|f (X)| =+, ta dinh nghia:

Tf(x)dx= lim F(e) = lim f f)dx  (2)
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Néu gidi han nay ton tai hiru han thi tich phan (2) duoc goi 1a
hoi tu, nguoc lai nd dugc goi la phén ky.

o Néu ham s f(x) gisi noi va kha tich trén mdi doan [a,b—¢],

Ve>0 va IirE |f (X)| = +o0, ta dinh nghia :
b b—¢
jf(x)dx = lim F(e) = lim j f(x)dx (3)

Néu gigi han nay ton tai hitu han thi tich phan (3) duoc goi 1a
hoi tu, nguoc lai nd dugc goi la phén ky.

e Néu ham f(x) c6 gian doan loai hai tai diém c cua doan [a,0]
va lién tuc khi a<x<c va c<x <b, thi theo dinh nghia nguoi
ta dat .

c-¢g

b b
jf(x)dx:lin; f(x)dx + lim j f(x)dx (4)

b
Tich phan suy rong J.f(x)dx (trong d6 f(c) = o, a<c<bh)

dugc goi 12 hdi tu néu ton tai ca hai gigi han & vé phai cua (4)
va phan ky néu khdng ton tai du chi mét trong céc gisi han do.
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B. BAI TAP
Bai 1: Tinh tich phan suy rong | = j COS Xdx
0

Giai:
X X

Xét lim | cosxdx = lim sinx

X—>+w0 0 X—+o0

im (sin X—sin0) = lim sin x

= | I
0 X—>+0 X—>+0

Gidi han nay khong ton tai.
Do d6 I phan ky.

-1
Bai 2: Tinh tich phan suy rong | = Id_)z(
2 X
Giai:
-1 -1
Taco | = i jd—f = Iim{—i} = |im(1+1j =1
t—)—oot X t—>—0 X ¢ t—>—o t
Nghia 13 T hoi tu.

Bai 3: Tinh tich phan suy rong | = I 1 dx >
+ X

—00

Giai:
Ham dudi dau tich phan 12 ham chin nén

odx odx
J.l+x2 =2~[1+x2

-0 0
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400

dx . ¢ odx .
Do dé:J. = Ilmj. = lim arctgt=E
0 1+ X2 t—>+o0 0 1+ XZ t—+o0 2

vay | 131‘(2 — 7 nghia 1a 1 hoi tu.

—00

Bai 4: Tinh tich phan suy rong | = Izd—x
5 XT+X=2
Giai:
[ dx 1 |x-1]
Taco |l = lim|———F—F = lim=In|—
t—>+002 (X—Z)(X—l) t—>+0 3 X+2 ,

1 t—1 1
lim={In—=-In=
oo 3\ 142 4

Iimlln E :glnz
to40 3 t+2 3
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1
Bai 5: Tinh tich phan suy rong | :J'd_x
X

0
Giai:
Ham dudi dau tich phan f(x) 1 khong gigi noi tai diém x =
X
0, nén ta co:

©dx ©dx
—=Ilim|—=Ilim
0 X saO*8 X e—0"

x|‘ — lim(In1-Ine) =+

e—>0"

: ¢ dx
Bai 6: Tinh tich phansuy rong | = | —M—M
phén suy rong !(2—x) —

Giai:
Taco: | = Iide—X

' 0" ¢ (2—X)V1-X
Xét Pt t=1-x = 1-x=t* (t>0) =

J.(2 X)V1-x (t20)

1-¢ {: 1
dx— -2t Thi: [— X = [ A% o 4
. (z_x)Jl_x - (L+tH)t wltt

1—8 d
= 2| arctanl— arctanJ_
! (2—x)\1-x [ ]
. T
=1 =Ilim Z[arctanl—arctan \/5] = 2arctanl = E
e—0"
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BAI TAP PE NGHI
1. Tinh céac tich phan xac dinh sau day:

‘ ¢ dx
I, = | [1—xdx = [ =2
1 .!-| | 2 J;XZ_]-
¢ dx ¢ dx
lLL=|——— | = —
: -([x2+4x+5 ! J.x —3x+2
I )
> I xJl+Inx 1 Xy/1- (Inx)2
38
2
x? 1
I7=J42dx |8=J43dx
) N9-X (1+x2)
e &
J |In x| dx l,, = I xarctgxdx
1 0

2. Chtrng minh rang néu f(x) lién tuc trén [0,1] thi:

T

f(sin x)dx _jf (cos x)dx

O'-—;l\)\:l

f . T, .
b. E[xf(smx)dx:z_([f(smx)dx

T

; XSsin x
Ap dung tinh | ————dx
b aung J9+4cos4x
0
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3. Tinh céc tich phan suy rong sau day:

* arctgx ¢ dx
I, = dx I, =
' ! 1+ x? 2 [04+x2
Inx 7
l,=| —dx | =
3 ! NG ‘ I(x +1)(x +4)
i Tx+1
I, = | e®dx I, = d
° ;[ ° -([x“+1
[ dx 2X+1
L= | —— l, = | 22— dx
! ) x\x?+4 ? J(x+2)2
0
|g:jzd—x I10=J;dx
X“+6x+10 XNX+4
-3 5
= j xe 2dx j x%e ™
0
2x -1 1
= | Z2_"dgx l,, =] ————dx
t [ee’x o J(x+5)\/x+1
0
| J 1 y sz 2 +4,
S [ S—
® ) (x+1)V2x 1 o

0
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J rctgx j rctgx
1+x°

) T od
X + X
|19: ( X dx |2o_ 2
J e J XIn“x
1 e
0 0
T L - ( e*dx
2 ) e*+1 2 ) e+l
+ﬁ +00
L - dx L - (e *dx
23 24 — 2
J XAIX—-4 J e+l
5 0
+00 d o
X
Izs—f |26=IX92dX
X —4x+8 0
4
(Inx 2 x%dx
I, =] —dx l,=
27 4 28 2
.)1 X 5 4-X
ni 3
sm\/; dx
I, = \/_ dx Iy, =
J X

T
2 +o0
L= J cos xdx | j ~dx
w= | T =| =
Jsinx o) e 41
0 0
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Chuong VI
HAM NHIEU BIEN

A. TOM TAT LY THUYET
I. Mién xéc dinh ciia ham

Cho tap hop khac rong D va D < R". Mét 4nh xa di tir
D vao ; duoc goi la ham n bién.

Ky hiéu: D ——{ hay f: D — |

* Tap hop D goi 1a tdp xdc dinh cia f

* Gia tri cia U ="f(X,,X,,...,X,) tai diém M, (x?,x3,...,X°)
duoc ky hiéu 1a f(x7,X3,...,X;) hodc f(M,).
I1. Pao ham riéng

Gia str ham u =f(x;,X,,...,X,) xac dinh trong tip m¢ D,

M, (x?,XS,...,X2) 1a mot diém thuoc D . Pit:

AU F(XT ey X§ 0 X A AX] XDy X ) = F (XD, X7)

[

AX. AX.

. .. AU . 3 A T \
Neéu lim —, (1<i<n) ton tai hiru han thi gigi han nay

Ax;—0 AXi
goi la dao ham riéng cua ham u=f(x;,X,,...,X,) tai M, theo

bién x, va ky hidu:
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oo
ox, ox, i
vay: M= im A% a<i<n)

axi AX;—0 Axi

Viéc tinh dao ham riéng, thuc chét 14 tinh dao ham cua
ham mot bién (khi ta Xxem céc bién so kia 1a hang so)

I11. Pao ham riéng cip cao

. , Ou 4 —
e Dao ham riéng cua x theo bien X, (k=1n) tic la
Xi
2 ou | ou . . ;
biéu thirc: —| — |, duoc goi 1a dao ham riéng cap
OX | OX;
hai ctia u theo bién X;, X, va ky hiéu bang mét trong

2
"
T XX

nhtrng ky hiéu sau:
SRy OX,0X,

Tuong tu ta co thé dinh nghia dao ham riéng cép cao hon
cap hai.

e Néuham f co cac dao ham riéng dén cép n lién tyc tai
diém M, thi dao ham hdn hop cép n tiy v tai diém M
khong phu thude vao thir tu cua céac bién dugc léy dao
ham riéng.
IV. Dao ham ham hop

Néuu = (X, Xy, X, )y X =@ (Lot ), (i=1,1)
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n OX;
kha vithi: L= XX 12 m)
ot, = ox; oty

V. Vi phan cip 1 va cip 2

Cho z="1(X,y) c6 cac dao ham riéng cép 2 lién tuc, ta co
vi phan cap 1 va vi phan cap 2 cia f 1an luot nhu sau:

dz =f,dx+f dy
d’z =f, dx* +2f, dxdy +f dy*
VI. Cyec tri ciia ham nhiéu bién
1. Ham 16i, ham 16m
i) Tap 16i: Cho Dc | ". D duoc goi 1a dp [6i néu
vx,x'eD, VA €(0,1)=Aix+(1-A)x'eD

ii) Ham s& y =f(X) goi 1a I6i ngdt toan cuc trén tap 10i
Dci néu
f (X +(1-2)x") <Af (x)+(1-1)F(x"), ¥x,x'eD, VA &(0,1)
hodc néu tai moi diém (x,,Y,), tiép tuyén véi d6 thi nam hoan
toan phia dudi do thi (d6i v6i cac bai toan kinh té thudng gip).
iii) Ham s6 y =f(x) goi la [6m ngdt toan cuc trén tap 16i
Dci néu
f (X +(1-2)x") > Af (x)+(1-1)F(x"), VX, X"} , VA e(0,1)
hodc néu tai moi diém (X5, Ys) s tiép tuyén voi do thi nam hoan

toan phia trén d6 thi (d6i v6i cac bai toan kinh té thuong gip).
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iv) Ham sb z =f(x,y) goi 14 [6i ngdt toan cuc trén tap 16i
Dc 2 néu
f(AX+(1-21)X') <Af (X)+(1-21)F (X'), ¥X, X €D, VA (0,1)
hodc néu tai moi diém (x_,Y,,z,) tiép dién véi db thi nim hoan
toan phia dudi d6 thi (d6i v6i cac bai toan kinh té thudng gip) .
v) Ham s6 z =f(x,y) goi 1a I6m ngdt toan cuc trén tap 1i
Dci ? néu
f(AX+(1-1) X') > Af (X)+(1-21)f(X'), ¥X, X' e D, VA &(0,1)
hay néu tai moi diém (x_,Y,,z,) tiép dién véi d6 thi ndm hoan
toan phia trén do thi (d6i voi cac bai toan kinh té thuong gip) .
vi) Ham s6 z=f(x,y) goi 1a I6i toan cuc trén tap 10i
Dc 2 néu
f(AX+(1=1)X) <AF (X)+(1-2)f (X), VX, X' €D, Vi €(0,1)
vii) Ham sb z=F(X,y) goi 13 I6m todn cuc trén tap 16i
Dc 2 néu
f(AX+(1-21)X') 2 Af (X)+(1-2)F (X'), ¥X,X €D, VA< (0,1)
2. Cuec tri dia phwong, cuc tri toan cuc cua ham s6 thuc theo
mot bién sb thue
Xétham sb: y=Ff(x), xeDc;

e Hamsb f goi la dat cuc dai dia phuong tai X, € D néu;

Je>0:Vxe(X,—¢ X, +&)ND:f(x)<f(x,)
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e Hamsb f goi la dat cuc tiéu dia phuong tai Xonéu:

Je>0:Vxe(X,—¢ X, +&)ND:f(x)>F(x,)
e Ham s f goi 1a dat cyc dai toan cyc trén D tai X, néu:
VxeD, f(x)<f(x,)
e Ham s f goi 1a dat cuc tiéu toan cuc trén D tai X, néu:
VxeD, f(x)>f(x,)
Chuy:

- Mot cuc tri dia phuwong khong chic 1a cuc tri toan cuc.

- Khong phai ham s6 nao cling co cuec tri toan cuc.

- Trong cac ung dung kinh té, hau hét cac ham sb chi co

mot cyc tri dia phuong duy nhat va do cling 1a cyc tri toan

cuc.

- Trén tap 16i D , ddi v6i cac bai toan kinh té thuong

gap taco:

+ Néu f"(x) >0, ¥xeD thi f 16i ngit toan cuc trén D.
Khi d6, mét diém cuc tiéu dia phuong ciing 1a cuc tiéu
toan cuc trén D.

+ Néu f"(x) <0, YxeD thi f 16m ngit toan cuc trén
D. Khi d6, mot diém cuc dai dia phuong ciing la cuc
dai toan cuc trén D.

3. Cue tri dia phuwong, cwe tri toan cuc ciia ham s6 thuc theo
hai bién s6 thue

205



Bai tap Toan Cao c&p danh cho kh&i nganh Thuong Mai, Kinh t&

Xéthamsd z=f(x,y), (x,y)eDc; 2. Pat

2 1/2
B((Xo’yo)18):{(X,y)/[(x—xo) +(y_yO }
e Ham s6 f goi la dat cuc dai dia phuong tai (X5:Y,) €D néu

3e>0:V(x,y)eB((X,.Y,).€)l D:f(x,y)<f(X,.y,)

e Ham s f goi 1a dat cuc tiéu dia phuong tai (X5, Y,)€D néu

3e>0:V(x,y)eB((X,.Y,).€)l D:f(x,y)2f(x,.y,)

e Ham s f goi la dat cuc dai toan cuc tai (Xo, yo) eD néu:

V(x,y)eD,f(x,y)<f(X,.Y,)

e Ham s f goi 1a dat cuc tiéu toan cyc tai (X5, Y,)€D néu:

V(x,y)eD,f(x,y)=f(X,.Y,)

Cic chi y & trueomg hop ham mét bién van ding cho truong
hop hai bién.

¢ Diéu kién can cua cuc tri dia phuong (diéu kién cap 1):

Néu ham f dat cuc tri dia phuong tai (xo, Yo) VA f c0 céc
dao ham riéng tai (Xo, Yo) thi

fe (Xo'yo) :f;; (Xo’yo) =0
¢ Diéu kién du cua cuc tri dia phuong (diéu kién cép 2)

Nhic lai: Cho z =f(X,y) ¢6 cic dao ham riéng cép 2 lién
tuc, ta ¢6 vi phan cdp 1 va vi phan cap 2 cua f 1an luot nhu sau:
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dz =f dx+f dy
d’z =f, dx* +2f, dxdy +f dy*
Ta co:
. f d f f —f2
d’z=f, l:dx+ Xfy,, y:l +{%}dyz (giasu L 20)

X

Suy ra:

+Néu f <0vaf, f -f7>0thi d’z<0

+Néu f >0va f f -f >0thi d’z>0

Bay gio, ta co diéu kién du cua cuc tri dia phuong nhu sau:

e Néu df(x,,y,)=0 va d*f(x,,y,)<0 thi f dat cuc
dai dia phuong tai (X,,Y,) -

e Néu df(x,,y,)=0 va d*f(x,,y,)>0 thi f dat cuc
tiéu dia phuong tai (X5, Y,) -

f f

fxx f Xy
Ta xét ma tran Hess: H = i
yx |y

bat: H, =f", H, =|H|
Ta co:

i) H, <0,H, >0 thi d*f <0 (cuc dai dia phuong)
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ii) H, >0,H, >0 thi d*f >0 (cuc tiéu dia phuong)

+ Néu dZZ(X,y) >0, V(X,y) eD thi f 16i ngit toan cuc

trén D. Khi d6, mdt diém cyec ti€u dia phuong cling 1a cyuc ticu
toan cuc trén D.

+ Néu d?z(x,y) <0, V(x,y)eD thi f 1dm ngit toan cuc

trén D. Khi d6, mot diém cuc dai dia phuong ciling la cuc dai
toan cuc trén D.

Pinh Iy: Cho z=f(X,y) c6 cic dao ham riéng cap 2 lién tuc
trén thp mo va 16i D ?. Gia sir, tai (X,,Y,)eD ta co:
(X0 Yo) =T, (X, ¥, ) =0. Khi d6
i) Néu H,(x,y)>0,H,(x,y) >0,¥(x,y) eD
thi f dat cuc tiéu toan cuc trén D tai (X0, Yo)
ii) Néu H, (x,y) <0,H,(x,y) >0,Vv(x,y) eD
thi f dat cyc dai toan cuc trén D tai (X,,Y,)

4. Cyec tri rang budc ciia ham sb thue theo 2 bién s thuc
Xét bai toan tim cyc tri ham f(x, y) vdi rang budc
g(x,y) =g, (giasu g, >0)
Trudc tién, ta 1ap ham Lagrange:
L(x,y,1)=f (x,y)Jrk[g0 —g(x,y)]

(A goi la nhan tir Lagrange)
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Ta thay cuc tri cia ham f véi rang budc g(X,y) =0,
cling chinh 1a cyc tri ciia ham Lagrange L.

Ta c6 diéu kién cép 1 tuong tu truong hop cuc tri khong
rang bude

Diéu ki€én c?ip 1: Néu L dat cuc tri dia phuong tai
(X ¥Yorhe) thi L, =0,L,=0 va L, =0(haydL=0) tai

(XosYorAy) -
Diéu kién cép 2:

Ta dinh nghia Hesse bao nhu sau:

Lo Ly Lo

A=l L, L

e Ly L

pa [Af=| . |-
A

Ta c6 cac dinh 1y sau:

o Néu dL(X,,Y, ko) =0 V& [Hi| <0 tai (X,,¥,,2,), [He|>0
tai (X,,Y,,A,) thi L dat cuc dai dia phuong tai (X,,Y,,A,) -

o Néu dL(X,Y,0he) =0 Va [Hi <0 tai (X, Yo%), [He|<0

tai (X,,Y,,A,) thi L dat cuc tiéu dia phuong tai
(XosYorAy) -
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e Néu dL(x,,y,,A,)=0 va ‘ﬁ1‘<0, ‘ﬁ2‘>0, V(x,y,A) thi
(X,,Y,) la diém cyuc dai toan cuc cia f véi rang budc
9(X,Yo) =G,

e Néu dL(x,,y,,2A,)=0 va ‘ﬁ1‘<0, ‘ﬁ2‘<0, V(x,y,A) thi
(X,,Y,) 1a diém cuc tiéu toan cuc cia f v6i rang budc
g(xolyo) = go "

Cha y: Bai toan tim cyc tri ham f(X,y) véi rang budc

g(x,y)=g, co thé giai don gian bang cach tir rang budc, rut y

theo x (hay x theo y) va thé vao f. Tur d0, bai toan dua vé

viéc tim cyc tri cia ham mot bién. Tuy nhién, khong phai lac
nao ta ciing rut dugc bién nay theo bién kia. Hon nira, phuong
phap Lagrange ap dung dugc cho truong hop ham nhicu bién

tong quat v4i nhiéu rang budc va nhan tor Lagrange A cO y
nghia dac bi¢t trong kinh te.

B. BAI TAP
Ni 2 2 . 0Ou ou
Bai 1: Cho u=x"-3xy—-4y" —x+2y+1. Tim —, —.
ox oy
Giai:
Xem y 1a hing sb, ta co:
ou
—=2x-3y-1
OX Y
Xem X la hé‘mg sb, ta dugc:
6—u=—3x—8y+2
oy
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Bai 2: Cho ham z = z(x,y) =e* " Tim a_z va Q
ox oy
Giai: Taco
0z 2.2 4 2.2
= =Y (X2+y?) =¥ 2x=2x. ¥V
oz 2,2 4 2.2
_:ex+y X2+2 :2 e><+y

Bai 3: Chung to rang ham z(x,y)=yIn(x* —y?) théa man
phuong trinh:

1oz 10z 12
- =i ==
X OX yoy VY
Giai: Taco
oz 2xy
ox  x*—y?
2
2 in(xt -yt -2
-y’

Thay céc dao ham riéng vao vé trai ctia phuong trinh, ta co:

2
Vétrai = 22X +ﬂln(x Y- }

X X2 _y X2 _yz
_ 2y 2% In(x -v?) _Z

X2 _yz X2 _yz y yz
= Vé phai
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Bai 4: Tinh du vaéi

a. u(x,y)=arctg [mj

b. u(x,y)=x"
Giai:
a. Taco
au _ 1 -2y Yy
ox 2'(x—y)? X2 +y?
1+[x+yj (x-y) y
X—y
ou 1 2x X
~ 2 x—v)2 X2 4 \2
oy 1+(x+yj( y) y
X-y
Tu do:
du = My 4 M gy - XY Zydx
oy X" +y
2. Tacéo
du:a—udx+8—udy Trong do:
OX oy
ou 5 v
i X
oX y
a—u:Zyxyzlnx
oy
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Do d6

du=Max+ a—udy = y2xY ldx + 2yx” In xdy
OX oy

o’u  o°u . d4u
va

Bai 5: Cho ham u(x,y)=yInx. Tim ,
xy)=y x> oxoy oy’

Giai:

Ta c6 cac dao ham riéng cua ham u(X,y)

u_y
oX X
ou

—=Inx

52_‘1_2(5_“)_3(!)__1
ox* ox\ox) ox\x NG
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Bai 6: Cho ham u(x,y) =sinx.siny . Tinh d°u
Giai:

Ta c6 cac dao ham riéng cua ham u(Xx,y)
ou .
— =cosx.siny
OX
ou .
— =SINXCOSYy
oy

Céc dao ham riéng cap hai ciia ham u(x,y) la

@ =-sinxsiny
ox*
o°'u %
= =COSXCOSY
OX0y  OYyoX
o°u o
— =-sinxsiny

A

Vay:
d’u =—sinxsin ydx?* +2cos x cos ydxdy —sin x sin ydy?

Bai 7: Tim cyc tri ctia cac ham sau day
a. u(x,y)=x*+xy+y>—3x—6y

1 Xy
b. Y) == 47 -X—-Y)| —=+=
Ux,y) ==Xy +(47-X y)(3+4J

2

C. u(x,y):x+y—+1+2
4x y
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Giai:
a. Taco: a—u:2x+y—3 va a—u=x+2y—6
oX oy

T,

Giai hé phuong trinh: X
ou
=~ =0
oy
2X+y—-3=0 x=0

=

X+2y-6=0 y=3

Vay M, (0,3) la diém dimng.
Cac dao ham riéng cap hai tai diém M_(0,3) 1a
o‘u ou ou

2:2, 2:2, :1
oX oy oxoy

2 1
Ma tran Hesse tai M, (0,3) la H:(:L 2}

Tacé: H,=2>0va H,=|H/=3>0.
Vay ham u(x,y) dat cuc tiéu tai M_(0,3).

b. Cac dao ham riéng:
8_u 1 2 47 . ou 1 1 47

=—Zy-—=X+—Vad —=——Y—=X+—
x 20 3 e TN
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“_o
Giai hé phurong trinh: { X
ou
Ao
oy
1,2, 47
YV 3X 370 gxyy=-188  (x,=21
= i i 437 ®{ 6y—141<:>{0—20
1y L AT Ixvey= Yo =
277277,

Diém dimg 14 M_(21,20).
Céc dao ham cap hai tai diém M_(21,20) la:

ou 2 du_ 1 du 1

X3 2 ey 12

21
A . 12 A 3 12
Ma tran Hesse tai diem M (21,20) la: H = 1 1
12 2
Ta co:
Hl:—3<0
3
H, =|H|= =L <
144

Nén ham u(x,y) dat cuc dai tai M_(21,20)
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2
c. Taco: 8_u:1_y_ va @— y 1

ox  4xE oy 2x Yy

Gidi hé phuong trinh:
X _o
OX
Ao
oy
2
1-Y _p xy >0 xy >0
4x? 2 2
= y 1 & (Y =4X & Jy=2X
w oy Yol (i
2X Yy y
1 1
X=—= |X==
=4 2V 2
y=-1 |y=1

Céc dao ham riéng cap hai la:

u_y? u_1 2 du y

= s = —+ s = ——
ox> 2x¥ oy 2x ¥yl oxoy  2X°

+ Xét tai Ml(_%’_lj , ta c6 ma tran Hesse tai Ml(_%’_lj:
-4 2
H =
2 -3
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Vi H =-4<0

H,=-12<0

nén ham u(x,y) khong dat cuc tri tai Ml[_%’_l)
L 1 , R . 1
+ Xétta1 M, E,l , ta c6 ma tran Hesse ta1 M, E,l :
4 -2
H=
-2 4
Vi H,=4>0

H,=12>0

A N 93 . l N r .y . R
nén ham u(x,y) dat cuc tiéu tai M, (E,lj va co gia tri cyuc tieu

la u(M,)=4.
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BAI TAP PE NGHI
1. Tinh céc dao ham riéng cua cac ham sau day

a. u(x,y)=x*+2y*—3xy—4x+2y+5
b. u(x,y)=eY*)

C. u(x,y)=eX

Xy
d. u(x,y)=e’ +ex

y
1+ x?

f.u(x,y)=2y/x +3y23x?

e. u(x,y)=arctg

s x> 1.1 1 .
2. Xét ham u(X,y)=—+—=X+—=——. Chimng to6 rang ham
2y 2 X'y
3
u(x,y) thoa man phuong trinh Xza_u+y28_u:x_
OX oy 'y

3. Tinh vi phan toan phan ctia cac ham sau day
a. u(x,y)=In(x*+vy?),
b. u(x,y)=sin(x*+y?)
C. u(x,y):eXzy
d. u(x,y)=x"-y*

e. u(x,y)=e*(cosy+xsiny)
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4. Tinh cac dao ham riéng cip hai ciia cac ham sau day

a. u(x,y) =4x3+3x%y +3xy* —y°

b. u(x,y)=xy+sin(x+Yy)

C. u(x,y)=sin(x+cosy)

d. u(x,y) :%In(x2 +vy%)

e. u(x,y)=e"

11
4z
Xy

f. u(x,y)=e
5. Tim cuyec tri cia cac ham sau day

a. f(x,y)=x*+2y*—3xy—4x+2y+5

b. f(X,y) :x+y+£
Xy

c. f(x,y) :x+y+g
Xy

d. f(x,y)=xy+5—0+@
Xy

e. T(x,y)=x>+y*+3xy
f. f(x,y)=x>+y*+12xy+1
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6. Tim cyc tri ¢6 dieu kién cia cac ham sau day

a.

f(x,y) =x?+Yy? néu X, y thoéa min §+%:1
f(x,y)=x?+y® néu x va y thoa man diéu kién
x> —3x+y’ —4y=0

f(x,y) =x*+12xy+y? néu x va y théa mén diéu
kién 4x* +y* =25

f(X,y)=u—2\/§ néu X, y thoa man x?+y? =1
2
f(X,y)=x*+y*—Xy+X+y—4 néu X,y théa man
diéu kién x+y+3=0
1

1 1 . . L1 1
f(x,y)=—+=néu X, y thbamédn —+— =~
Xy x>y 4

7. Cho ham f(x,y) = x’y(4—x—y). Tim gié tri nho nhat va gia

tri 16n nhat ciia ham f(X,y) trén mién (D) gidi han boi cic
duong thing x+y=6, x=0va y=0

8. Cho ham f(x,y) =x* —y?. Tim gi4 tri nh6 nhat va gia tri 16n

nhat cia ham f(X,y) trén mién (D): x*+y* <4

9. Ham f(x,y) =x*+Yy®—6xy co hai diém dimg 1a A(0,0) va
B(18,6) . Chon két luan dung

a.

Ham f khong dat cuc tri dia phuong tai A, dat cuc dai
dia phuong tai B
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b. Ham f dat cuc tiéu dia phuong tai A, dat cuc dai dia
phuong tai B

c. Ham f khong dat cyc tri dia phuong tai A, dat cuc tiéu
dia phuong tai B

d. Ham f dat cuc dai dia phuong tai A, dat cyc tiéu dia
phuong tai B

10. Cho ham z(x,y) = xe¥ + x® +2y? —4y. Chon ménh d& ding
trong cac ménh de sau day

a. Ham z dat cuc tiéu tai M(0,2)

b. Ham z dat cyuc dai tai M(0,1)

¢. Ham z c6 diém ding nhung khong co cuc tri.

d. Ham z khéng c6 diém dimng.
11. Cho ham f(x,y)=-3x*+2¢’ —2y+3. Chon ménh dé
ding trong cdc mé¢nh dé sau day

a. Ham f dat cuc tiéu tai M(0,0)

b. Ham f dat cuc dai tai M(0,0)

c. Ham f c6 diém ding nhung khong c6 cuc tri

d. Ham f khong c6 diém ding
12. Xét ham f(x,y) =xy?’(l-x—y) va diém M(0,1). Chon két
luan dung

a. Ham f dat cuc tiéu tai M

b. Ham f dat cuc dai tai M
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¢. M la diém dirng nhung khong phai cuc tri ciia ham f
d. M khong phai 1a diém dimg ctia ham f

13. Vi phén toan phan ciia ham f(x,y)=x>+2" la két qua nao
sau day

a. df =2xdx+2’dy

b. df =2xdx+2’ In2dy
c. df =2xdx +y2''dy
d. df =2xdx+y2’ In2dy

14. Tinh vi phan toan phan cap hai ctia cac ham

a. f(x,y)=4xy (x>0,y>0)
12

b. f(x,y)=x%y® (x>0,y>0)

c. u(x,y)=e>

d. v(x,y) =In(5x—6y)
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Chuong VII

PHUONG TRINH VI PHAN

Phwong trinh vi phan cip 1

Dinh nghia: Phuong trinh vi phan 1a m¢t phuong trinh chua
mbi lién hé giira hai bién x, y (ma trong d6 ta xem y la mot
ham kha vi cta x) va cac dao ham cua y. Cip cua phuong
trinh vi phan 1a cip cao nhit ciia dao ham caa hm y xuét hién
trong phuong trinh.

Pinh nghia: Phuong trinh vi phan cép 1 1a phuong trinh c6
dang F(x; y, y’) =0 (1) hay y’=f(x;y) (2)

Nghiém téng quat — Nghiém riéng:

* Nghiém tong quét cua (1) (hoic (2)) trong mién D < R?

la ham y =¢(x; C) sao cho:

- Thoa phuong trinh di cho véi moi gia tri cia hang sé
C bét ky thugc mot tap nao do.

- V6i moi diéu kién ban dau y(xo) = Yo sao cho
(X,; ¥,) € D chi c6 mot gia tri duy nhat Co thoa man
diéu kién ban dau.

Moi nghiém y =¢(x; C,) nhan duoc tir nghiém tong quat

y =d(x; C) &ng véi gié tri cu thé Co duoc goi la nghiém riéng.
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1. PTVP tach bién (cé bién sé phan ly)
A.TOM TAT LY THUYET

Dang: f(x)dx =g(y)dy

Dé tim nghiém cua phuong trinh trén, ta 1dy tich phan bat
dinh hai ve:

[f()dx = [g(y)dy

Khi do, ta c¢6 : F(X)=G(y)+C trong d6 F la nguyén
ham cua f, G la nguyén ham ciia g va C la hang sb bat ky.

B. BAI TAP
Bai 1: Giai phuong trinh x(1 + y?)dx —y(1 + x3)dy =0
Giai: Phuong trinh da cho viét lai

X(L + y?)dx = y(1 + x*)dy

dx = y

dy vi (1+x)=0va (1+y*) =0
v oy y (1+x%) (I+y”)

<~ >

Tich phan bat dinh hai vé, ta co

ydy ¢ xdx
J.1+y2 _Il+x2

N %In(l+ V) :%In(1+ x?) +In|C| (C % 0)

= In(1+Yy*) =In(1+x*)+InC* (C % 0)
= 1+y*=C?(1+x?) (C=0)
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Vay, nghiém téng quét ciia phuong trinh d cho 1a
1+y?=C%1+x% (C=0)

Bai 2: Tim nghiém riéng ctia phuong trinh
(1 + x%)dy = xydx

biét rang y(1) = 2.

Giai: Phuong trinh da cho viét lai

dy _ xdx
y 1+x°

(y=0)
Tich phan bat dinh hai vé, ta c6

J'd_y_J- xdx

y J1+x°

= In|y|:%ln(1 +x*) + In|C| (C=0)

=y =Cyl +x* (C=0)

Mat khac, ta nhan thiy y = 0 ciing 1a nghiém ciia phuong
trinh d4 cho nén nghiém téng quét ctia phuong trinh di cho 1a

y = CV1 + x?

Vi y(1)=2nénsuyra 2 = c\2=Cc=42
Vay nghiém riéng tng véi y(1) =2 la

y=4/2(1+x?)
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2. PTVP tuyén tinh cap 1
A. TOM TAT LY THUYET

Dgng: y’ +P(x).y=Q(x) (1)
trong d6 P(x), Q(x) la cac ham lién tuc trong mét khoang nao do.
Buwéc 1: Xét phuong trinh vi phan thuan nhét twong tng
y +Px)y=0 (2)

= dy _ -P(X)y .
dx
.. o _ )
Ngoai nghiémy =0, ta con c6: — =—-P(x)dx
y

= Inly|= —I P(x)dx +C

= y=+eCe O _ge P9 (g ()

Két hop nghiém y = 0, ta c6 nghiém tong quat caa (2) la
y=Ae P (A 13 hing s6 bét ky)

Buéc 2: Xem A = A(x). Nghiém tong quét cua (1) c6 dang la

y= A(x).efI P

Thay vao (1) ta c6: A'(X) = Q(X). ej P(x)dx

= AKX =| (Q(x).ej e )dx +K (K 12 hing sb)

Vay, nghiém tong quéat cua (1) 1a

y= U(Q(X)'ejp(mx )dx .\ Kj|.e—jP(x)dx
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B. BAI TAP

Bai 3: Giai phuong trinh y' + Ly:X—l @
X+1

Gidi: Xét phuong trinh y' +——y =0 (2)
x+1

dy _y

dx Xx+1

= nghiém tong quét caa (2) 1a y = <
X+1

Xem C = C(x) thi nghiém tong quat caa (1) ¢6 dang

_C(x)
X+l

Thay vao (1), ta co

C'(x)  C(x) N C(x) w1
X+1 (x+1)2 (x+1)2

= C'(x) = x*~-1

1 3 \ M A
= C(x):éx —x+K (K la hang so)
Vay, nghiém tong quéat cua (1) 1a

1.
= =X"-x+K
’ {3 }

X+1
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Bai 4: Tim nghiém ctua phuong trinh

y' —yitgx =-2e"" (1)
thoaman y(0)=3
Giai: Xét phuong trinh y' —y.tgx = 0 (2)

dy
—Z =y.tgx
d y.ig

= nghiém tong quat cua (2) 1a y = <
COS X
Xem C = C(x) thi nghiém tong quét caa (1) ¢6 dang
C(x)
oS X

Thay vao (1), ta co

[C’(x) _ C(x).sin x} C(x) sinx _

— 2 sins
COS X cos® X COSX COSX

= C'(X) =-2e""cosx
= C(x) =2e""+K (K lahing sb)
Khi d6, nghiém téng quét caa (1) 1a
y = (Zes““X +K).$
Vi y(0)=3 nén 3=—2+K < K=5
Vay, nghiém cua (1) thoa diéu kién y(0) =3 la
1

y= (Zesinx +1)E

229



Bai tap Toan Cao c&p danh cho kh&i nganh Thuong Mai, Kinh t&

3. PTVP céap bernouilly
A.TOM TAT LY THUYET
Dang: y+PXx)y=Qx).y* (a#0;a=1l)
véi P(X), Q(x) la cac ham lién tuc trong mot khoang nao do.
Véiy = 0, ta cd thé chia hai vé ctua phuong trinh cho y© :
y “y'+ P(x).y"* = Q(x)
bitz=y'*=z=(1-a)y~y

Thay vao phuong trinh da cho, ta s€ c6 mdt phuong trinh
vi phén tuyen tinh cap 1 cia x va z.

B. BAI TAP

Bai 5: Gii phuong trinh y’—y = xy® (1)
Giai:

Nhan xét rang y = 0 la mot nghiém cua (1)
Véi y =0, ta chia hai vé cua (1) cho y°:
Y.y -y t=x

bitz=y*=2z =-4y°y

g 1
Khi @0, ta co: _ZZ_Z:X

=7z’ +4z=—-4x(2)

Xétz’+4z=0(3)
dz
i

= z=C.e™ langhiém tong quét cua (3)

—4z
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Xem C = C(x) thi nghiém tong quat cua (2) c¢6 dang
z=C(x).e™
Thay vao (2), ta co:
[C’(X).e‘4X — 4C(x).e™ ] +4C(x).e™ = —4x

= C'(x) = —4xe™
1 4x 4x N hE A
= C(x)=Ze —xe™ +K (K'la hang so)
Nén nghiém tong quat caa (2) la

z= Fe“x —xe™ + K}e4X = %—x +Ke™

Vi z=y™ nén y4=%—X+Ke4X

Vay, nghiém cua (1) la

—4X

y =0 hay y4=%—x+Ke

Bai 6: Giai phuong trinh y'— 2= 2% v (1)
2X 2X

Giai: Ta nhan thiy y = 0 thoa phuong trinh (1)

Véi y#0, (1) c»y-s.y'—zi.y-z S S g
X 2X

Ditz=y? = z/=-2y°y.
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Thay vao (2), ta co:

_lz'_i —_Siﬂ

2 2 2X

— 1 _ SInx 3)
X X

Xét phuong trinh z'+ 1.2 =0 (4)
X

9z__z
dx X
Suy ra nghiém tong quat cua (4) 1a

z =§ (A I hing sé bit k)
Xem A = A(x) thi nghiém tong quat cua (3) cd dang
_AK)
X

z

Thay vao (3), ta co
[A’(x) ~ A(x)}rixﬁ _sinx

2

X X X X X

= AX) =sin(¥)
= A(X) =—cosx+K (K I1& hing s6)
Nghiém tong quat cua (3) la z= —0X K

y X
Vay, nghiém cua (1) 1a: y*.(K—cosx)=x hayy =0

N 5 .1 —cosx+K
Viz=y?nén 5 =———
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BAI TAP PE NGHI
1. Giai cac phuong trinh vi phan cép 1 sau day
a. y' =e"™ cosx

, o X+2
X*—3X+2
, 1

c. y=
Y NG

2. Tim nghiém cua phuong trinh sau day thoa mén y(0) =0

(1+e™)y*dy =e*dx
3. Giai cac phuong trinh vi phan cip 1 tuyén tinh sau day
a. y'+2xy= x>
b. y'—ysinX =sin X.cos X
c. ycosx+y=1-sinx
d. (1+x*)y'+y = arctgx
e. 2ydx+(y*—6x)dy=0
f. y=xy'+y'Iny
4. Giai cac phuong trinh Bernouilly sau day

a. y +2xy=2xy*

b. y'+y=e§.\/§
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I. Phwong trinh vi phan cip 2 tuyén tinh cé hé sé hang voi
vé phai c6 dang dic biét

e Dinh nghia:
Phuong trinh vi phan cap 2 ¢ dang:
Fx;y;yiy) =0 (D)
hay Yy =1fx;y;¥") ()

e Nghiém téng gquat — Nghiém riéng:

Nghiém tong quat cta phuong trinh vi phan cap 2 1a ho ham
y=¢(x;C,;C,) théa man

* Khi thay y=¢(x;C;;C,) vao phuong trinh da cho, ta c6 mét
dang thirc ding.

* V6i diéu kién ban dau y(x,) =Yy, va y'(x,) =Y, , néu ton tai
(C2;CJ) 1am cho nghiém y = d(x;C;C) thoa diéu kién da cho
thi y=d(x;CY;C%) duoc goi la nghiém riéng thoa diéu kién ban
dau y(X,) =Y, va Y'(X,) = Y
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PHUONG TRINH VI PHAN CAP 2 TUYEN TiNH CO HE
SO HANG VOI VE PHAI PAC BIET

Dang tong quat: y"+ay’ +by =f(x) (1)

vOi a, b 1a cac so thuc

A. TOM TAT LY THUYET
e Dinh nghia:

Hai ham f(x) va g(x) duoc goi la phu thugc tuyén tinh
trong (o) néu ton tai hai sé thuc C1, C2 khong dong thoi bang
0sao cho Cu,(x)+C,u,(x)=0, vxe(a,p)

Hai ham khong phu thugc tuyén tinh s& duoc goi la déc
ldp tuyen tinh.

* Dinh Iy:

Xét phuong trinh y”+ay’+by =0 (2). Néu y,(x), y,(X)
la_hai nghiém doc Iap tuyén tinh cia phuong trinh (2) thi
nghiém tong quat cua (2) la

y(X) =C.y,(X)+C,.y,(X) (C1, Cz 14 hing s6)
e Dinh ly:
Néu u(x) 1a nghiém riéng cua phuong trinh (1) va Y(X)

la nghiém téng quéat cua phuong trinh (2) thi nghiém téng quét
ctua phuong trinh (1) 1a

y(X) =Y (x) +u(x)
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Phwong phap giai phwong trinh (1)

® Buwéc 1: Xét phuong trinh y”+ay’+by=0 (2). Tim nghi¢m
téng quat ctia (2) nhu sau.

Phuong trinh dic trung: k> +ak+b=0 (*)
+ (*) c6 hai nghiém thuc k, #K,: (2) c6 nghiém tong quat 1a
Y(x) = C,e" +C,e** (C1, C 1a hing sd)
+ (*) c6 nghiém thuc kép K, : (2) c6 nghiém tong quat la
Y(x) = C,e** +C,xe** (Cy, C2 12 hang s6)
+ (*) ¢6 hai nghiém phtic k = if: (2) c6 nghiém tong quat 1a
Y (x) =e”[C, cos(Bx) +C, sin(Bx)] (C1, Cz 1a hing sb)

e Buwdc 2: Tim nghiém riéng cta (1) dua vao vé phai f(x) co
dang dic biét trong nhiing truong hop sau day.

Truong hop 1: f(X) =e*.P,(X) trong d6 P, (x) la da thirc bac n
cia X va o la hang sd.

+ Néu o khong phai nghiém caa phuong trinh dic trung thi (1)
c6 nghiém riéng dudi dang

u(x) =e".Q,(x)
vai Q, (X) la da thuc bac n cua X.

+ Néu a la nghiém don cia phuong trinh dic trung thi (1) co
nghiém riéng dudi dang

u(x) =xe”.Q, (x)
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+Néu o la nghiém kép u(x) =e*™.Q, (x)
u(x) = x’e™.Q, (x)
Truong hop 2: f(x) =e™.[P,(x).cos(Bx) +Q,, (X).sin(Bx)]

+ Néu o+ip khéng phai nghiém cua phuong trinh dic trung
thi (1) c6 nghiém riéng dudi dang

u(x) =e™.[R(x).cos(Bx) +S(x).sin(x)]

trong d6 R(x) va S(x) la cac da thirc c6 bac nho hon hay bang
max{m; n}.

+ Néu a+ip la nghiém cua phuong trinh dic trung thi (1) ¢6
nghiém riéng dudi dang

u(x) = xe™.[R(x).cos(Bx) +S(x).sin(Bx)]
e Buwéc 3: Nghiém tong quat cua (1) 1a
y(X) =Y(x) +u(x)
NGUYEN LY CHONG CHAT NGHIEM

Néu vé phai cua (1) c6 dang D f,(x) va y, la nghiém riéng
k=1
ctua phuong trinh

y'+a(x).y'(x)+b(x)y =f (x) (k=12,...,n)

thi y =Y, langhiém riéng cua (1).
k=1
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B. BAI TAP

Bai 1: Giai phuong trinh y"—2y'-3y=e™* (1)

Giai: Xét phuong trinh y"—2y'—3y =0 (2

Phuong trinh dic trung : k2 —2k-3=0 = k=-1; k=3

Nén nghiém tong quat cua (2) 1a: Y(x) =C,e™ +C,e¥

Ta thay f(x)=e™* =e*Py(x). Vi a=-1 la nghiém don cta

phuong trinh déc trung nén (1) ¢6 nghiém riéng dudi dang
u(x) = u(x) =xe*.Q,(x) =Axe™

= Uu(xX)=Ae*—-Axe™

va u"(x) =—Ae " —Ae +Axe " =-2Ae "+ Axe”

Thay vao (1) ta ¢6 : u”—2u’- 3u =™~

= (—2A.e‘X + Axe™ ) - 2(A.e‘X —-Axe™ ) —3(A.x.e‘X ) =e X, VX

= 4A=1
= A=—1
4

Do d6: u(x) = —%.ex

Vay, nghiém tong quat cua (1) 1a:
y(x) = Y(x)+u(x)

= C,.e " +C,e¥ +(—§.exj
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Bai 2: Giai phuong trinh y” -8y’ +16y =e* (1)
Giai: Xét phuong trinh y"—8y'+16y =0 (@)
Phuong trinh dic trung: k? —8k + 16 =0 = k=4 (kép)
Nén nghiém tong quat cua (2) 1a: Y(x) = C,.e” +C,.x.e*
Ta thdy f(x) =e® =e”PyX) . Vi a=-1 khong théa phuong
trinh dac trung nén (1) ¢6 nghiém riéng dudi dang
u(x) =e” x>.A=Ax*e"
= U'(X) =2Axe™ +4AX* ¥
va u"(x) = (2Ae” +8Ax.e™) + (BAx.e™ +16Ax* &%)
Thay vao (1) ta c6 : u”— 8u’+ 16u = e
(16AX* ™ +16Ax.e™ +2Ae™ ) -8(2Axe™ +4AX* &™)+
+16(A.x2.e4X ) =e™, VX

= 2A=1
= A:l
2

Do d6: u(x) = %xz.e4X

Vay, nghiém tong quat cua (1) 1a:
y(x) = Y(X)+u(x)

1
= C,.e™+C,xe™ + Exz &Y
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Bai 3: Giai phuong trinh y"-2y'+y=x+1 (1)

Giai: Xét phuong trinh y"—2y'+y=0 @)

Phuong trinh dic trung: k> —2k+1=0 = k=1 (kép)
Nén nghiém tong quat caa (2) la: Y (x) = C,.e* +C,.x.e*

Ta thdy f(x) = x + 1 = e™.Py(x). Vi a=0 khdng thoa phuong
trinh dac trung nén (1) c6 nghiém riéng dudi dang

u(x) = (Ax +B).e”*=Ax +B
=u(x)=Avau’(x)=0
Thayvao (1)tacod:u”-2u'+u=x+1
=0-2A+(Ax+B)=x+1, ¥x

A=1 A=1
= =
—2A+B=1 B=3

Do do: u(x)=x+3
Vay nghiém tong quat caa (1) la
y(x) = Y(X) +u(x) = C,.e* +C,.x.e* +(x+3)

Bai 4: Giai phuong trinh y"+Yy -2y =cosx—3sinx (1)
Giai: Xét phuong trinh: y"+y -2y =0 2
Phuong trinh dic trung: kK2 +k—-2=0 = k=1;k=-2

Nén nghiém tong quat cua (2) 1a: Y(x) =C,e* +C,e ™
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Ta thay f(x)=cosx—3sinx =e".[P,(X).cosX+Q,(x).sinx].
Vi a+if3 ==i nén (1) cé nghiém riéng dudi dang

u(x) =e™.[Ry(x).cos X +S;(x).sin x| = Acosx +Bsinx
= U'(X) =—A.sinx+B.cos x
va u"(x) =—A.cosx —B.sin x
Thay vao (1) ta c6: u”+ u’— 2u = cosx —3sinx
= (—A.cosx—B.sinx)+(—A.sinx+B.cosx)
—(A.cosx +B.sinx)=cosx—3sinx, Vx
= (-3A+B)cosx +(—A—-3B)sinx =cosx—3sinx, Vx

—3A+B=1
=
~A-3B=-3

A=0
=
B=1
Do d6: u(x) =sinx
Vay, nghiém tong quat cua (1) 1a
y(x) = Y(X)+u(x)

= C,.e*+C, e +sinx
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Bai 5: Giai phuong trinh y"+y =4xsinx (1)

Giai : Xét phuong trinh: y"+y =0 @)

Phuong trinh dic trung: k? + 1 =0 = k =i

Nén nghiém tong quat caa (2) 1a: Y(x) = C,.cosx+C,.sinX

Ta thay f(x)=4x.sinx=e"[P,(X).cosx+Q,(X).sinx]. Vi
a+if ==i nén (1) c6 nghiém riéng dudi dang

u(x) =xe™.[Ry(x).cos x +S,(x).sin x]

nghia 1a u(x) =x.e”.[(Ax+B).cosx +(Cx+D).sinx]
= u(x) = (Ax* + Bx) cos X + (Cx* + Dx)sin x
= U'(x) =[Cx2 +(2A+D)x+ B].cosx

+[ -AX® +(2C-B)x+D ] sinx
Va u"(x) =[-Ax*+(4C-B)x+2A+2D|.cosx

J{—Cx2 —(4A+D)x+2C— ZB].sin X
Thay vao (1) ta c6: u”+ u = 4x.sinx. Suy ra :

(4Cx+2A+2D)cosx +(—4Ax+2C—2B).sinx = 4x.sinx, vx

4C=0
2A+2D =0
—4A =4
2C-2b=0
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A=-1
=:B=C=0
D=1
Do d6: u(x) =—x*Ccos X+ Xsinx
Vay, nghiém tong quat cua (1) 1a
y(x) = Y(X)+u(x)

= C,.c08X +C,.sin X +(—x’ cos X +xsin x)
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BAI TAP PE NGHI

1. Giai cac phuong trinh vi phan sau day
a. y'-3y'-4y=0
b. 2y"-5y'+2y=0
c. 25y"-y=0

o

y"+25y'=0

@

y"+25y'+125y =0

—h

y"'—6y +9y =0
y"+6y +9y =0

5 @

y'+25=0
i. y'+4y' +8y=0
o y'+6y +12y=0
k. 2y"+2y'+9y=0
2. Giai cac phuong trinh vi phéan sau day
a. y'—4y' +3y=e*
b. y'—y=3¢

o

y'—2y -3y =-2xe*

o

y'+y' -2y =xe*
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@

yrr_yr_zy:er

—h

y'-2y' +2y =X

g. yﬂ_y1_2y=62x
h. y"—4y =sinx

. y'+y=3sinx

j. y'—y=1-2cos’ (gj

k. y"—2y=2sin? (%j—l

3. Giai cac phuong trinh vi phan sau day

o

y"' =3y +2y =e* +2X
b. y'+2y =3x—e*

o

y'+3y' +2y=4+2x+e*

o

y'+y —2y=x*+3e"
e. Y-y -2y=x*+e”
f. y'+y=xe*+2e™

4. Giai cac phuong trinh vi phan sau day
a. y'—y=2c0s"x

b. y'—y=-2sin*x
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c. y'—4y +8y=2sin’x
d. y"—4y +8y=-2c0s’ X
e. y'—2y —3y=e”+cosx
f. y'—4y +8y=e" +sin2x

5. Xét phuong trinh vi phan y” -4y’ +4y = x’e**. Khi d6, mot
nghiém riéng cua (1) c6 dang nao sau day

a.  u(x)=e"(ax’ +bx+c)
b. u(x)=e*x(ax’ +bx+c)
C. u(x)=e"x*@ax’+bx+c)
d. u(x)=e*x*(ax+h)

6. Xét phuong trinh vi phan y"+y' -2y =e*(2x+1) (1). Khi
do, mot nghiém riéng cua (1) co dang nao sau day

a. u(x)=e*(ax+b)

b. u(x)=e*(ax*+bx)

c. u(x)=e*(ax’+bx+c)
d. u(x)=e*(ax®+bx?)

7. Xét phuong trinh vi phan y"—2y'+5y=e*sin2x (1). Khi
d6, mot nghiém riéng caa (1) c6 dang nao sau day

a. u(x)=e*(acos2x+bsin2x)

b. u(x)=axe*sin2x
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c. u(x)=e*x(acos2x+hsin2x)
d. u(x)=e*(ax+b)sin2x

8. Xét phuong trinh vi phan y"—4y'+5y=e"sinx ().
Nghiém riéng cta (1) c6 dang

a. u(x)=x[acosx+bsinx]
b. u(x) =xe*[acosx+bsinx]
c. u(x)=e™[(ax+b)cosx+(cx+d)sinx]

d. u(x)=x[(ax+b)cosx+(cx+d)sinx ]
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Chuong VIII

UNG DUNG CUA GIAI TiCH
TRONG KINH TE

A. TOM TAT LY THUYET

Cé&c khai niém co ban:

a - Pai lwong bién (bién té): Trong kinh té, khai niém
bién té dung dé chi sy thay doi ctia mot bién kinh té nao d6 gay
ra boi su thay doi cia mot bién kinh té khac. Cho y=f(x) vaf
la ham kha vi, ta c6 bién té cua y tai x 1a My(x) =f'(x)

Vi du: Goi x 1a lwong san pham cua mét xi nghiép, y 1a
t6ng chi phi san xuat. Gia sir y phu thudc vao x nhu sau:

y=f(x)=ax*+bx+c (a b, ¢ 1a hé s hing)
Khi d6, ta co chi phi bién té cua xi nghiép 1a:
MC =f'(x) =2ax+b

Chu y: Khi y=f(x)=ax+b thi My(x)=a. Nhu vay,
trong trudng hop ham sé 1a bac nhit, thi gia tri bién té chinh Ia
d6 thay d6i cia ham sb khi bién so ting thém 1 don vi.

Vi dy: Ham chi phi la C(q) =9 —-10qg* +100q+100, véi
g la mac san lugng. Thi chi phi bién la

MC(q) = 39° —20q +100
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Khi d6 MC(10) =110, c6 nghia 1 chi phi ting xap xi 110
don vi khi mtc san lugng tir 10 don vi tang thém 1 don vi.

Vi du: Gia sir tong chi phi cia mot nha may tinh theo
cong thuc

C(L, K) =wL+rK
trong d6 L 1a lwong lao dong, w 1a tién lwong cho mdi lao dong,
K latién von, r 1 Ii suat vay phai tra cua von.

Ta c6 chi phi bién té theo lao dong la: M, C=w. Day la
chi phi tdng thém khi ta thém mdot lao dong.

Ta co chi phi bién té theo Iai suat vay 1a: M, C=r. Pay la
chi phi tang thém khi ta thém mot don vi cua lai suat vay.

b - P& co dan: Trong nhiéu tng dung kinh té, toc do thay
doi caa mot ham so thuong phu thuéc vao don vi tinh cua bién
doc 1ap x va bien phu thudc y. D€ tranh diéu nay, cac nha kjnh
té str dung khai niém d6 co dan. D6 co dan (con goi la hé S0 €O
dan) cua bién y theo bién x la dai lugng dac trung cho toc do
thay doi twong doi cua y theo x, dugc dinh nghia nhu sau:

dyly _ dy X
e, (X =y'(x
v (%)= dx/x  dx y A
Vi du:
(a.) Tim d6 co dan cua y theo x, néu y =e*

X

Do co dan 1a: e(x) =y'(x).==¢€".

< | X

X
y
v Khi x =100 thiy =¢'”°
v Khi x=101 thi y=¢'"
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( 101 100)
Ta co: —(100) —=e—lz1,7=170%
y

e 100
Mt khac: £(L00) = e“”.% 100 %Y (100) %
€ y
b) Tim d6 co dén cua y theo x, néu y =3x+5
bocodanla: e= y'(x).i _ X
y 3x+5

v Khi x =100 thi y =305
v Khi x =101 thi y =308

dy 308-305_ 3 300

y 305 305 305
3100300, _dy g,

(3x100+5) 305 y

Ta co: %

Mat khéc: ¢, (100) =

Chuy: Khi y=f(x)=ax+b thi d6 co dan cta y theo x chinh

la su thay do6i cua y tinh theo phan tram khi x tiang thém 1%.

Vi du: Gia sir tdng chi phi ctia mot nha may tinh theo cdng thic
C(L,K)=wL+rK

trong d6 L 1a luong lao dong, w 1a tién luong cho modi lao dong,

K la tien von, r la 1ai suat vay phai tra cua von.

Ta co chi phi biéntheo L la M, C(L,K) =w

Nén d6 co déan cua C(L,K) theo L la

L wL

g, C(L,K)=M, C(L, K) x -
LC(LK) L )C(L,K) wL +rK
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B. BAI TAP
Bai 1: Gia sir ham loi nhuan cia mét xi nghiép ddi véi mot loai
san pham c6 dang:

t=R-C-T=PQ-cQ—tQ—f

trong d6 m 1a lgi nhuan, R 1a doanh thu, C Ia chi phi gom dinh
phi f (doc 1ap vai san lwong) va bién phi cQ (c : bién phi don
vi trén mot don vi san pham, Q : san luong), t 1a thué trén mot
don vi san pham, T 1atong thué. Gia si: P=a—bQ (a,b>0).

Khi d6, ta c6: m=aQ—bQ? —(C+t)Q—f

Dé don gian, ta gia si: a=10, b=1, c=2, f=1, thi

n=10Q-Q*—(2+1)Q-1

Bai toan dit ra 1a xi nghiép muén xac dinh mac san luong
Q dé loi nhuan dat cuc dai. Pong thoi nha nude cling mudn xac
dinh muac thué t trén mot don vi san pham dé tong thué T dat
cuc dai.
Giai:

Trudc tién, ta ding trén cuong vi cua Xi nghiép, xem t
nhu 13 tham s thi 7t 12 ham s6 thuc theo mot bién s thuc Q.

biéu kién cap 1:

8-t

n'=-2Q+8-t=0=Q= (0<t<8)

Diéu kiéncép 2: n"=-2<0 VQ>0
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Vay ham r 16m ngat toan cuc nén dat cuc dai toan cuc khi:
* 8_t
Q:Q :T (O<t<8)

_ 2
Vi Q= Q" taco: T(t)=tQ" = ot

biéu kiéncén:T’:%:OQt:4

Diéu kién di: T"=-1<0 Vt>0
Vay ham T 18m ngat toan cuc nén dat cuc dai toan cuc khi:
t=t*=4 (thoa diéu kién 0<t<8)
Khi do,taco: Q=Q*=2
P=P*=a-bQ*=10-2=8

va n=n =20-4-62-1=3

Bai 2: Gia sa ham loi nhuan cia mot cong ty ddi véi mot loai
san pham la:

n=R-C=PQ-wL-rK
trong d6 = la loi nhuan, R la doanh thu, C la chi phi, L la
luong lao dong, w 1a tién luong caa mot lao dong, K 14 tién
vén, r 1a 1ai suat cua tién vén, P 1a don gia ban. Gia st Q 1
ham san xuat Cobb—Douglas c6 dang la

Q — L]JSK]JS
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Giasr w=1, r=0,02, P=3. Hiy tim L va K ¢é ham =

dat cuc dai toan cuc.
Giai:
Tacéd: m=3L"°K"-L-0,02K
Cac dao ham riéng cua r la
n, =LK -1
m, =L"*K??-0,02

Diéu kién can:

=

TE! :O 72/3K1/3

o ©

TEK — O L1/3 -2/3 0 02 0
Ko
=002
{K L2

L = (0,02)°K? = (0,02)°L*

L=50>0
K =2500>0

Diém dung 1a: M(50, 25000)

Xét diéu kién du.

253



Bai tap Toan Cao c&p danh cho kh&i nganh Thuong Mai, Kinh t&

Ta cd ma tran Hesse:

_E L—5/3K1/3 l L_2/3K_2/3
H = [TEEL Tk J _| 3 3
e Tk 1 | 23K -2/ 2 | U353
3 3
Ta co:
H, = —% L**K* <0 VL>0,K>0
H, = g | 43K /3 _% | 43K 413 % L4BK 43 5
VL>0,K>0

Suy ra ham 7 16m ngat toan cuc.

Do do6, © dat cuc dai toan cuc tai (K =2500 va L =50)

Bai 3: Gia st mot xi nghiép san xuat mot loai san pham va ban
tai hai thi truong tach biét. Gia sir don gia ban tai thi truong 1 la
P, cao hon don gia bén tai thj truong 2 12 P,. Gia st tong chi

phi la:
C(Q1,Q,) =(Q*+Q,Q, +Q,’ +3)+1Q,

trong @6 Q,, Q, lan luot Ia lugng hang ban dugc & thi truong 1

va thi truong 2, t 1a chi phi tang thém trén mot don vi san
pham & thi truong 2. Tim Q, va Q, dé xi nghiép c6 lgi nhuan

tot nhat. Biét raing P, =7, P, =6, t=1.
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Giai:
Ta c6 ham loi nhugn: ©=P,Q, +P,Q, -[ C(Q,,Q,)+1Q, |
Thi: n=-Q’-Q,Q,-Q3+7Q, +5Q, -3
Cac dao ham riéng ctia ham rt:
Mo, =—2Q,—Q, +7 va my =-Q,—2Q, +5
Diéu kién can:

{Tc,Ql =0 {_le_Q2+7:0
p—

TC'QZ=0 -Q,-2Q,+5=0
{2Q1+Q2 =7
=
Q, +2Q,=5
lo.
=
Q2=1

Xét diéu kién du.

Tc" TE" _2 _1
Ma tran Hess: H :{ A% TR ) :( j

"

n
T o0,

Taco
H =-2<0 vQ,Q,>0

H, =|H|=3>0 vQ,,Q, >0

Vay, m 16m ngat toan cuc.
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Do d6, m dat cuc dai toan cuc khi (Q, =Q; =3va Q, =Q;, =1)

Khid6: n=m =-9-1-3+21+5-3=10

Bai 4: Mot cdng ty san xuit doc quyén mot loai san pham va
tiéu thu trén hai thi truong riéng biét. Gia sir cac ham cau trén 2
thi truong 1 va thi truong 2 1an luot 12

P P
QD1 :80_51, QD2 ISO_ZZ

va ham tong chi phi 1a C(Q) = Q*+30Q+10, trong d6 P, la don
gia trén thi truong thir i (i = 1,2) va Q la tong san lugng. Tim
khéi lugng san pham cong ty cung cip cho cac thi truong dé loi
nhuan cao nhét.

Giai:
Goi luong san pham cuaa cong ty cung cap cho thi truong i 1a
Q, (i=1,2). Taco:

|:)l

Q =80-7 {P1:24O—3Q1
o _go_ P |P=320-4Q,
2
4

Khi d6, ham lgi nhuan la
= (PlQ1 +P,Q, ) -C(Q)
nghia la
T= (240—3Q1)Q1 +(320—4Q2 )Q2
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—(Q,+Q,)" -30(Q, +Q,)-10
Cac dao ham riéng caa ham m:
my, =240-6Q, —[ 20(Q, +Q,)+30]
m,, =320-8Q, -[20(Q, +Q,)+30]
Xét diéu kién can.
H¢ phuong trinh:

m, =0 240-6Q, =30+2(Q, +Q,)
T, =0 |320-8Q,=30+2(Q,+Q,)

4Q,+Q, =105 Q,=20
=
Q,+5Q, =145 Q,=25
Xét diéu kién du.

Ma tran Hess la
" [/
H = (T‘Qpl ToQ, ] B (—8 —2 J
" 14
Toa ™0 -2 -10
Taco

H,=-8<0 vQ,Q,>0
H,=det(H)=76>0 VvQ,Q,>0
= ham 7 16m ngat toan cuc

= ham 7 dat cuc dai toan cuc tai (QI,QZ) =(20,25)
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Vay cdng ty cung cap cho:
» Thi truong thu 1 la Q, =20 don vi hang véi don gia la
P, = 240-3Q, =180
= Thi truong tha 2 la Q,=25 véi don gia
P, =324—4Q, =220

Bai 5 (bai todn nguoi tidu dung): Gia sir ham loi ich dbi vai hai
san pham la:
Ux,y)=Inx+Iny

trong d6 x 1a lwong hang thtr nhat, y 1a luong hang thi hai.
Gia sir nguoi tiéu dung cé thu nhap | phai dung hét ¢ mua hai
loai san pham trén, P, va P, lan luot 1a don gi4 cua hai mat
hang. Bai toan dat ra 1 can tim x va y dé cuc dai héa U(x,y).
Giai:
Diéu kién rang buoc cua bai toan:

PX+Py=1véi (122P, 122P))
Ham Lagrange cua bai toan:

L(x,y,2) =Inx+Iny+2%(1-Px-Py)

Diéu kién can:
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l—7qu=0
L' =0 X
L,=0 < 1—ku:O
L, =0 Y
Mo I-PXx-Py=0
" |
X=X =—>0
2P,
.
&y=y =—>0
y=Jy 2P,
k=7f=%

Piém ding la M LLE
2P, 2P |
Diéu kién du.

Ma tran Hess bién:

H=| 0 -1/y* -P

Tacd

—  |-1/x* -P,
Tk, 0

X

=-P><0 ¥x>0,y>0,1>0
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X2

2 p2
He =[H|= —XZ +-2L50 ¥X>0,y>0,A>0
Vay ham U(x,y) dat cuc dai toan cuc véi rang buoc

PXx+Py=1 tai

Bai 6: Gia st ham lgi ich phu thudc vao sb tién tiéu dung tai
cudi hai thoi ky 1va 2 1a C, va C, nhu sau

U(Cy Cz) = C1C2
Gia sir 13 suét tai cudi thoi ky thir 1 1a r = 5%, tong thu nhap tai
cudi thoi ky thir 1 13 1. Gia s ta ¢6 rang budc:

C,
1+

C, +

Bai toan dat ralatim C,, C, dé cuc dai héaham lgi ich U(C,,C,).
Giai:

biéu kién rang buoc la C, +C— =1
1+r
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Ham Lagrange cua bai toan:

C
L(C,C,,A)=CC,+A| I-C,——2
(€Cort) =i, 1 1-C

Cac dao ham riéng cua ham L:

L. =C,-2A
A
L, =C,———
“ 7' 105
C
L =I-C, ——2
* ' 1,05
Diéu kién can.
L =0 C,-A=0
A
L. =0 < {C,———=0
fz ' 1,05
L, =0 o c,
' 1,05
A=C,
< {A=1,05C,
2C, =1
.
C,==>0
2
= C;=1,05%>0
7L*:1,05l
2
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.2 \ R | I I
biémdung la M| —; 1,05—;1,05—
2 2 2

biéu kién du.

0 1 -1
Matran Hessbien: H=| 1 0 ———
1,05
Lo,
1,05
Taco
— o -1
1= =-1<0 vC,>0,C,>0,A>0
-1 0
= 2
Hz =[H|=—>0 VvC,>0,C,>0,A>0
1,05

Vay ham U(C,,C,) dat cuc dai toan cuc khi

_
C1:C1:E
1

C,=C,= ,05%

Bai 7 (cuc tiéu hoa chi phi): Gia sa mot xi nghiép can xac dinh
luong lao dong L, lwong vén K dé cuc tiéu hoa chi phi

C(L,K)=wL+rK
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trong d6 w = 400 14 tién luong cho mdi lao dong, r = 0,01 14 l4i
suat cua von vay . Gia sir xi nghiép phai san xuat Qo = 1000 don
vi san pham va ham san pham la:

Q(L,K) = VLK
Giai:
Diéu kién rang bugc la Q, = L2 K"?
Ham Lagrange cua bai toan:
F(L,K,A) = WL +rK +2(Q, — L’K¥?)

Diéu kién can.

F =0
Xét h¢ phuong trinh: <F, =0
F =0

W —%XLIIZKIIZ — 0

o r_l;\ILIIZK—I/Z — 0
2
Q _ Ll/ZKl/Z _ O
0 =
K (800)°
L A2
2
ol _0o
K A
LK =10°
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L=5>0
< <K =200000>0
r=4
biém dung la M(5, 200000, 4)
biéu kién du.

Ma tran Hess bién:

l}\,L_‘?’/ZKl/Z —EKL_UzK_UZ _l L—1/2K1/2
4 4 2

H= _EM_—UZK—M leyzK—s/z _l Y2 V2
4 4 2
_% L—1/2K1/2 _% L1/2K—1/2 O

Taco
E}LL73/2 Kl/Z _l Lfl/Z K1/2
ﬁl = 4 2 = _1 LK
_l L71/2K1/2 0 4
2

H, = ‘ﬁ‘ _ _%kLyzKllz

Vi H;<0 va H,<0 véi VL, K, A>0 nén ham chi phi
L=L =5

C(L,K) dat cuc tiéu toan cuc khi: X
K=K =200 000
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BAI TAP PE NGHI
1. Ham chi phi C(q) =3q9*+75q—-36qInq+135 vé&i q la mic
san lugng.

a. Tinh chi phi bién.
N 2 p N = _ C(q) -
b. Tim g d¢ chi phi trung binh C(q)_—q dat gia tri

nho nhat
c. So sanh gia tri cua chi phi bién va gié tri caa chi phi
trung binh khi C(q) dat gié tri nho nhit.

2. Gia sit ham loi nhuan caa mot xi nghiép dbi véi mot san
pham Ia

n=R—-C-T=PQ—(cQ+tQ-+f)
trong d6 P=12-3Q 1a don gia ban, c=4 la chi phi trén mot
don vi san pham, f =1 1a dinh phi doc lap ddi véi san luong Q.
Hay tim san lugng Q sao cho xi nghiép dat loi nhuan t6i da va
dinh mac thué t trén mot don vi san pham dé thu duoc caa xi
nghiép nhiéu thué nhat.
3. Gia str ham loi nhuan cia mot xi nghiép ddi véi mot san
pham la

1=R-C-T=P.Q—(cQ+tQ+f)
trong 46 P=10—Q 1a don gia ban, c=4 la chi phi trén mot
don vi san pham, f =1 1a dinh phi doc 1ap di voi san luong Q.
Hay tim san lugng Q sao cho xi nghiép dat loi nhuan téi da va
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dinh muc thué t trén mot don vi san phdm dé thu duoc cua xi
nghiép nhiéu thué nhat.

4. Mét hdang cé ham lgi nhuan la
n=P.Q(L)-C(L)
véi P 1a don gia ban, Q(L)=100~/L Ia ham san xudt va
C(L) =2500L +1000 la ham chi phi, va L 1a lugng lao dong.
a. Khi P=200, hay tim L dé hing nay cd loi nhuan tdi da.
b. Khi L tang thém 1% thi muc san luong cia hang tang
(hay giam) bao nhiéu phan tram?
5. Mot doanh nghiép san xuat doc quyén mot loai san pham voi
muc san luong la Q. Ham lgi nhuan cua doanh nghiép nay la
©=P(Q).Q-C(Q)
trong d6 C(Q) la ham tong chi phi cua doanh nghiép. Goi Q,.
P, lan luot 1a mac san lugng va don gia ban khi doanh nghiép
¢6 lgi nhuan 16n nhat. Chi sé Lerner dung dé biéu thi quyén luc
doc quyén cua doanh nghiép, ky hiéu 1a L va c6 cong thirc
L= L,— MC(QO) c (O,l)

0

a. Ching minh rang: PO:MC(QO)xl'SD
J’_

, trong do
SD

&5 =&, (P,) 1ahé sb co dén cua cau vé gia tai P,.

1

b. Chang minh rang: L=—
&p(Pp)
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6. Mot cong ty san xuit doc quyén. Cho biét hé sb co dan cau
theo gia 1a —2 va chi phi bién cua cong ty 12 20 (don vi tién)
trén mdi don vi san pham.

a. Tim mirc don gia P dé cong ty nay c6 loi nhuan téi da.

b. Khi MC tang 10% thi mac don gia s€ tang hay giam
bao nhiéu phan tram?

c. Hay tinh chi s6 Lerner cia cong ty nay.
7. Mot xi nghiép trong thi truong canh tranh hoan hao c6 ham
tong chi phi 1a

TC(Q) =VC(Q)+FC(Q)

véi Q la muc san lugng cua xi nghiép nay, trong do
VC(Q) =Q?+180Q la chi phi bién dbi (con goi l1a bién phi) va
FC(Q) =140000 la chi phi cé dinh.

a. Khi P=1200, hdy tim mirc san lugng Q dé xi nghiép

nay cd loi nhuan téi da.

b. Muc gia hoa vén duge dinh nghia 1a mirc don gia ban
bang téng chi phi trung binh thap nhat. Hay tim muc
gia hoa von cua xi nghiép nay.

c. Muc gia dong cua dugce dinh nghia la mic don gia ban
bang bién phi trung binh thip nhat. Hay tim muc gia
dong ctra cua xi nghiép nay.

8. Ham lgi nhuan caa mot cong ty dbi voi mot san pham 1a
n=R-C=P.Q—(wL+rK)

trong d6 R la doanh thu, Cla chi phi, L la lugng lao dong,
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w =1 14 tién luong ciia mot lao dong, K 1a tién vén, r=0,03
|2 13i suét cua tién von, P =9 1a don gid ban va Q la ham san
xuit Cobb-Douglas: Q = L**k¥®. Hay tim L, K sao cho céng
ty dat loi nhuan tbi da.
9. Ham lgi nhuan caa mot cong ty dbi voi mot san pham 1a

n=R—-C=P.Q-(WL+rK)
trong d6 R la doanh thu, Cla chi phi, L la lugng lao dong,
w =2 la tién luong ctia mot lao dong, K 1a tién vén, r=0,03
1a 13§ suat cua tién von, P =10 1a don gia ban va Q la ham san
xuat Cobb-Douglas : Q=L"*K”*. Hay tim L, K sao cho cbng
ty dat loi nhuan téi da.
10. Cho ham lgi nhuan = phu thudc theo don gia P, san lugng
Q= L%K%, luong lao dong L, luong trén mdi lao dong w,
lwong vén K, I4i suat cua vén vay r nhu sau

n=PQ-wL-rK

Véi w=2,r=0,02,P=6. Tim L va K & = dat max.
11. Gia st mot xi nghiép san xuat mot loai san pham va tiéu thu
trén hai thi treong tach biét. Gia sir don gia ban tai thi truong
thi nhat 12 P, =5, don gid ban tai thi truong tha 2 1a P, = 4.
Ham tong chi phi cua xi nghiép 1a:

C(Ql’ Qz) = Q12 +Q1Q2 +Q§ +t-Q2

v6i Q,, Q, lan luot Ia lugng hang ban dugc & thi truong 1 va
thi truong 2 va t=1 1a chi phi tang thém trén mot don vi san
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pham ¢ thi truong 2. Hay tim luong hang phan phéi trén ting
thi truong sao cho xi nghiép dat loi nhuan tdi da.
12. Gia st mot xi nghiép san xuat mot loai san pham va tiéu thu
trén hai thi truong tach biét. Gia sir don gia ban tai thi truong
thtr nhat 1a P, =8, don gia ban tai thi truong tha 2 1a P, =7.
Ham tng chi phi caa xi ngiép 1a:

C(QQ,)=2Q/ +Q,Q, +Q; +1Q, +2

véi Q,, Q, lan luot Ia lugng hang ban dwoc & thi truong 1 va

thi truong 2 va t=1 la chi phi tang thém trén mot don vi san

pham & thi truong 2. Hiy tim luong hang phan phéi trén ting

thi truong sao cho xi nghiép dat loi nhuan tbi da.

13. Gia sir ham loi ich ddi vai hai san pham 1a:
U(x,y)=Inx+Iny

trong d6 x 1a lwong hang thi nhit, y 1a luong hang tht hai.
Gia st ngudi tiéu dung 6 thu nhap 10 phai ding hét dé mua hai
san pham trén, P, =3 va P, =2 lan luot 1a don gia ciia hai mat
hang thir nhat va tha hai. Tim x va y dé cuc dai hda U(x,y).

14. Gia sir ham loi ich ddi vai hai san pham 1a:
U(x,y)=Inx+Iny

trong d6 x 1a lwong hang thi nhit, y 1a luong hang tht hai.
Gia st ngudi tiéu dung 6 thu nhap 12 phai ding hét dé mua hai
san pham trén, P, =5 va P, =4 lan luot la don gia ctia hai mat
hang hang tht nhat va thir hai. Tim x va y dé cuc dai hoa
U(x.y).
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15. Gia sir ham loi ich phu thudc vao sb tién tiéu dung trong hai
thoi ky 1 va thoi ky 2 1an luot 12 C; va Co nhu sau:

U(C,,C,) =C,C,
Gia sir 140 suat sau thoi ky thir 1 1a r = 4%, tong thu nhap trong
thvi ky thie 1 14 10. Gia sir ta c6 rang bugc C, +——2 =10 (=2
1+r 1+r
la thoi gia cua C2 & thoi ky thu 1). Hay tim Ci1, C2 dé cyc dai
hoéa ham lgi ich U(C,,C,).

16. Mot cbng ty c6 ngén sach quang cao hang thang la 24000
(USD). B phan tiép thi uéc tinh rang néu x (USD) duoc chi
tiéu mdi thang cho quang céo trén bao va y (USD) dugc chi

tiéu mdi thang cho quang cao trén truyén hinh thi doanh thu cua
1 3

cong ty 1a R(x,y) = 40x*y* . Cho biét lgi nhuan cua cong ty la
(X, y) = 20%R(x,y) -C(x,y)

V6i 12 C(x,y) chi phi quang c4o. Bang phuong phap nhan tir

Lagrange, hdy tim x va y dé cong ty c6 lgi nhuan tét nhat.

17. Mot xi nghiép san xuat doc quyén mot loai san pham nhung

tiéu thu trén hai thi truong tach biét. Biét ham cau cua loai san
pham trén ting thi truong lan luot 12

Qp, =780—-2P, va Q, =480-P,
va ham tong chi phi C=Q*+20Q+10 trong d6 Q, (i=12) la
luong hang cua xi nghiép phan phéi cho thi truong the i. Tim

muc san luong va lwong hang phan phéi trén timg thi truong
cua loai san pham trén dé xi nghiép ¢ loi nhuan tdi da.
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18. M6t xi nghiép san xuat doc quyén mot loai san pham va tiéu
thu trén hai thi truong tach biét. Biét ham cau trén tung thi
truong la

Qp, =310-P; 5 Qp, :235—%P2
va ham téng chi phi 1a C(Q)=Q+30Q+20 véi Q=Q, +Q,
trong 6 Q, (i=1,2) 1a lugng hang caa xi nghiép phan phdi cho
thi truong thir .

a. Tim muc san luong va luong hang phan phéi cho tiung
thi truong dé xi nghiép c6 loi nhuan tdi da.

b. Tim mic san luong va lwong hang phan phdi cho tirng
thi trudng dé xi nghiép c6 loi nhuan téi da khi xi
nghiép san xuat 80 don vi san pham.

19. Mot xi nghiép san xuat doc quyén hai loai san pham. Biét
ham cau hai loai san pham trén la:

Qo =1800-2P, +P, ; Q, =2160+P, P,
va ham téng chi phi 12 C(Q,,Q,) =720Q, +1060Q, +800. Tim

muc san luong cua ting loai san pham dé xi nghiép nay co loi
nhuan téi da.

20. Mot xi nghiép san xuat doc quyén hai loai san pham va tiéu
thu trén mot thi truong. Biét ham cau cuaa hai loai san pham trén
thi truong 1a

Q,, =800-2P, +P, ; Q, =960+P,—P,
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va ham tong chi phi 1a C(Q,,Q,) =320Q, +250Q, +300 trong
d6 P, Q, (i=12) lan luot la don gia va mac san lugng cia
mat hang thir i.

a. Tim mac san lugng cta moi loai san phé‘im dé xi
nghiép cd lgi nhuan toi da.

b. Tim muc san luong cua mdi loai san phé‘im dé xi
nghiép c6 loi nhuan tbi da véi didu kién han ché vé chi
phi la C=166700

21. Gia stir ham chi phi caa mot xi nghiép la

C(L,K)=wL+rK
trong w=800 la tién luong cho mdi lao dong, r=0,02 la l4i
suit cua von vay. Gia str mot xi nghiép can xac dinh luong lao

dong L, lwong von K dé cuc tiéu héa chi phi. Néu xi nghiép
phai san xuat Q, = 1000 don vi san pham va ham san pham Ia

Q — L1/2K]J2
thi L, K bing bao nhiéu?

22. Cho ham chi phi C(L,K)=wL+rK trong d6 w=8,
r=0,02. Ham san xut 1a ham Cobb — Douglas c6 dang

Q(L, K) — L1/2K1/2

Tim L va K d ham C(L,K) dat cuc tiéu toan cuc thoéa man
diéu kien Q=100.
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11

23. Cho Q=K2L®. B¢ co gidn cia Q theo L tai L=8 Ia két
qua nao sau day

1 1 1
a. lK‘E b. 1 C. 1KE d. 1L3
3 3 3 3

24. Mot xi nghiép c6 ham san xuat Cobb - Douglas
Q(x,y)=3x*y? (véi >0, >0 va a+p=1)
VGi x>0, y>0 lan lugt 1a luong nguyén ligu thir nhat va thi hai.

a. Tinh nang suat bién theo x cua xi nghiép, ky hiéu la

M,Q(x,).

b. Tinh niang suit bién theo x cuaa xi nghiép, ky hiéu la
M,Q(X,y).

c. Hay so sanh két qua cua X.M,Q(X,y) +y.M Q(X,y) voi
Q(x.y).

25. Mot xi nghiép co ning suat thoa phuong trinh

11

Q(x,y)=3xy*

véi x>0, y>0 lan luot 1a lugng nguyén liéu thir nhat va thi
hai. Khi x ting 1% thi ning suat cua xi nghiép s& ting bao
nhiéu phan trim?

26. Gia sir Q la ham san xuat Cobb — Douglas dang

Q(L,K)=4JLK
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Khi d6, hé s6 co dan cua Q theo K tai L=9, K=4 1a két qua
nao sau day

a. 0,125 b. % c. 3 d. 0,5

27. Cho ham san lugng Q cua mgt xi nghi€p phu thudc vao
luong lao dong L va luong von K 12

Q:L+\/m

Tai thoi diém L=100 va K =25, xi nghiép giam luong lao
dong 1 don vi. Pé san luong khong thay doi xi nghiép can ting
luong vén xap xi 1a két qua nao sau day

a. 1,00 b. 1,25 c. 1,50 d. 1,75

28. Mot ngudi tiéu dung st dung hét sb tién 1a 220 (don vi tién)
dé mua hai loai hang. Biét ham lgi ich ctia nguoi nay 1a

U=(x+4)y

trong do6 x, y twong tng 1a lugng hang thir nhét va thir hai dugc
mua. Loi ich di v6i nguoi tiéu ding 1a 16n nhat khi lwong hang
thtr nhét va thi hai dugc mua lan luot 1a x =20, y=15. Khi d6
don gi4 loai hang thir nhét va thir hai tvong tng la

a. P=8,P,=4
b. P, =3, P,=12
c. P,=10, P,=16
d. P,=5, P,=8
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29. Tiét kiem s cua mot qudc gia c6 lién hé vai thu nhap 1, bai
phuong trinh S +;= IS+ 21 . Gia sir thu nhap chi st dung cho
hai muc dich 1a tiét kiém va tiéu dung.

a. Tim xu huwoéng tiét kiém bién khi 1=16 va S=12.

b. Tim xu hwong tiéu dung bién khi 1=16 va S=12.
Huréng dan:
(a.) Xu huéng tiéu ding tiét kiém bién 1a MPS=(3—? trong do

S(I) 1a ham tiéu dung theo thu nhap 1.

(a.) Xu hudng tiéu dung tiéu dung bién la MPC =?j—c|: trong do
C(1) 1a ham tiéu dung theo thu nhap 1. Ta lubn cé

MPS+MPC =1

30. Goi x la téng thu nhap qudc gia va C=C(x) la ham tiéu
ding, S=S(x) la ham tiét kiém. Gia st ham xu hudng tiéu
dung bién théa man

MPC = 2{ }va C(1) =10

N

a. Hay xac dinh biéu thuc cia ham tiét kiém S(x).

b. Tinh MPS(L00) .
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